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Preface

Discontinuous Galerkin (dG) methods can be viewed as finite element methods
allowing for discontinuities in the discrete trial and test spaces. Localizing test
functions to single mesh elements and introducing numerical fluxes at interfaces,
they can also be viewed as finite volume methods in which the approximate solu-
tion is represented on each mesh element by a polynomial function and not only
by a constant function. From a practical viewpoint, working with discontinuous
discrete spaces leads to compact discretization stencils and, at the same time,
offers a substantial amount of flexibility, making the approach appealing for
multi-domain and multi-physics simulations. Moreover, basic conservation prin-
ciples can be incorporated into the method. Applications of dG methods cover a
vast realm in engineering sciences. Examples can be found in the conference pro-
ceedings edited by Cockburn, Karniadakis, and Shu [106] and in recent special
volumes of leading journals, e.g., those edited by Cockburn and Shu [114] and by
Dawson [120]. There is also an increasing number of open source libraries imple-
menting dG methods. A non-exhaustive list includes deal.II [27], Dune [36],
FEniCS [251], freeFEM [118], libmesh [213], and Life [262].

A Brief Historical Perspective

Although dG methods have existed in various forms for more than 30 years, they
have experienced a vigorous development only over the last decade, as illustrated
in Fig. 1.

The first dG method to approximate first-order PDEs has been introduced
by Reed and Hill in 1973 [268] in the context of steady neutron transport, while
the first analysis for steady first-order PDEs was performed by Lesaint and
Raviart in 1974 [227-229]. The error estimate was improved by Johnson and
Pitkiiranta in 1986 [204] who established an order of convergence in the L2-norm
of (k+ %) if polynomials of degree k are used and the exact solution is smooth
enough. Few years later, the method was further developed by Caussignac and
Touzani [84,85] to approximate the three-dimensional boundary-layer equations
for incompressible steady fluid flows. At around the same time, dG methods were
extended to time-dependent hyperbolic PDEs by Chavent and Cockburn [86]
using the forward Euler scheme for time discretization together with limiters.
The order of accuracy was improved by Cockburn and Shu [110, 111] using

\Y%
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Fig. 1: Yearly number of entries with the keyword “discontinuous Galerkin” in
the MathSciNet database

explicit Runge-Kutta schemes for time discretization, while a convergence proof
to the entropy solution was obtained by Jaffré, Johnson, and Szepessy [200].
Extensions are discussed in a series of papers by Cockburn, Shu, and coworkers;
see, e.g., [99,108,113].

For PDEs with diffusion, dG methods originated from the work of Nitsche
on boundary-penalty methods in the early 1970s [248,249] and the use of Inte-
rior Penalty (IP) techniques to weakly enforce continuity conditions imposed on
the solution or its derivatives across interfaces, as in the work of Babuska [20],
Babuska and Zlamal [24], Douglas and Dupont [134], Baker [25], Wheeler [306],
and Arnold [14]. This latter work constitutes a milestone in the development of
IP dG methods. In the late 1990s, following an approach more closely related
to hyperbolic problems, dG methods were formulated using numerical fluxes
by considering the mixed formulation of the diffusion term. Examples include
the work of Bassi and Rebay [34] on the compressible Navier—Stokes equations
and that of Cockburn and Shu [112] on convection-diffusion systems, leading
to a new thrust in the development of dG methods. A unified analysis of dG
methods for the Poisson problem can be found in the work of Arnold, Brezzi,
Cockburn, and Marini [16], while a unified analysis encompassing both diffusive
and first-order PDEs in the framework of Friedrichs’ systems has been derived
by Ern and Guermond [142-144].

Goals

The goal of this book is to provide the reader with the basic mathematical
concepts to design and analyze dG methods for various model problems, start-
ing at an introductory level and further elaborating on more advanced topics.
Since the focus is on mathematical aspects of dG methods, linear model prob-
lems involving first-order PDEs and PDEs with diffusion play a central role.
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Nonlinear problems, e.g., the incompressible Navier-Stokes equations and non-
linear conservation laws, are also treated, but in less detail for the latter, since
very few mathematical results are yet available. This book also covers basic
facts concerning the practical aspects of dG methods related to implementation;
a more detailed treatment can be found in the recent textbook by Hesthaven
and Warburton [192].

Some of the topics covered in this book stem from (very) recent work by
the authors, e.g., on discrete functional analysis and convergence to minimal
regularity solutions for PDEs with diffusion [131], the above-mentioned work
with Guermond on Friedrichs’ systems, and joint work with Vohralik on diffusive
flux reconstruction and a posteriori error estimates for elliptic PDEs [147,149,
151]. Another salient feature of this book is to bridge, as much as possible, the
gap between dG methods and finite volume methods, where many important
theoretical advances have been accomplished over the last decade (see, e.g., the
work of Eymard, Gallouét, and Herbin [156,157,159]). In particular, we present
so-called cell-centered Galerkin methods for elliptic PDEs with one degree of
freedom per mesh cell, following recent work by Di Pietro and coworkers [5, 6,
128|. For the approximation of unsteady problems, we focus on the method of
lines, whereby dG space semidiscretization is combined with various schemes to
march in time. One important goal is to show how the stability of dG schemes
interacts with the stability of the temporal scheme. This is reflected, for instance,
in our covering the analysis based on energy estimates for explicit Runge-Kutta
dG methods applied to first-order, linear PDEs, following the recent work of
Burman, Ern, and Fernandez [66]. For a description and analysis of space-time
dG methods as an alternative to the method of lines, we refer the reader to the
textbook by Thomée [294]. Finally, we consider a rather general setting for the
underlying meshes so as to exploit, as much as possible, the flexibility offered by
the dG setting.

Outline

Chapter 1 introduces basic concepts to formulate and analyze dG methods. In
this chapter, we present:

(a) Two important results to assert the well posedness of linear model prob-
lems, namely the so-called Banach—Nec¢as—Babugska Theorem and the Lax—
Milgram Lemma.

(b) The basic ingredients related to meshes and polynomials to build discrete
functional spaces and, in particular, broken polynomial spaces.

(c) The three key properties for the convergence analysis of dG methods in the
context of nonconforming finite elements, namely discrete stability, consis-
tency, and boundedness.

(d) The basic analysis tools, in particular inverse and trace inequalities needed to
assert discrete stability and boundedness, together with optimal polynomial
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approximation results, thereby leading to the concept of admissible mesh
sequences.

In this book, we focus on mesh refinement as the main parameter to achieve
convergence. Convergence analysis using, e.g., high-degree polynomials is pos-
sible by further tracking the dependency of the inverse and trace inequalities
on the underlying polynomial degree and, in some cases, modifying accordingly
the penalty strategy in the dG method to achieve discrete stability. Impor-
tant tools in this direction can be found in the work of Babuska and Dorr [22],
Babugka, Szabo, and Katz [23], Szabo and Babuska [288] and Schwab [275],
and, in the context of dG methods, in the recent textbook of Hesthaven and
Warburton [192].

The remaining chapters of this book are organized into three parts, each
comprising two chapters. Part I, which comprises Chaps.2 and 3, deals with
scalar first-order PDEs. Chapter 2 focuses on the steady advection-reaction
equation as a simple model problem. Therein, we present some mathematical
tools to achieve a well-posed formulation at the continuous level and show how
these ideas are built into the design of dG methods. Two methods are analyzed
thoroughly, which correspond in the finite volume terminology to the use of
centered and upwind fluxes.

Chapter 3 deals with unsteady first-order PDEs. Within the method of lines,
we consider a dG method for space semidiscretization combined with an explicit
scheme to march in time. We first present a detailed analysis in the linear case
whereby the upwind dG method of Chap. 2 is used for space semidiscretization.
Following the seminal work of Levy and Tadmor [231], the stability analysis
hinges on energy estimates, and not on the more classical approach based on
regions of absolute stability for explicit Runge-Kutta (RK) schemes. In partic-
ular, we show how the stability provided by the upwind dG scheme can com-
pensate the anti-dissipative nature of the explicit time-marching scheme. We
also show how this stability can be used to achieve quasi-optimal error estimates
for smooth solutions. We present results for the forward Euler method com-
bined with a finite volume scheme as an example of low-order approximation
and then move on to explicit two- and three-stage RK schemes combined with
a high-order dG approximation. The second part of Chap.3 deals with nonlin-
ear conservation laws. Taking inspiration from the linear case, we first design
dG methods for space semidiscretization using the concept of numerical fluxes
and provide various classical examples thereof, including Godunov, Rusanov,
Lax—Friedrichs, and Roe fluxes. Then, we consider explicit RK schemes for time
discretization and discuss Strong Stability-Preserving (SSP) RK schemes follow-
ing the ideas of Gottlieb, Shu, and Tadmor [175,176]. Finally, we discuss the
use of limiters in the framework of one-dimensional total variation analysis and
possible extensions to the multidimensional case.

Part II, which comprises Chaps.4 and 5, addresses scalar, second-order
PDEs. Chapter 4 covers various model problems with diffusion. We first
present a heuristic derivation and a convergence analysis to smooth solutions
for a purely diffusive problem approximated by the Symmetric Interior Penalty
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(SIP) method of Arnold [14]. Then, we introduce the central concept of dis-
crete gradients and present some important applications, including the link
with the mixed dG approach and the local formulation of the discrete problem
using numerical fluxes. Hybrid mixed dG methods are also briefly discussed.
Focusing next on heterogeneous diffusion problems, we analyze a modification
of the SIP method, the Symmetric Weighted Interior Penalty (SWIP) method,
using weighted averages in the consistency term and harmonic means of the
diffusion coefficient at interfaces in the penalty term. The SWIP method is then
combined with the upwind dG method of Chap.2 to approximate diffusion-
advection-reaction problems. We examine singularly perturbed regimes due to
dominant advection, and include in the analysis the case where the diffusion
actually vanishes in some parts of the domain. Finally, as a simple exam-
ple of time-dependent problem with diffusion, we consider the heat equation
approximated by the SIP method in space and implicit time-marching schemes
(backward Euler and BDF2).

Chapter 5 covers some additional topics related to diffusive PDEs, and, for
the sake of simplicity, the scope is limited to purely diffusive problems. First, we
present discrete functional analysis tools in broken polynomial spaces, namely
discrete Sobolev embeddings, a discrete Rellich—-Kondrachov compactness result,
and a weak asymptotic consistency result for discrete gradients. As an example
of application, we prove the convergence, as the meshsize goes to zero, of the
sequence of discrete SIP solutions to minimal regularity solutions. These ideas
are instrumental in Chap.6 when analyzing the convergence of dG approxima-
tions for the steady incompressible Navier—Stokes equations. Then, we present
some possible variations on symmetry and penalty for the SIP method. A further
topic concerns the so-called cell-centered Galerkin methods which use a single
degree of freedom per mesh cell and a suitable discrete gradient reconstruction,
thereby providing a closer connection between dG and finite volume methods for
elliptic PDEs. The last two topics covered in Chap.5 are local postprocessing
of the dG solution and a posteriori error estimates. One salient feature of local
postprocessing is the possibility to reconstruct locally an accurate and conserva-
tive diffusive flux. An important application is contaminant transport where the
diffusive flux resulting from a Darcy flow model is used as advection velocity. In
turn, a posteriori error estimates provide fully computable error upper bounds
that can be used to certify the accuracy of the simulation and to adapt the mesh.
These last two topics can be nicely combined together since local postprocessing
provides an efficient tool for deriving constant-free a posteriori error estimates.

Part III, which comprises Chaps.6 and 7, deals with systems of PDEs.
Chapter 6 is devoted to incompressible flows. Focusing first on the steady Stokes
equations, we examine how the divergence-free constraint on the velocity field
can be tackled using dG methods. We detail the analysis of equal-order approx-
imations using both discontinuous velocities and pressures, whereby pressure
jumps need to be penalized, and then briefly discuss alternative formulations
avoiding the need for pressure jump penalty. The next step is the discretization
of the nonlinear convection term in the momentum equation. To this purpose,
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we derive a discrete trilinear form that leads to the correct kinetic energy bal-
ance, using the so-called Temam’s device to handle the fact that discrete veloc-
ities are only weakly divergence-free. Moreover, since the model problem is
now nonlinear, the convergence analysis is performed under minimal regularity
assumptions on the exact solution and without any smallness assumption on the
data using the discrete functional analysis tools of Chap.5. Finally, we discuss
the approximation of the unsteady Navier—Stokes equations in the context of
pressure-correction methods.

Chapter 7 presents a unified approach for the design and analysis of dG
methods based on the class of symmetric positive systems of first-order PDEs
introduced by Friedrichs [163]. Focusing first on the steady case, we review
some examples of Friedrichs’ systems and derive the main mathematical tools
for asserting well posedness at the continuous level. Using these tools, we derive
and analyze dG methods, and, in doing so, we follow a similar path of ideas
to that undertaken in Chap.2. Then, we consider more specifically the setting
of two-field Friedrichs’ systems and highlight the common ideas with the mixed
dG approximation of elliptic PDEs. Finally, we consider unsteady Friedrichs’
systems with explicit RK schemes in time and then specialize the setting to two-
field Friedrichs’ systems related to linear wave propagation, thereby addressing
energy conservation and the possibility to accommodate local time stepping in
the context of leap-frog schemes.

Appendix A covers practical implementation aspects of dG methods, focusing
on matrix assembly and choice of local bases for which we discuss selection
criteria and present various examples including both nodal and modal basis
functions.

A bibliography comprising about 300 entries closes the manuscript. The
amount of literature on dG methods is so vast that this bibliography is by no
means exhaustive. We hope that the selected entries provide the reader with
additional reading paths to examine more deeply the topics covered herein and to
explore new ones. We mention, in particular, the recent textbooks by Hesthaven
and Warburton [192], Kanschat [205], and Riviere [269].

Audience

This book is primarily geared to graduate students and researchers in applied
mathematics and numerical analysis. It can be valuable also to graduate students
and researchers in engineering sciences who are interested in further understand-
ing the mathematical aspects that underlie the construction of dG methods,
since these aspects are often important to formulate such methods when faced
with new challenging applications. The reader is assumed to be familiar with
conforming finite elements including weak formulations of model problems and
error analysis (as presented, e.g., in the textbooks of Braess [49], Brenner and
Scott [54], Ciarlet [92], or Ern and Guermond [141]) and to have some acquain-
tance with the basic PDEs in engineering and applied sciences. Special care has
been devoted to making the material as much self-contained as possible. The
general level of the book is best suited for a graduate-level course which can
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be built by drawing on some of the present chapters. The material is actually
an elaboration on the lecture notes by the authors for a graduate course on dG
methods at University Pierre et Marie Curie.
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Chapter 1

Basic Concepts

This chapter introduces the basic concepts to build discontinuous Galerkin (dG)
approximations for the model problems examined in the subsequent chapters. In
Sect. 1.1, we present two important results to assert the well-posedness of linear
model problems, namely the so-called Banach-Ne¢as—Babuska (BNB) Theorem,
which provides necessary and sufficient conditions for well-posedness, and the
Lax—Milgram Lemma, which hinges on coercivity in a Hilbertian setting and pro-
vides sufficient conditions for well-posedness. We also state some basic results
on Lebesgue and Sobolev spaces. In Sect.1.2, we describe the main ideas to
build finite-dimensional function spaces in the dG setting. The two ingredients
are discretizing the domain €2 over which the model problem is posed using a
mesh and then choosing a local functional behavior within each mesh element.
For simplicity, we focus on a polynomial behavior, thereby leading to so-called
broken polynomial spaces. We also introduce important concepts to be used
extensively in this book, including mesh faces, jump and average operators, bro-
ken Sobolev spaces, and a broken gradient operator. In Sect.1.3, we outline
the key ingredients in the error analysis of nonconforming finite element meth-
ods. The error estimates are derived in the spirit of the Second Strang Lemma
using discrete stability, (strong) consistency, and boundedness. The advantage
of this approach is to deliver error estimates and (quasi-)optimal convergence
rates for smooth solutions. This framework for error analysis is frequently used
in what follows. Yet, it is not the only tool for analyzing the convergence of dG
approximations. In Chaps.5 and 6, we consider an alternative approach in the
context of PDEs with diffusion based on a compactness argument and a different
notion of consistency. This approach allows us to prove convergence (without
delivering error estimates) with minimal regularity assumptions on the exact
solution. Finally, in Sect. 1.4, we present technical, yet important, tools to ana-
lyze the convergence of dG methods as the meshsize goes to zero (the so-called
h-convergence). A crucial issue is then to ensure that some key properties of the
mesh hold uniformly in this limit, thereby leading to the important concept of
admissible mesh sequences.

D.A. Di Pietro and A. Ern, Mathematical Aspects of Discontinuous Galerkin 1
Methods, Mathématiques et Applications 69, DOI 10.1007/978-3-642-22980-0 1,
(© Springer-Verlag Berlin Heidelberg 2012
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1.1  Well-Posedness for Linear Model Problems

Let X and Y be two Banach spaces equipped with their respective norms ||-||x
and ||-|ly and assume that Y is reflexive. In many applications, X and Y are
actually Hilbert spaces. We recall that £(X,Y) is the vector space spanned by
bounded linear operators from X to Y, and that this space is equipped with the
usual norm

[Av]ly

vex\{oy lvllx

2}
=
T

[Allcx,vy = VA€ L(X,Y).

We are interested in the abstract linear model problem
Find u € X s.t. a(u,w) = (f,w)y y forall we Y, (1.1)

where a € L(X x Y,R) is a bounded bilinear form, f € Y’ := L(Y,R) is a
bounded linear form, and (-, -)y~ y denotes the duality pairing between Y’ and Y.
Alternatively, it is possible to introduce the bounded linear operator A €
L(X,Y”) such that

(Av,w)yry = a(v,w) V(v,w) € X XY, (1.2)
and to consider the following problem:
Findu e X s.t. Au= finY’. (1.3)

Problems (1.1) and (1.3) are equivalent, that is, u solves (1.1) if and only if u
solves (1.3).

Problem (1.1), or equivalently (1.3), is said to be well-posed if it admits one
and only one solution v € X. The well-posedness of problem (1.3) amounts
to A being an isomorphism. In Banach spaces, if A € £(X,Y”) is an isomor-
phism, then A~! is bounded, that is, ||A_1H£(y/7x) < C (see, e.g., Ern and
Guermond [141, Remark A.37]). As a result, the unique solution u € X satisfies
the a priori estimate

lullx = |47 fllx < C)fllv-

1.1.1 The Banach—Necéas—Babuska Theorem

The key result for asserting the well-posedness of (1.1), or equivalently (1.3),
is the so-called Banach—Nec¢as-Babuska (BNB) Theorem. We stress that this
result provides necessary and sufficient conditions for well-posedness.

Theorem 1.1 (Banach—Necas—Babuska (BNB)). Let X be a Banach space and
let Y be a reflexive Banach space. Let a € L(X x Y,R) and let f € Y'. Then,
problem (1.1) is well-posed if and only if:

(i) There is Csn > 0 such that

Vv € X, Cstal|v]|x < sup a(v,w)y
wevr{oy llwlly
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(ii) Forallw ey,
(W e X, a(v,w) =0) = (w=0). (1.5)

Equivalently, the bounded linear operator A € L(X,Y') defined by (1.2) is an
isomorphism if and only if:

(i) There is Csn > 0 such that
YweX,  Csallvllx < [|Av]lyr, (1.6)
(ii) For allw ey,
(Vv € X, (Av,w)y'y =0) = (w=0). (1.7)

Moreover, the following a priori estimate holds true:

1
Csta

£l

lullx <

Condition (1.4) is often called an inf-sup condition since it is equivalent to

Csta < inf sup M.
vex\{0} wey\{o} [Vl x[[wlly

Furthermore, owing to the reflexivity of Y and introducing the adjoint operator
At € L(Y, X') such that, for all (v,w) € X x Y,

(A'w,v)xr x = (Av,w)y v,

condition (1.7) means that, for all w € Y, A'w = 0 in X’ implies w = 0, or
equivalently that A! is injective. Moreover, a classical result (see, e.g., [141,
Lemma A.39]) is that condition (1.6) means that A is injective and that the
range of A is closed.

Remark 1.2 (Name of Theorem 1.1). The terminology, proposed in [141], indi-
cates that, from a functional analysis point of view, this theorem hinges on two
key results of Banach, the Open Mapping Theorem and the Closed Range The-
orem, while the theorem in the form stated above was derived by Necas [243]
and Babuska [21].

1.1.2 The Lax—Milgram Lemma

A simpler, yet less general, condition to assert the well-posedness of (1.1), or
equivalently (1.3), is provided by the Lax—Milgram Lemma [222]. In this setting,
X is a Hilbert space, Y = X, and the following coercivity property is invoked.

Definition 1.3 (Coercivity). Let X be a Hilbert space and let a € £(X x X, R).
We say that the bilinear form a is coercive on X if there is Cga > 0 such that

Yo e X, Csta||v||§( < a(v,v).
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Equivalently, we say that the bounded linear operator A € L£(X,X') defined
by (1.2) is coercive if there is Csta > 0 such that

Yo e X, C’Sta||v||§( < (Av,v)x/ x.

We can now state the Lax—Milgram Lemma. We stress that this result only
provides sufficient conditions for well-posedness.

Lemma 1.4 (Lax-Milgram). Let X be a Hilbert space, let a € L(X x X,R), and
let f € X'. Then, problem (1.1) is well-posed if the bilinear form a is coercive on
X. Equivalently, problem (1.3) is well-posed if the linear operator A € L(X, X)
is coercive. Moreover, the following a priori estimate holds true:

1

o7l

Jullx <

Proof. Let us verify that if a is coercive, conditions (1.4) and (1.5) hold true.
To prove (1.4), we observe that, for all v € X \ {0},

a(v,v) a(v,w)

CstaHUHX < = )
[vllx ~ wex\foy llwllx

and that (1.4) trivially holds true if v = 0. To prove (1.5), let w € X be such
that a(v,w) = 0, for all v € X. Then, picking v = w yields by coercivity that
|lw]x =0, ie., w=0.

O

Remark 1.5 (Lax-Milgram Lemma and Hilbert spaces). Coercivity is essentially
a Hilbertian property. Precisely, if X is a Banach space, then X can be equipped
with a Hilbert structure with the same topology if and only if there is a coercive
operator in L(X, X'); see, e.g., [141, Proposition A.49].

1.1.3 Lebesgue and Sobolev Spaces

In practice, the model problem (1.1) corresponds to a PDE posed over a domain
Q c R? with space dimension d > 1. The domain € is a bounded, connected,
open subset of R? with Lipschitz boundary 9. The spaces X and Y in (1.1)
are then function spaces spanned by functions defined over . For simplicity,
we consider scalar-valued functions; the case of vector-valued functions can be
treated similarly.

In this section, we briefly present two important classes of function spaces to
be used in what follows, namely Lebesgue and Sobolev spaces. We only state the
basic properties of such spaces, and we refer the reader to Evans [153, Chap. 5]
or Brézis [55, Chaps. 8 and 9| for further background. A thorough presentation
can also be found in the textbook of Adams [4].



1.1. Well-Posedness for Linear Model Problems 5

1.1.3.1 Lebesgue Spaces

We consider functions v : 2 — R that are Lebesgue measurable and we denote
by fﬂv the (Lebesgue) integral of v over . Let 1 < p < oo be a real number.

We set
p
nwmmy=(/hw) 1 <p<oo
Q

lv]| L () := supess{|v(x)| for a.e. z € Q}
=inf{M > 0| |v(z)| < M for a.e. z € Q}.

and

In either case, we define the Lebesgue space
LP(Q) := {v Lebesgue measurable | [|v]|1»(q) < o0}

Equipped with the norm ||-||zr(q), LP(£2) is a Banach space for all 1 <p < oo
(see Evans [153, p. 249] or Brézis [55, p. 150]). Moreover, for all 1 < p < oo,
the space C§°(2) spanned by infinitely differentiable functions with compact
support in €2 is dense in LP(Q2). In the particular case p = 2, L?(Q) is a (real)
Hilbert space when equipped with the scalar product

(v, w) L2 ::/Uw.
Q

A useful tool in Lebesgue spaces is Holder’s inequality which states that, for
all 1 < p,q < oo such that 1/p+ /g =1, all v € LP(Q2), and all w € LI(Q), there
holds vw € L*(2) and

1gwswmmmMmmy

The particular case p = g = 2 yields the Cauchy—Schwarz inequality, namely, for
all v,w € L?(2), vw € LY(Q) and

(v,w)r20) < [[vllz2@ llwllrz(@)-

1.1.3.2 Sobolev Spaces

On the Cartesian basis of R? with coordinates (z1,...,2q), the symbol 0; with
i € {1,...,d} denotes the distributional partial derivative with respect to z;.
For a d-uple o € N4, 9*v denotes the distributional derivative 9y ... 95%v of v,
with the convention that (>0 v = v. For any real number 1 < p < oo, we
define, for all ¢ € R? with components (£1,...,&y) in the Cartesian basis of R?,

the norm
d e
el = (Zw) L<pene
i=1
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and [€]ee = maxi<;<q|&|- The index is dropped for the Euclidean norm
obtained with p = 2.

Let m > 0 be an integer and let 1 < p < oo be a real number. We define the
Sobolev space

W"L’p(Q) — {’U c LP( ) | VYo € A"’L Yy € LP(Q)}7
where
A7 = {a e N lalp <m}. (18)

Thus, W™P(Q) is spanned by functions with derivatives of global order up to
m in LP(Q). In particular, W%?(Q2) = L?(Q). The Sobolev space W™P(Q) is a
Banach space when equipped with the norm

1/11
HUHW"W(Q) = Z HaaUHiP(Q) 1<p<oo,
aEAT
and [[v||wm=(q) = maxaeam [|[0°v|L~(q). We also consider the seminorm

|-|[wm») by restricting the above definitions to d-uples in the set de =
{a eN? | |a|p = m}, that is, by keeping only the derivatives of global order
equal to m.

For p = 2, we use the notation H™(Q2) := W™2(Q), so that

H™(Q) = {v e LX(Q) | Va € AT, 0w e L2(Q)}.

H™(Q) is a Hilbert space when equipped with the scalar product

(v, W) gm () 1= Z (0%, 0%W) 2 (0,

aEAT
leading to the norm and seminorm
1/2 1/2
[vllzm = | > 10%v320) | - Wl = Y 10°0]32q
ac A} acAy

To allow for a more compact notation in the case m = 1, we consider the
gradient Vo = (01, ..., 0qv)! with values in R?. The norm on W1?() becomes

l/p
lellwog) = (I01%0) + IV0lE, 0ye) 1<p<oo,

p d
Vol = ([ 1908 ) = ( / ZI&UI”)
Q@ Qi1

In the case p = 2, we obtain

with

l/p

(v, w) g1 () = (v, w)L2(Q) + (Vv, Vw)r2(q)a-
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Boundary values of functions in the Sobolev space W1P(Q) can be given a
meaning (at least) in LP(9€). More precisely (see, e.g., Brenner and Scott [54,
Chap. 1]), for all 1 < p < oo, there is C' such that

1-1/p 1/p
Iollzo o0y < Cllollz, iplvlgh @ Yo € WHP(Q). (1.9)

In particular, for p = 2, we obtain
1/9 1/9
ollz2o0) < Cllll3 o) 0l Vo € HY(Q). (1.10)

The bounds (1.9) and (1.10) are called continuous trace inequalities.

Finally, at some instances, we consider Hilbert Sobolev spaces H*(2) where
the exponent s is a positive real number. We refer the reader, e.g., to Ern and
Guermond [141, p. 484] for the definition of such spaces. In what follows, we use
the fact that functions in H'/?>7¢(Q), € > 0, admit a trace in L?(9Q).

1.2 The Discrete Setting

In this section, we present the main ingredients to build finite-dimensional func-
tion spaces to approximate the model problem (1.1) using dG methods. The
construction of such spaces hinges on discretizing the domain © (over which the
PDE is posed) using a mesh and choosing a local functional behavior (e.g., poly-
nomial) within each mesh element. This leads to broken polynomial spaces. We
also introduce broken Sobolev spaces and a broken gradient operator. Finally, we
briefly discuss the function space H(div;2) and its broken version; such spaces
are particularly relevant in the context of PDEs with diffusion.

1.2.1 The Domain {)

To simplify the presentation, we focus, throughout this book, on polyhedra.

Definition 1.6 (Polyhedron in R%). We say that the set P is a polyhedron in
R? if P is an open, connected, bounded subset of R? such that its boundary
OP is a finite union of parts of hyperplanes, say {H;}1<i<np. Moreover, for all
1 < i < np, at each point in the interior of 9P N H;, the set P is assumed to lie
on only one side of its boundary.

Assumption 1.7 (Domain §2). The domain 2 is a polyhedron in RY.

The advantage of Assumption 1.7 is that polyhedra can be exactly covered by
a mesh consisting of polyhedral elements. PDEs posed over domains with curved
boundary can also be approximated by dG methods using, e.g., isoparametric
finite elements to build the mesh near curved boundaries as described, e.g., by
Ciarlet [92, p. 224] and Brenner and Scott [54, p. 117].

Definition 1.8 (Boundary and outward normal). The boundary of  is denoted
by 0Q and its (unit) outward normal, which is defined a.e. on 992, by n.
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1.2.2 Meshes

The first step is to discretize the domain €2 using a mesh. Various types of meshes
can be considered. We examine first the most familiar case, that of simplicial
meshes. Such meshes should be familiar to the reader since they are one of the
key ingredients to build continuous finite element spaces.

Definition 1.9 (Simplex). Given a family {aq,...,aq} of (d + 1) points in R?

such that the vectors {a1 —ayg, ..., aq—ao} are linearly independent, the interior
of the convex hull of {ay,...,as} is called a non-degenerate simplex of R?, and
the points {ao, ...,aq} are called its vertices.

By its definition, a non-degenerate simplex is an open subset of R?. In
dimension 1, a non-degenerate simplex is an interval, in dimension 2 a triangle,
and in dimension 3 a tetrahedron. The unit simplex of R? is the set (cf. Fig. 1.1)

Sy = {(xl,...,xd)E[Rd | z; >0Vie{l,...,d} andx1+...+xd<1}.

Any non-degenerate simplex of R? is the image of the unit simplex by a bijective
affine transformation of RY.

Definition 1.10 (Simplex faces). Let S be a non-degenerate simplex with ver-
tices {ao,...,aq}. For each i € {0,...,d}, the convex hull of {ag,...,aq} \ {a;}
is called a face of the simplex S.

Thus, a non-degenerate simplex has (d + 1) faces, and, by construction, a
simplex face is a closed subset of R?. A simplex face has zero d-dimensional Haus-
dorfl measure, but positive (d — 1)-dimensional Hausdorff measure. In dimen-
sion 2, a simplex face is also called an edge, while in dimension 1, a simplex face
is a point and its 0-dimensional Hausdorff measure is conventionally set to 1.

Definition 1.11 (Simplicial mesh). A simplicial mesh T of the domain  is a
finite collection of disjoint non-degenerate simplices 7 = {T'} forming a partition

of Q,

3

T2

X2

T Z1

Fig. 1.1: Unit simplex in two (left) and three (right) space dimensions



1.2. The Discrete Setting 9

=T (1.11)
TeT

Each T € 7 is called a mesh element.

While simplicial meshes are quite convenient in the context of continuous
finite elements, dG methods more easily accommodate general meshes.

Definition 1.12 (General mesh). A general mesh T of the domain  is a finite
collection of disjoint polyhedra 7 = {T'} forming a partition of Q as in (1.11).
Each T € T is called a mesh element.

Obviously, a simplicial mesh is just a particular case of a general mesh.

Definition 1.13 (Element diameter, meshsize). Let 7 be a (general) mesh of
the domain €. For all T' € 7, hyr denotes the diameter of T, and the meshsize
is defined as the real number

h :=maxhr.
TeT

We use the notation 7, for a mesh 7 with meshsize h.

Definition 1.14 (Element outward normal). Let 7 be a mesh of the domain
Q and let T € T;,. We define ny a.e. on 9T as the (unit) outward normal to T.

Faces of a single polyhedral mesh element are not needed in what follows, and
we leave them undefined to avoid confusion with the important concept of mesh
faces introduced in Sect. 1.2.3. The key difference is that mesh faces depend on
the way neighboring mesh elements come into contact.

Remark 1.15 (General hexahedra). In the present setting, general hexahedra in
R3 cannot be mesh elements since their faces are not parts of (hyper)planes (since
four distinct points do not generally belong to the same plane). One possibility
is to approximate general hexahedra by subdividing nonplanar faces into two or
four triangles.

1.2.3 Mesh Faces, Averages, and Jumps

The concepts of mesh faces, averages, and jumps play a central role in the design
and analysis of dG methods.

Definition 1.16 (Mesh faces). Let 75 be a mesh of the domain Q. We say
that a (closed) subset F of Q is a mesh face if F has positive (d — 1)-dimensional
Hausdorff measure (in dimension 1, this means that F' is nonempty) and if either
one of the two following conditions is satisfied:

(i) There are distinct mesh elements T} and T such that F = 97y N 9Ty; in
such a case, F' is called an interface.

(ii) There is T € 7, such that F = 9T N 9Q; in such a case, F is called a
boundary face.
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Interfaces are collected in the set Fj, and boundary faces are collected in the
set .7-',’;. Henceforth, we set '
Fpn = F, UF}.

Moreover, for any mesh element T € 7}, the set
Fr={FeF,|F CoT}

collects the mesh faces composing the boundary of 7. The maximum number of
mesh faces composing the boundary of mesh elements is denoted by

Ny = max card(Fr). (1.12)

Finally, for any mesh face F' € F},, we define the set
Tr={T €T, | FCIT}, (1.13)

and observe that 7 consists of two mesh elements if ' € 7} and of one mesh
element if F' € Fy.

Figure 1.2 depicts an interface between two mesh elements belonging to a
simplicial mesh (left) or to a general mesh (right). We observe that in the case
of simplicial meshes, interfaces are always parts of hyperplanes, but this is not
necessarily the case for general meshes containing nonconvex polyhedra. We
now define averages and jumps across interfaces of piecewise smooth functions;
cf. Fig. 1.3 for a one-dimensional illustration.

Definition 1.17 (Interface averages and jumps). Let v be a scalar-valued func-
tion defined on © and assume that v is smooth enough to admit on all F' € F} a
possibly two-valued trace. This means that, for all T' € 7}, the restriction v|r of
v to the open set T' can be defined up to the boundary OT. Then, for all F € F}
and a.e. x € F, the average of v is defined as

{ohe (@) =5 (vl () + vz, (@)

Fig. 1.2: Examples of interface for a simplicial mesh (left) and a general mesh

(right)
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vl7,

RN

{w)

vlT,

T, T,
F
Fig. 1.3: One-dimensional example of average and jump operators; the face
reduces to a point separating two adjacent intervals

F

Fig. 1.4: Notation for an interface

and the jump of v as
[v]F(2) := vz, (2) = vz, (2)-

When v is vector-valued, the above average and jump operators act componen-
twise on the function v. Whenever no confusion can arise, the subscript F' and
the variable x are omitted, and we simply write {v} and [v].

Definition 1.18 (Face normals). For all F' € F), and a.e. € F', we define the
(unit) normal ng to F at x as

(i) n7,, the unit normal to F at = pointing from T} to Ty if F € Fj with
F = 0Ty N 0T%; the orientation of ng is arbitrary depending on the choice
of T7 and T5, but kept fixed in what follows. See Fig.1.4.

(ii) n, the unit outward normal to Q at z if F' € F}.

Remark 1.19 (Boundary averages and jumps). Averages and jumps can also be
defined for boundary faces (this is particularly useful when discretizing PDEs
with diffusion as in Chaps.4-6). One possible definition is to set for a.e. x € F’
with F € 2, F =0T N9, {v}r(z) = [v]r(z) := v|r(2).
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Remark 1.20 (Alternative definition of jumps). An alternative definition of
jumps consists in setting for all F' € F} with F = 9T} N 971>,

[v]« := vlm 07y + vlr,n1,,

so that [v]. = np[v]. This alternative definition allows T and T to play
symmetric roles; however, the jump of a scalar-valued function is a vector-valued
function.

1.2.4 Broken Polynomial Spaces

After having built a mesh of the domain €2, the second step in the construction
of discrete function spaces consists in choosing a certain functional behavior
within each mesh element. For the sake of simplicity, we restrict ourselves to
polynomial functions; more general cases can also be accommodated (see, e.g.,
Yuan and Shu [309]). The resulting spaces, consisting of piecewise polynomial
functions, are termed broken polynomial spaces.

1.2.4.1 The Polynomial Space P*

Let £ > 0 be an integer. Recalling the set A% defined by (1.8), we define the
space of polynomials of d variables, of total degree at most k, as

Phi=ap: RT3 2 p(a) €R [ I(Ya)aear € RHD st p) = > qaa® ¢,

acAk
with the convention that, for z = (x1,...,24) € R?, 2® = H?:1 x7t. The
dimension of the vector space P% is
. k+d (k+d)!
ky _ kY —_
dim(P) = card(4y) = < i ) = (1.14)
The first few values of dim(P¥) are listed in Table 1.1.
1.2.4.2 The Broken Polynomial Space P%(7;,)
In what follows, we often consider the broken polynomial space
P5(Tn) == {v € L*(Q) | VT € T, vlr € P5(T)}, (1.15)

Table 1.1: Dimension of the polynomial space [PZ for d € {1,2,3} and k €
{0,1,2,3}

d=1 d

w N = ol
B~ w o |
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where P%(T') is spanned by the restriction to T of polynomials in P%. Tt is clear
that
dim(PX(73,)) = card(7;,) x dim(P%),

since the restriction of a function v € PX(7},) to each mesh element can be chosen
independently of its restriction to other elements.

1.2.4.3 Other Broken Polynomial Spaces

It is possible to consider other broken polynomial spaces. Such spaces are en-
countered, e.g., when defining local bases using a reference element, e.g., nodal-
based local bases associated with quadratures (see Gassner, Lorcher, Munz,
and Hesthaven [164]). Further motivations for considering other broken polyno-
mial spaces include, among others, bubble-stabilization techniques (see Burman
and Stamm [70]) and inf-sup stable discretizations for incompressible flows (see
Toselli [296]).

A relevant example is the space of polynomials of d variables, of degree at
most k in each variable, namely

Qf =S p: R 32— p(@) € R| IVa)aeps € RUUPD st pa) = Y qaa”y,
aeBk
where B§ denotes the set of d-uples of co-norm smaller than or equal to k,
B :={aeN||alpm < k}.
The dimension of the vector space Q’Cj is
dim(Q%) = card(B%) = (k + 1)<

The first few values of dim(Q¥) are listed in Table 1.2.

1.2.5 Broken Sobolev Spaces

In this section, we introduce broken Sobolev spaces and a broken gradient oper-
ator. We also state the main properties of broken Sobolev spaces to be used in
what follows.

Table 1.2: Dimension of the polynomial space Q% for d € {1,2,3} and k €
{0,1,2,3}

d=1 d=2 d=3

W N = O
—_

o © =
2 5ol
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Let 75 be a mesh of the domain . For any mesh element T € 7j, the
Sobolev spaces H™(T) and W™P(T) can be defined as above by replacing Q by
T. We then define the broken Sobolev spaces

H™(Tp) == {v e L*(Q) | VT € Ty, vlr € H™(T)}, (1.16)
W™P(T;,) := {v € LP(Q) | VT € Ty, v|r € W™P(T)}, (1.17)

where m > 0 is an integer and 1 < p < co a real number.
In the context of broken Sobolev spaces, the continuous trace inequality (1.9)
can be used to infer that, for all v € WP (7;,) and all T € Ty,

1-1/p 1/p
Iollzeor) < Clloll e ol iy (1.18)

while for p = 2, we obtain, for all v € H'(7;,) and all T € 7y,

o]l 2oy < ClI e V1A o7y (1.19)
In what follows, it is implicitly understood that expressions such as ||v[|12a7)
(or such as [[v] p2(p) for a mesh face F' € Fr of a given mesh element T' € 7y,)
should be evaluated using the restriction of v to T. A different version of the
continuous trace inequality (1.19) is presented in Lemma 1.49 below. Continuous
trace inequalities such as (1.18) or (1.19) are important in the context of dG
methods to give a meaning to the traces of the exact solution or of its (normal)
gradient on mesh faces.
It is natural to define a broken gradient operator acting on the broken Sobolev
space W1P(T;). In particular, this operator also acts on broken polynomial
spaces.

Definition 1.21 (Broken gradient). The broken gradient ¥V : WYP(T;,) —
[LP(2)]? is defined such that, for all v € WP (7p,),

vT € Ty, (Vi) == V(v|7). (1.20)

In what follows, we drop the index A in the broken gradient when this operator
appears inside an integral over a fixed mesh element T € 7,.

It is important to observe that the usual Sobolev spaces are subspaces of
the broken Sobolev spaces, and that on the usual Sobolev spaces, the broken
gradient coincides with the distributional gradient. For completeness, we detail
the proof of this result.

Lemma 1.22 (Broken gradient on usual Sobolev spaces). Let m > 0 and let
1 < p < oco. There holds W™P(Q2) C W™P(T},). Moreover, for allv € WP(Q),
Viv = Vo in [LP(Q)]%.

Proof. Tt is sufficient to prove the inclusion for m = 1. Let v € WLHP(Q). We
first observe that V(v|7) = (Vv)|r for all T' € 7;,. Indeed, for all ® € [C§°(T)]¢,
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the extension of ® by zero to 2, say E®, is in [C§°(Q)]%, so that

/TV(U\T)-@z—/TU(V@) = —/QU(V(E@))
:/QVU~E<I>:/T(VU)|T~<I>.

Since  is arbitrary, this implies V(v|r) = (Vv)|r and, since T € 7}, is arbitrary,
we infer Vv = Vo. This equality also shows that v € WLP(Ty,).
O

The reverse inclusion of Lemma 1.22 does not hold true in general (except
obviously for m = 0). The reason is that functions in the broken Sobolev space
WLP(T;,) can have nonzero jumps across interfaces, while functions in the usual
Sobolev space WP(£2) have zero jumps across interfaces. We now give a precise
statement of this important result.

Lemma 1.23 (Characterization of W'?(Q)). Let 1 < p < oo. A function
v € WHP(Ty,) belongs to WHP(Q) if and only if

[v]=0 VFeZF. (1.21)

Proof. The proof is again based on a distributional argument. Let v € W1P(Tp,).
Then, for all ® € [C5°(2)]¢, we observe integrating by parts elementwise that

/ﬂvhv'q’: Z /TV(U|T)"I’:* Z /TU(V"P)Jr Z /BTU|T((I>'11T)

TeT TeT), TeT

:-/ﬂv(v-q>)+ 3 /F(q)-np)[[v]], (1.22)

FeF}

since @ is continuous across interfaces and vanishes on boundary faces. Assume
first that (1.21) holds true. Then, (1.22) implies

/ Vo = —/ W(V-B) VB e [,
Q Q
meaning that Vo = Vv in [LP()]?. Hence, v € W'P(Q). Conversely, if

v € WhP(Q), Vv = Vv in [LP(Q)]? owing to Lemma 1.22, so that (1.22) now
implies

> [ @nrd = [ Vs [ uvo)

FeF}
:/th@f/Vv@:O,
Q Q

whence we infer (1.21) by choosing the support of ® intersecting a single interface
and since ® is arbitrary.

a
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1.2.6 The Function Space H(div;(2) and Its Broken Version

In the context of PDEs with diffusion, the vector-valued field ¢ = —Vu can
be interpreted as the diffusive flux; here, u solves, e.g., the Poisson problem
presented in Sect.4.1. From a physical viewpoint, it is expected that the nor-
mal component of the diffusive flux does not jump across interfaces. From a
mathematical viewpoint, the diffusive flux belongs to the function space

H(div; Q) := {7 € [L*()]? | V-7 € L*(Q)}. (1.23)

It is therefore important to specify the meaning of the normal component on
mesh faces of functions in H(div; ).

For all T' € 7, we define the function space H (div;T) by replacing Q by T
in (1.23). We then introduce the broken space

H(div; Tp) = {7 € [L*(Q))? | VT € T, 7|r € H(div; T)},

and the broken divergence operator Vy,- : H(div;7T,) — L*(Q) such that, for all
T € H(div; Tp,),
VT € Th, (V)| := V-(7|7).

Proceeding as in the proof of Lemma 1.22, we can verify that, if 7 € H(div; ),
then 7 € H(div;7,) and V-7 = V7.

Since the diffusive flux o belongs to H(div;{2), we infer that, for all T € Tp,
or = o|r belongs to H(div;T). This property allows us to give a weak meaning
to the normal component ogr := or-ny on IT; cf. Remark 1.26 below for
further insight. However, in the context of dG methods, we would like to give a
meaning to the restriction op := oor|r independently on any face F' € Fr, and
additionally, it is convenient to assert o € L*(F). The fact that o7 € H(div;T)
does not provide enough regularity to assert this, as reflected by the counter-
example in Remark 1.25 below. A suitable assumption to achieve o € L*(F) is

o € W (T;))"

Indeed, owing to the trace inequality (1.18), we infer, for all T € T, oar €
LY(OT) so that, for all F € Fr, op € L*(F).

We can now characterize functions in H (div; Q)N [W 1 (7)]¢ using the jump
of the normal component across interfaces.

Lemma 1.24 (Characterization of H(div;Q)). A function 7 € H(div;7}) N
[(WHL(T,)]? belongs to H(div; Q) if and only if

[rflnp=0  VF € F;. (1.24)

Proof. The proof is similar to that of Lemma 1.23. Let 7 € H(div;7,) N
(WHL(T,)]? and let ¢ € C§°(€2). Integrating by parts on each mesh element
and accounting for the fact that ¢ is smooth inside €2 and vanishes on 052, we
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obtain

/QT'V‘P: 3 /TT.mp:f > /T(Vr)goJr > /M(T'DT)@

TeT), TeT), TeT),
:*/(Vh'T)WJr > /[[T]]'DF%
@ reFi ' F

where we have used the fact that 7ny € L'(9T) to write a boundary integral
and break it into face integrals. Hence, if (1.24) holds true,

/ﬂ "V = - /ﬂ (Vare Vo e CE(9),

implying that V-7 = V-7 € L%(Q), so that 7 € H(div;Q). Conversely, if
7 € H(div; ), since V-7 = V-7, the above identity yields

> [ =o
FeF} F

whence (1.24) is obtained by choosing the support of ¢ intersecting a single
interface and since ¢ is arbitrary.

a

Remark 1.25 (Counter-example for o € L*(F)). Following an idea by Cars-
tensen and Peterseim [78], we consider the triangle

T={(z1,12) €ER*|0< 21 <1,0<z3 <1}
For all € > 0, letting 72 = 27 + 23, we define the vector field
oc = (e + 1) Hag, —x1)".

A direct calculation shows that o, is divergence-free and, since 0 < 72 < 1,

) w/a  pcos(f) ! r3
loellfr2 (e :/0 /0 (e drdd

V2, ™
S/ / ——drdd=—In(1 +21).
0 o (e+71?) 8

Hence, letting 6. = In(1 + 2¢7!)~"?¢,, we infer that 1Gelljz2(rye is uniformly
bounded in e. Moreover, considering the face F' = {(z1,22) € 0T | 1 = 22}
with normal np = (—27/2,27"/2)! we obtain

r

~ —1\—1/2 V2 1 —1\1/2
|GenplLrr) = (1426 ) dr = §ln(1 +2¢ )72,

o €+12

which grows unboundedly as ¢ — 07,
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Remark 1.26 (Weak meaning of op-np on 9T). Let T € 7, and let or €
H(div;T). Let HY/?>(OT) be the vector space spanned by the traces on 9T
of functions in H 1(T). Then, the normal component ogr = opr-np can be
defined in the dual space H~"/2(dT) := (H'/?>(dT))" in such a way that, for all
g € H'*(AT),

<O'(3T,g> :/TUT-VQ—F/T(V'O'T)@ (1.25)

where g € H(T) is such that its trace on 9T is equal to g (the right-hand side
of (1.25) is independent of the choice of §). Consider now a face F' € Fp and let
H 862 (F) be spanned by functions defined on F' whose extension by zero to 9T is
in H'/?(9T). Then, the restriction o := oar|r can be given a meaning in the
dual space H~"?(F) := (HS{)Z(F))’ in such a way that, for all g € HS{)Z(F),

(or.g) = /T 7rVi+ [ (o,

where § € H'(T) is such that its trace on 9T is equal to g on F and to zero
elsewhere. However, this definition is of little use in the context of dG methods
where the normal component o has to act on polynomials on F which do not

generally belong to Hééz (F) (unless they vanish on 9F).

1.3 Abstract Nonconforming Error Analysis

The goal of this section is to present the key ingredients for the error analy-
sis when approximating the linear model problem (1.1) by dG methods. We
assume that (1.1) is well-posed; cf. Sect.1.1. The error analysis presented in
this section is derived in the spirit of Strang’s Second Lemma [285] (see also Ern
and Guermond [141, Sect. 2.3]). The three ingredients are (1) Discrete stability,
(2) (Strong) consistency, and (3) Boundedness.

1.3.1 The Discrete Problem

Let Vi, € L?(Q) denote a finite-dimensional function space; typically, V3 is
a broken polynomial space (cf. Sect.1.2.4). We are interested in the discrete
problem

Find up € V}, s.t. ah(uh,wh) = lh(wh) for all wy, € Vy, (1.26)

with discrete bilinear form ay, defined (so far) only on Vj, x V3, and discrete lin-
ear form I, defined on V};,. We observe that we consider the so-called standard
Galerkin approximation where the discrete trial and test spaces coincide. More-
over, since functions in V}, can be discontinuous across mesh elements, V;, ¢ X
and Vi, ¢ Y in general; cf., e.g., Lemma 1.23. In the terminology of finite
elements, we say that the approximation is nonconforming.
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Alternatively, it is possible to introduce the discrete (linear) operator Ay, :
Vi, — V3, such that, for all vy, wy, € Vp,

(Apvn, wn)2(Q) = an(Vh, wh), (1.27)

and the discrete function Lj, € Vj, such that, for all wy, € Vi, (Ln,wn)r20) =
In(wp). This leads to the following problem (obviously equivalent to (1.26)):

Find uy, € V}, s.t. Apup, = Ly, in V. (1.28)

In what follows, we are often concerned with model problems where Y «—
L?(Q) with dense and continuous injection. Identifying L2(Q) with its topologi-
cal dual space L?(Q2)" by means of the Riesz—Fréchet representation theorem, we
are thus in the situation where

Y — L*(Q) = L*(Q) — Y7,

with dense and continuous injections. For simplicity (cf. Remark 1.27 for further
discussion), we often assume that the datum f is in L2(Q), so that the right-
hand side of the model problem (1.1) becomes (f,w)2(q), while the right-hand
sides of the discrete problems (1.26) and (1.28) become, respectively,

lh(wh) = (fa wh)Lz(Q)7 Lh = ﬂ—hf'

Here, 7, denotes the L%(Q)-orthogonal projection onto V3, that is, 7, : L2(Q) —
V}, is defined so that, for all v € L2(), mpv € V}, with

(v, yn) L2y = (U, ¥n)r2() Yyn € Vh. (1.29)

We observe that the restriction of m,v to a given mesh element T € 7} can
be computed independently from other mesh elements. For instance, if V), =
P%(73), we obtain that, for all T € Ty, mpv|r € PE(T) is such that

(mavlr, ) r2ery = (0, r2ry V& € PH(T).

We refer the reader to Sect. A.1.2 for further insight.

Remark 1.27 (Rough right-hand side). The assumption f € L?(Q) is convenient
so as to define the right-hand side of (1.26) using the L?()-scalar product. For
rough right-hand sides, i.e., f € Y’ but f & L?(2), the right-hand side of (1.26)
needs to be modified since the quantity (f, wp)y~,y is in general not defined. One
possibility is to consider the right-hand side (f,Zpwp)y+ y for some smoothing
linear operator Zp, : Vi, — Vi, NY (cf. Remark 4.9 for an example in the context
of diffusive PDEs).

1.3.2 Discrete Stability

To formulate discrete stability, we introduce a norm, say [|-||, defined (at least)
on Vh-



20 Chapter 1. Basic Concepts

Definition 1.28 (Discrete stability). We say that the discrete bilinear form ay,
enjoys discrete stability on Vj, if there is Cgn > 0 such that

Ap\Up, Wh
Von €Va,  Cualoal < sup L)

(1.30)
wp €V \{0} llwnl

Remark 1.29 (h-dependency). In Definition 1.28, Cs;, can depend on the mesh-
size h. In view of convergence analysis, it is important to ensure that Cg, be
independent of h.

Property (1.30) is referred to as a discrete inf-sup condition since it is equiv-
alent to

Cta < inf sup —ah(w“ ) .
on€Vi\{0} wyevi\ {0} llvnll lwnl]

An important fact is that (1.30) is a necessary and sufficient condition for discrete
well-posedness.

Lemma 1.30 (Discrete well-posedness). The discrete problem (1.26), or equiv-
alently (1.28), is well-posed if and only if the discrete inf-sup condition (1.30)
holds true.

Proof. Condition (1.30) is the discrete counterpart of condition (1.4) in the BNB
Theorem. Hence, owing to this theorem, discrete well-posedness implies (1.30).
Conversely, to prove that (1.30) implies discrete well-posedness, we first observe
that (1.30) implies that the discrete operator A, defined by (1.27) is injective.
Indeed, Apvp, = 0 yields ap (v, wp) = 0, for all wy, € Vj,. Hence, v, = 0 by (1.30).
In finite dimension, this implies that Ay, is surjective. Hence, Ay, is bijective.

O

We observe that discrete well-posedness is equivalent to only one condition,
namely (1.30), while two conditions appear in the continuous case. This is
because injectivity is equivalent to bijectivity when the test and trial spaces
have the same finite dimension.

A sufficient, and often easy to verify, condition for discrete stability is coer-
civity. This property can be stated as follows: There is Cy, > 0 such that

Yoy, € Vh, Cstamvhmz < ah(vh,vh). (1.31)

Discrete coercivity implies the discrete inf-sup condition (1.30) since, for all

Vp € WL \ {O}a

Canllon] < an(vp,vp) < sup ap(vn, wp)

lonll  ~ whevingoy  llwall

Property (1.31) is the discrete counterpart of that invoked in the Lax—Milgram
Lemma.
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1.3.3 Consistency

For the time being, we consider a rather strong form of consistency, namely
that the exact solution u satisfies the discrete equations in (1.26). To formulate
consistency, it is thus necessary to plug the exact solution into the first argument
of the discrete bilinear form aj, and this may not be possible in general since
the discrete bilinear form ay, is so far defined on Vj, x V}, only. Therefore, we
assume that there is a subspace X, C X such that the exact solution u belongs
to X, and such that the discrete bilinear form aj; can be extended to X, x Vj,
(it is not possible in general to extend ap, to X x V},). Consistency can now be
formulated as follows.

Definition 1.31 (Consistency). We say that the discrete problem (1.26) is
consistent if for the exact solution u € X,

a’h(ua wh) = lh(wh) th S WL' (132)

Remark 1.32 (Galerkin orthogonality). Consistency is equivalent to the usual
Galerkin orthogonality property often considered in the context of finite element
methods. Indeed, (1.32) holds true if and only if

ah(u — uh,wh) =0 Ywyp € Vi,

1.3.4 Boundedness

The last ingredient in the error analysis is boundedness. We introduce the vector
space
Xop = X + Vi,

and observe that the approzimation error (u — up) belongs to this space. We
aim at measuring the approximation error using the discrete stability norm ||-||.
Therefore, we assume in what follows that this norm can be extended to the
space X,,. In the present setting, we want to assert boundedness in the product
space Xy X Vi, and not just in Vj, x V},. It turns out that in most situations, it
is not possible to assert boundedness using only the discrete stability norm |-
This is the reason why we introduce a second norm, say |-

Definition 1.33 (Boundedness). We say that the discrete bilinear form ay, is
bounded in X, x V}, if there is Cynq such that

V(v,w) € Xan X Vi, |an(v,wn)| < Conallolllwall,
for a norm |||« defined on X, and such that, for all v € X, ||v] < |Jv]l«.

Remark 1.34 (h-dependency). In Definition 1.33, Cynq can depend on the mesh-
size h. As mentioned above, in view of convergence analysis, it is important to
ensure that Cy,q be independent of h.
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1.3.5 FError Estimate

We can now state the main result of this section.

Theorem 1.35 (Abstract error estimate). Let u solve (1.1) with f € L?(Q).
Let up, solve (1.26). Let X, C X and assume that u € X,. Set Xup = Xi + Vp
and assume that the discrete bilinear form ap can be extended to Xyp X V.
Let |||l and ||-||« be two norms defined on X,y and such that, for all v € X,p,
vl < lvll«. Assume discrete stability, consistency, and boundedness. Then, the
following error estimate holds true:

—up|| < C inf — Y|, 1.33
le—wl <C inf ffu—yl (133)

with C =1+ C;;Cbnd-

Proof. Let yp, € V. Owing to discrete stability and consistency,
- ap(Un — Yn, Wi - an(U — Yn, Wh
fun -l < Ozt sup Gl i) oo g, ol vn)
wh€Vi\{0} llwall wn €V \{0} llwall

Hence, owing to boundedness,

llun, = ynll < CaaConallu =yl

Estimate (1.33) then results from the triangle inequality, the fact that |Ju—ys| <
ll — ynll«, and that yy, is arbitrary in V.
O

1.4 Admissible Mesh Sequences

The goal of this section is to derive some technical, yet important, tools to
analyze the convergence of dG methods as the meshsize goes to zero. We consider
a mesh sequence

Tr = (Th)hen,

where H denotes a countable subset of Ry := {# € R | 2 > 0} having 0 as only
accumulation point. Our analysis tools are, on the one hand, inverse and trace
inequalities that are instrumental to assert discrete stability and boundedness
uniformly in A and, on the other hand, optimal polynomial approximation prop-
erties so as to infer from error estimates of the form (1.33) h-convergence rates
for the approximation error whenever the exact solution is smooth enough.

In Sects.1.4.1-1.4.4, we consider the case d > 2. We first introduce the
concept of shape- and contact-regular mesh sequences, which is sufficient to
derive inverse and trace inequalities, and then we combine it with an additional
requirement on optimal polynomial approximation properties, leading to the
concept of admissible mesh sequences. Finally, in Sect.1.4.5, we deal with the
case d = 1, where the requirements on admissible mesh sequences are much
simpler.
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1.4.1 Shape and Contact Regularity

A useful concept encountered in the context of conforming finite element methods
is that of matching simplicial meshes.

Definition 1.36 (Matching simplicial mesh). We say that 7, is a matching
simplicial mesh if it is a simplicial mesh and if for any T € 7} with vertices
{aog,...,aq}, the set OT N IT’ for any T" € T},, T' # T, is the convex hull of a
(possibly empty) subset of {ag,...,aq}.

For instance, in dimension 2, the set T N OT" for two distinct elements of
a matching simplicial mesh is either empty, or a common vertex, or a common
edge of the two elements. We now turn to the matching simplicial submesh of a
general mesh.

Definition 1.37 (Matching simplicial submesh). Let 75, be a general mesh. We
say that & is a matching simplicial submesh of Ty, if

(i) &, is a matching simplicial mesh,
(ii) For all T" € &y, there is only one T € 7T}, such that 7" C T,

(iii) For all F’ € §p, the set collecting the mesh faces of &y, there is at most
one F' € Fj, such that F/ C F.

The simplices in &, are called subelements, and the mesh faces in §j are called
subfaces. We set, for all T € Ty,

Gr = {T’ € Gy, ‘ T C T}7

S ={F €3, | F CoT}.

We also set, for all F € Fp,,
§r={F €84 | F' CF}.

Figure 1.5 illustrates the matching simplicial submesh for two polygonal mesh
elements, say 77 and T5, that come into contact. The triangular subelements
composing the sets &1, and &7, are indicated by dashed lines. We observe that
the mesh face F' = 971 N 9T% (highlighted in bold) is not a part of a hyperplane
and that the set §r contains two subfaces.

Fig. 1.5: Two polygonal mesh elements that come into contact with correspond-
ing subelements indicated by dashed lines and interface indicated in bold



24 Chapter 1. Basic Concepts

Definition 1.38 (Shape and contact regularity). We say that the mesh sequence
Ty is shape- and contact-reqularif for all h € H, 7j, admits a matching simplicial
submesh &, such that

(i) The mesh sequence G4 is shape-regular in the usual sense of Ciarlet [92],
meaning that there is a parameter p; > 0, independent of h, such that, for
all T/ € Gy,

orhr <,

where hp: is the diameter of 77 and 77+ the radius of the largest ball
inscribed in 7",

(ii) There is a parameter g > 0, independent of h, such that, for all T € 7,
and for all T’ € &,
o2hr < hy.

Henceforth, the parameters p; and g9 are called the mesh regularity parameters
and are collectively denoted by the symbol p. Finally, if 7 is itself matching
and simplicial, then &} = 7} and the only requirement is shape-regularity with
parameter o1 > 0 independent of h.

As elaborated in Sect.1.4.2; the two conditions in Definition 1.38 allow one
to control the shape of the elements in 7; and the way these elements come
into contact. The idea of considering a matching simplicial submesh has been
proposed, e.g., by Brenner [51] to derive generalized Poincaré—Friedrichs inequal-
ities in broken Sobolev spaces. More recently, in the context of dG methods, a
matching simplicial submesh has been considered by Buffa and Ortner [61] for
nonlinear minimization problems and by Ern and Vohralik [151] for a posteriori
error estimates in the context of PDEs with diffusion.

Remark 1.39 (Anisotropic meshes). Definition 1.38 implies that the mesh is
isotropic in the sense that, for all T € 7y, the d-dimensional measure |T|q is
uniformly equivalent to h%. In applications featuring sharp layers, anisotropic
meshes can be advantageous. We refer the reader, e.g., to van der Vegt and
van der Ven [297], Sun and Wheeler [287], Georgoulis [166], Georgoulis, Hall,
and Houston [167], and Leicht and Hartmann [226] for various aspects of dG
methods on anisotropic meshes.

1.4.2 Geometric Properties

This section collects some useful geometric properties of shape- and contact-
regular mesh sequences. The first result is a uniform bound on card(&Sr).

Lemma 1.40 (Bound on card(Sr)). Let Ty be a shape- and contact-reqular
mesh sequence. Then, for all h € H and all T € Ty, card(Sr) is bounded
uniformly in h.
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Proof. Let ||q denote the d-dimensional Hausdorff measure and let B, be the
unit ball in R?. Then,

W > (Tla= Y [T'a> Y |Balarfs > D [Balaoihfs

T'eSr T'eSr T'eSp
> Y |BalaoloshT > [Balaoles card(Sr)h,
T'eSr

yielding the assertion.
|

Our next result is a uniform bound on card(Fr), card(Fr), the parameter
Ny defined by (1.12), and card(Fr).

Lemma 1.41 (Bound on card(Fr), card(§r), No, and card(Fr)). Let Ty be
a shape- and contact-regular mesh sequence with parameters o. Then, for all
h € H and all T € Ty, card(Fr), card(Fr), and Ny are bounded uniformly in
h, while, for all F € Fp, card(§r) is bounded uniformly in h.

Proof. We observe that
card(Fr) < card(Fr) < (d + 1) card(Sr),

so that the assertion on card(Fr) and card(§r) follows from Lemma 1.40. The
bound on Np results from its definition (1.12) and the bound on card(Fr).
Finally, to bound card(Fr) for all F € F,, we pick T € T such that F € Fr
and observe that card(§r) < (d + 1) card(&r), so that the bound on card(Fp)
results from the bound on card(&ry). |

Our next result is a lower bound on the diameter of mesh faces.

Lemma 1.42 (Lower bound on face diameters). Let Ty, be a shape- and contact-
reqular mesh sequence with parameters o. Then, for allh € H, all T € Ty, and
all F e Frp,

dr > 0102071, (1.34)

where 6 denotes the diameter of F.

Proof. Let T € 7;, and let FF € Fr. Then, we pick F/ € §r and denote by
T’ € &1 the simplex to which the subface F’ belongs. We obtain

O0p > 6pr 2 v > 01hpr > 0102h7,

yielding the assertion.

O

A direct consequence of Lemma 1.42 is a comparison result on the diameter
of neighboring elements.



26 Chapter 1. Basic Concepts

Lemma 1.43 (Diameter comparison for neighboring elements). Let Ty be a
shape- and contact-regular mesh sequence with parameters o. Then, for allh € H
and all T,T" € T}, sharing a face F, there holds

min(hT, hT/) 2 0102 max(hT, hT/). (135)
Proof. Since F is a common face to both T and T’, owing to (1.34),
0102 max(hr, hy) < 0p < min(hr, hy),

yielding (1.35).

1.4.3 Inverse and Trace Inequalities

Inverse and trace inequalities are useful tools to analyze dG methods. For
simplicity, we derive these inequalities on the broken polynomial space P’;(Th)
defined by (1.15); other broken polynomial spaces can be considered.

We begin with the following inverse inequality that delivers a local upper
bound on the gradient of discrete functions.

Lemma 1.44 (Inverse inequality). Let T3 be a shape- and contact-reqular mesh
sequence with parameters o. Then, for all h € H, all v, € PE(T},), and all
T e 7—/1:

IVunllizzcrye < Civhr lonllL2 ), (1.36)

where Ciny only depends on o, d, and k.

Proof. Let vy, € PE(T7;,) and let T € Tp,. For all T’ € &, the restriction vy |7 is
in P%(T”). Hence, owing to the usual inverse inequality on simplices (see Brenner
and Scott [54, Sect.4.5] or Ern and Guermond [141, Sect. 1.7]),

IVonlliz2 (e < Cinyshyt onllz2 (),

where Ciny s only depends on g1, d, and k. Using point (ii) in Definition 1.38
yields
IVunllizzcrye < 03 Cinv.shy [onll L2

Squaring this inequality and summing over 7" € &1 yields (1.36).
d

Remark 1.45 (Nature of (1.36)). The inverse inequality (1.36) is local to mesh
elements. As such, it depends on the shape of the mesh elements but not on the
way mesh elements come into contact.

We now turn to the following discrete trace inequality that delivers an upper
bound on the face values of discrete functions.
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Lemma 1.46 (Discrete trace inequality). Let Ty be a shape- and contact-regular
mesh sequence with parameters o. Then, for all h € H, all v, € PX(T3,), all
T €T, and all F € Fr,

I llonll ey < Cuallonllzzry, (1.37)
where Cyy only depends on o, d, and k.

Proof. Let v, € PX(T3,), let T € Tp,, and let F € Fr. We first assume that 7y,
is a matching simplicial mesh. Let T be the unit simplex of R? and let Fr be
the bijective affine map such that Fr(T) = T. Let F be any face of T. Since
the unit sphere in P’;(f) for the L*(T)-norm is a compact set, there is (Zivk(ﬁ),
only depending on d, k, and F, such that, for all § € [P’j(f),

101l 125y < Can(ENDN L2 (7-

Applying the above inequality to the function o = vy |7 o Fr' which is in [Pz(f)7
we infer ) /
—1 ~ _1
IFl, S Nvnllz2ry < CaklTly llvnllpzery,

where Cq x, := maxp, - Cqr(F). Moreover, we observe that
T

T 1 1 1
F|dd = EhT,F > pika > anhTy (1.38)
1

where hr r denotes the distance of the vertex opposite to F' to that face and rr
the radius of the largest ball inscribed in T'. As a result,

L2 onll 2y < Chesllvnll 2z, (1.39)

where Cy, ¢ 1= dl/zgl_lﬁad,k only depends on g1, d, and k. We now consider the
case of general meshes. For each F’ € §p, let T denote the simplex in & of
which F’ is a face. Since the restriction vy|7/ is in PX(7”), the discrete trace
inequality (1.39) yields

1
hT/?HUhHLz(F/) < Cusllvnllezry < Cusllonllz .

Squaring this inequality and summing over F' € §r yields

1/3
( Z hT’IUhH%Z(F’)) S Ctr)sC&I‘d(_’S’F)l/ZH’UhHL2(T),

F'elr

whence the assertion follows, since hrs > gohr and card(Fr) is bounded uni-
formly owing to Lemma 1.41.

|
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Remark 1.47 (Variant of (1.37)). Summing over F € Fr, we infer from (1.37)
and the Cauchy—Schwarz inequality that

hl2onll L2 omy < CoN 2 lonll L2 e, (1.40)

and we recall from Lemma 1.41 that Ny is bounded uniformly in h.

Remark 1.48 (k-dependency). When working with high-degree polynomials, it
is important to determine the dependency of Ci,, and Cy. on the polynomial
degree k. This turns out to be a delicate question, and precise answers are
available only in specific cases. Concerning the discrete trace inequality (1.37),
it is proven by Warburton and Hesthaven [304] that on P%(73,), Ci, scales as
Vk(k +d). Moreover, on Q%(7;,) with the mesh elements being affine images
of the unit hypercube in R?, one-dimensional results can be exploited using
tensor-product polynomials, yielding that Ci, scales as \/k(k + 1); see Canuto
and Quarteroni [75], Bernardi and Maday [42], and Schwab [275]. One difficulty
concerns the behavior of polynomials near the end points of an interval, and this
can be dealt with by considering weighted norms in (1.37); see, e.g., Melenk and
Wohlmuth [235]. Concerning the inverse inequality (1.36), Ci,, scales as k? on
triangles and parallelograms; see, e.g., Schwab [275].

We also need the following continuous trace inequality, which delivers an
upper bound on the face values of functions in the broken Sobolev space H'(7j,).
We present here a simple proof inspired by Monk and Siili [238] and Carstensen
and Funken [77] (see also Stephansen [283, Lemma 3.12]).

Lemma 1.49 (Continuous trace inequality). Let Ty be a shape- and contact-
reqular mesh sequence. Then, for all h € H, allv € H(T), all T € Ty, and all
FeFr,

lolZ2e) < Coti@IVOllizerpa + dhz! [oll 2ol 2 cr), (1.41)

with Ce; i= 07" if Ty is matching and simplicial, while Cey := (1 + d)(0102) ™"
otherwise.
Proof. Let v € HY(T3,), let T € Ty, and let F € Fr. Assume first that T is a
simplex and consider the R%-valued function
op = [Fla
d|T|q
where ar is the vertex of T opposite to F; cf. Fig. 1.6. The normal component of
or is constant and equal to one on F', and it vanishes on all the remaining faces
in Fr. (The function o is proportional to the lowest-order Raviart—Thomas—

Nédélec shape function in T see, e.g., Brezzi and Fortin [57, p. 116] or Ern and
Guermond [141, Sect.1.2.7] and also cf. Sect.5.5.3.) Owing to the divergence

theorem,
loll2 ) = / of? = / (o2 (opnr) = / V-([ofor)
F oT T

:/2UUF-VU—|—/ [v|>(V-oF).
T T

(‘TfaF)>
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ap

Fig. 1.6: Notation for the proof of Lemma 1.49

Since Flash F
d—1hr d—1
. < —) Vop = ,
||UF||[L (M)d > T OF Tl
we infer using the Cauchy—Schwarz inequality that
Fla_1hr _
[0l|72(py < ‘dW 2IVollizerye + dhgpt ollL2y) vl () (1.42)

Using (1.38) yields (1.41) with Cei = o7 ' on matching simplicial meshes. Con-
sider now the case where T belongs to a general mesh. For each F’ € §p, let T’
denote the simplex in & of which F’ is a face. Applying the continuous trace
inequality using F’ and 1" yields

[oll72(ry < 07t RUVolli2@oge + dhg vl L2 [0l L2 (-
Since hpr > oohr and g2 < 1, we infer

||U||%2(F/) < (e102) " IVollzernye + dhz vl L2¢rn) vl p2ery-

Summing over F’ € §p and using the Cauchy—Schwarz inequality yields (1.41)
since each 7" € & appears at most (d + 1) times in the summation.

a

We close this section with some useful inverse and trace inequalities in a
non-Hilbertian setting. Our first result allows us to compare the [|-||1»(7)- and
Il La¢ry-norms. The proof is skipped since it hinges again on the simplicial
submesh and the corresponding inverse inequality on simplices.

Lemma 1.50 (Comparison of ||-||Lr(7y- and ||-|| La(1y-norms). Let T3 be a shape-
and contact-reqular mesh sequence with parameters o. Let 1 < p,q < oo be two
real numbers. Then, for all h € H, all vy, € P(’}(Th), and all T € T,

d(Y/p—1/q
onllzocz) < Cinvpahd "™ onllLacr), (1.43)
where Ciny,p.q only depends on o, d, k, p, and g.

Remark 1.51 (Dependency on p and ¢). The quantity Cinypg in (1.43) can
be uniformly bounded in p and q. We first observe that owing to Holder’s
inequality, Ciny,p,q = 1 if p < ¢. Additionally, it is shown by Verfiirth [299] that
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P

on simplices, for p > 2 and ¢ = 2, Cipvp2 < C;;CZ/ and for p = 2 and q < 2,

Cinv,2,4 < C;{Z_l, where Cq = ((2k + 2)(4k + 2)?=1)/2. Hence, the largest
value for Ciyy p,q is obtained in the case where p > 2 > ¢, and observing that
1 —2/p| <1,|1—2/4 <1, and Cqy > 1, we infer that the quantity Cinypq
can always be bounded by C7,. A uniform upper bound in p and ¢ can also be
derived on general meshes by 7summing over the simplicial subelements.

Our second and last result is a non-Hilbertian version of the discrete trace
inequality (1.37).

Lemma 1.52 (Discrete trace inequality in LP(F)). Let T be a shape- and
contact-regular mesh sequence with parameters o. Let 1 < p < oo be a real
number. Then, for all h € H, all v, € [Pg(’]}l), allT € 1y, and oll F € Frp,

WL onll oo ey < Corpllvnll Loy (1.44)

where Cy,p, only depends on o, d, k, and p.

Proof. We combine the discrete trace inequality (1.37) with the inverse inequal-
ity (1.43) (in F) to infer

1/p 1/p (d—1)(1/p—1/2
h:r/ lvnllLe(ry < Cinv,pzh:r/ 5% ) /)H”UhHLZ(F)

< C’i1r1v7p72C’tr h¥p71/2 5;(‘171) (/e=1/2) th HL2 (T)

< Ciny p2CaCiny 2 phif?~ 268G | .

The assertion follows by observing that dz in uniformly equivalent to hr.

|

Remark 1.53 (Dependency on p). The quantity Ci,p in (1.44) can be uniformly
bounded in p. This is a direct consequence of the above proof and Remark 1.51.

1.4.4 Polynomial Approximation

To infer from estimate (1.33) a convergence rate in h for the approzimation error
(u —up,) measured in the ||-||-norm when the exact solution u is smooth enough,
we need to estimate the right-hand side given by

—
int u =gl

when V}, is typically the broken polynomial space PX(7},) defined by (1.15); other
broken polynomial spaces can be considered. Since up, € V},, we infer from (1.33)
that
inf |[Ju— <|lw —upl| <C inf [lu—yul. 1.45
il fu- gl S - ul <C inf =l (149
Definition 1.54 (Optimality, quasi-optimality, and suboptimality of the error
estimate). We say that the error estimate (1.45) is
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(i) Optimalif ||-I| = {I-Il+,

(ii) Quasi-optimal if the two norms are different, but the lower and upper
bounds in (1.45) converge, for smooth u, at the same convergence rate as
h—0,

(iil) Suboptimal if the upper bound converges at a slower rate than the lower
bound.

The analysis of the upper bound infy, cv, [|u — yn |« depends on the polyno-
mial approximation properties that can be achieved in the broken polynomial
space V},.

Definition 1.55 (Optimal polynomial approximation). We say that the mesh
sequence Ty has optimal polynomial approximation properties if, for all h € H,
all T' € 7, and all polynomial degree k, there is a linear interpolation operator
Tk . L3(T) — PE(T) such that, for all s € {0,...,k + 1} and all v € H*(T),
there holds

|’U - I%“U‘HW(T) S Capph;_"L|’l)|Hs(T) VYm € {0, ‘e 78}, (146)
where C,,p, is independent of both T" and h.

Remark 1.56 (Nature of (1.46)). As for the inverse inequality (1.36), the optimal
polynomial approximation property (1.46) is local to mesh elements. As such, it
depends on the shape of the mesh elements, but not on the way mesh elements
come into contact.

Definition 1.57 (Admissible mesh sequences). We say that the mesh sequence
Ty is admissible if it is shape- and contact-regular and if it has optimal polyno-
mial approximation properties.

In what follows, we often consider the L?-orthogonal projection onto the
broken polynomial space PX(7},). One reason is that its definition (cf. (1.29)) is
very simple, even on general meshes.

Lemma 1.58 (Optimality of L2-orthogonal projection). Let T3, be an admissible
mesh sequence. Let m), be the L%-orthogonal projection onto PX(T;,). Then, for
all s €{0,...,k+ 1} and all v € H*(T), there holds

|v — TRv|gm () < C;pph‘}_"ﬂv\Hs(T) vm € {0,...,s}, (1.47)
where Cy ., is independent of both T' and h.

Proof. For m = 0, we obtain by definition of the L?-orthogonal projection,

[v = mnvll L2y < v = ZEvllzery < Capphlolae (-
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For m > 1, we use m times the inverse inequality (1.36) together with the
triangle inequality to infer
|v — TRv|gm ) < v — Iéiv\Hm(T) + |Zhv — TRO| grm (1)
< "U - I;’U‘Hm(T) + C’h;mHI{,ﬁv - ﬂ'hUHL2(T)
< |v = Zfv|gm(r) + 2C"h™ |[o = Tiol| L2y,

whence (1.47) owing to (1.46).
d

where C’ has the same dependencies as C

In the analysis of dG methods, we often need to bound polynomial approxi-
mation errors on mesh faces. The following result is a direct consequence of (1.47)
and of the continuous trace inequality in Lemma 1.49.

Lemma 1.59 (Polynomial approximation on mesh faces). Under the hypotheses
of Lemma 1.58, assume additionally that s > 1. Then, for allh € H, ollT € Ty,
and all F € Fr, there holds

v = mrollL2ery < Clobi 0] mo oy,

app
and if s > 2,
IV (0 = m)lrnr |z < Clpphy " [o]me ),
where Cy, . and Cy7 - are independent of both T' and h.

Lemmata 1.58 and 1.59 are instrumental in deriving convergence rates, as
the meshsize goes to zero, for the approximation error owing to the error esti-
mate (1.33) which yields

lu—unll < inf Jlu—ynll < flu—mnul..
Yn€Vh

On general meshes, asserting optimal polynomial approximation is a delicate
question since this property depends on the shape of mesh elements. In prac-
tice, meshes are generated by successive refinements of an initial mesh, and the
shape of mesh elements depends on the refinement procedure. It is convenient
to identify sufficient conditions on the mesh sequence 77 to assert optimal poly-
nomial approximation in broken polynomial spaces. One approach is based on
the star-shaped property with respect to a ball.

Definition 1.60 (Star-shaped property with respect to a ball). We say that a
polyhedron P is star-shaped with respect to a ball if there is a ball Bp C P such
that, for all € P, the convex hull of {z} U®Bp is included in P.

Figure 1.7 displays two polyhedra. The one on the left is star-shaped with
respect to the ball indicated in black. Instead, the one on the right is not star-
shaped with respect to any ball.
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RN

Fig. 1.7: Example (left) and counter-example (right) of a polyhedron which is
star-shaped with respect to a ball

Lemma 1.61 (Mesh sequences with star-shaped property). Let T3 be a shape-
and contact-reqular mesh sequence. Assume that, for all h € H and oll T € Ty,
the mesh element T is star-shaped with respect to a ball with uniformly compa-
rable diameter with respect to hp. Then, the mesh sequence Ty is admissible.

Proof. Optimal polynomial approximation is proven by Brenner and Scott [54,
Chap. 4] using averaged Taylor polynomials.
O

Another sufficient condition ensuring optimal polynomial approximation, but
somewhat less general than the star-shaped property, is that of finitely shaped
mesh sequences. A simple example is that of shape- and contact-regular mesh
sequences whose elements are either simplices or parallelotopes in RY.

Lemma 1.62 (Finitely shaped mesh sequences). Let T3, be a shape- and contact-
regular mesh sequence. Assume that Ty is finitely shaped in the sense that there
is a finite set R = {T} whose elements are reference polyhedra in R? and such
that, for all h € H, each T € Ty, is the image of a reference polyhedron in R by
an affine bijective map Fr. Then, the mesh sequence Ty is admissible.

Proof. The proof is sketched since it uses classical finite element techniques. Let
he€Handlet T € T,. Let v € H*(T). Since T is such that T = Fp(T) for
some T € R, we set 0 = v o Fy and observe that o € H*(T). Let k > 0 and let
s€{0,...,k+1}. Owing to the Deny—Lions Lemma (see Deny and Lions [123]
or Ern and Guermond [141, Lemma B.67]), we infer

|i}\ — ﬂ—j&‘"ﬂH”"(T) < Cf"‘mHS(f‘) VYm € {0, . ,8},

where 7% is the L?-orthogonal projection onto P’Cj(f) Since T' contains a ball
with diameter comparable to hp, transforming back to T yields

v — Z50| o () < CLhy ™ vl e (1)

where Thv = (71'1’%5)\) o F'. The assertion follows by taking the maximal value of

C'% forall T € ﬁ, and this yields a bounded quantity since the set R is finite.
O
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Remark 1.63 (Role of finitely-shaped assumption). As reflected in the above
proof, the assumption that the mesh sequence is finitely shaped allows us to
derive a uniform upper bound on the quantities C’% resulting from the application
of the Deny-Lions Lemma in each mesh element.

Remark 1.64 (Quadrangular meshes). In dimension 2, it is possible to consider
more general quadrangular meshes, where the elements are generated using bilin-
ear mappings from the reference unit square in R?. Then, under the regularity
conditions derived by Girault and Raviart [170, Sect. A.2], optimal polynomial
approximation is achieved using polynomials in Q.

1.4.5 The One-Dimensional Case

The situation is much simpler in dimension 1 where all the mesh elements are
intervals which can come into contact only through their endpoints. Thus, shape
and contact regularity are void concepts. Moreover, optimal polynomial approx-
imation properties can be classically asserted. However, we need the counterpart
of Lemma 1.43 to compare the diameter of neighboring mesh intervals. This is
the only requirement for admissibility of mesh sequences.

Definition 1.65 (Admissible mesh sequences, d = 1). We say that the mesh
sequence T3, is admissible if there is ¢ > 0 such that, for all h € H and all
T,T' € T, with T N7 nonempty,

min(hT, hT/) > Qmax(hT, hT/).

The important properties derived in Sects. 1.4.3 and 1.4.4 are available on
admissible mesh sequences in dimension 1, namely:

(a) The inverse inequality (1.36) holds true.

(b) The discrete trace inequality (1.37) holds true (recalling that, in dimen-
sion 1, face integrals reduce to pointwise evaluation) and the continuous trace
inequality (1.41) also holds true (recalling that the 0-dimensional Hausdorff
measure of a face is conventionally set to 1).

(¢) The optimal polynomial approximation property (1.46) holds true, together
with the optimal bounds on the L2-projection (cf. Lemmata 1.58 and 1.59).
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Chapter 2

Steady Advection-Reaction

The steady advection-reaction equation with homogeneous inflow boundary con-
dition

B-Vu+pu=f inQ, (2.1a)
u=0 ondQ, (2.1b)

is one of the simplest model problems based on a linear, scalar, steady first-order
PDE. Here, the unknown function u is scalar-valued and represents, e.g., a solute
concentration; § is the R%-valued advective velocity, u the reaction coefficient, f
the source term, and 92~ denotes the inflow part of the boundary of €2, namely

00~ = {z € 9Q | B(z)n(zx) < 0}. (2.2)

The main goal of this chapter is to design and analyze dG methods to approx-
imate the model problem (2.1). The mathematical analysis of this problem
entails some subtleties. Since dG methods are essentially tailored to approx-
imate PDEs in an L2-setting where discrete stability is enhanced by suitable
least-squares penalties, the most natural weak formulation at the continuous
level is that based on the concept of graph space. A further question concerns
the mathematical sense of the boundary condition (2.1b) for functions belonging
to the graph space. To this purpose, we introduce reasonably mild, sufficient
conditions on the advective field 8 to achieve a well-posed weak formulation.
We formulate the boundary condition (2.1b) weakly in the continuous problem
since this is the way boundary conditions are enforced in dG methods. Then, we
present a step-by-step derivation of suitable dG bilinear forms that match the
discrete stability, consistency, and boundedness properties outlined in Sect. 1.3
for nonconforming finite element error analysis. We also discuss an alternative
viewpoint using local (elementwise) problems and numerical fluxes. Two dG
methods are analyzed, resulting from the use of so-called centered or upwind
fluxes.

D.A. Di Pietro and A. Ern, Mathematical Aspects of Discontinuous Galerkin 37
Methods, Mathématiques et Applications 69, DOI 10.1007/978-3-642-22980-0 2,
(© Springer-Verlag Berlin Heidelberg 2012
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We observe that it is possible to consider instead of (2.1a) the PDE
V-(Bu) + pru=f inQ, (2.3)

with the reaction coefficient i := ;1 —V-0 so that, at least formally, V-(8u)+jiu =
B-Vu+pu. The advection operator in (2.1a) is in nonconservative form, whereas,
in (2.3), it is in conservative form. In the present framework of graph spaces, both
forms are equivalent regarding the well-posedness of the weak formulation and
the design and analysis of the dG approximation. Therefore, we focus on (2.1a),
and occasionally indicate equivalent reformulations associated with (2.3).

2.1 The Continuous Setting

The purpose of this section is to specify the assumptions on the data for the
model problem (2.1), to formulate this problem in weak form, and to show that
it is well-posed. Most of the material is drawn from Ern and Guermond [142];
we also refer the reader to the earlier work of Bardos [28].

2.1.1 Assumptions on the Data

Concerning the data p and 3, we assume that
peL>=(Q), pBeLip(@Q) (2.4)

where Lip(Q2) denotes the space spanned by Lipschitz continuous functions, that
is, v € Lip(€2) means that there is L, such that, for all z,y € Q, |v(z) — v(y)| <
Ly, |7 —y| where |z —y| denotes the Euclidean norm of (z —%) in R?. The quantity
L, is called the Lipschitz module of v. Since 3 € [Lip(Q)]¢, there holds (see, e.g.,
Brenner and Scott [54, Chap. 1] for further insight)

B e Whe (@)

with ||V BilljL(ye < Lg, for all i € {1,...,d}, (B1,...,B4) being the compo-
nents of 3 in the Cartesian basis of R?. In what follows, we set

Lﬁ = 1??3)% Lgi. (25)

The assumption on the regularity of 3 can be weakened (at least, a bound on
1Bl ()¢ and on [|V-B|| () is needed), but the fact that all the components
of § are Lipschitz continuous functions simplifies the presentation.

In addition to (2.4), we assume that there is a real number po > 0 such that

1
Ai=p— §V~ﬁ > g a.e. in Q. (2.6)

Concerning the source term f, we assume that

feL?).
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Finally, we recall that € is a polyhedron in R? (cf. Definition 1.6). This assump-
tion is solely made to facilitate the meshing of 2 and is not used in the continuous
setting.

In what follows, we consider a reference time 7. and a reference velocity (.
defined as

7o = {max(||ull ), La)} 1 Be = [1Bllzee - (2.7)

Since p and Lg scale as the reciprocal of a time, 7. can be interpreted as the
(fastest) time scale in the problem. Moreover, (. represents the maximum veloc-
ity. We observe that 7. is finite since [|p[| () = Lg = 0 implies A = 0 which
contradicts (2.6). We keep track of the parameters 7. and . in the convergence
analysis of dG approximations. This allows us to work with norms consisting of
terms having the same physical dimension. Keeping track of these parameters is
also useful when dealing with singularly perturbed regimes. For simplicity, the
reader can assume that both parameters are of order unity and discard them in
what follows.

2.1.2 The Graph Space

Our first goal is to specify the functional space in which the solution to the model
problem (2.1) is sought. Let C§°(£2) denote the space of infinitely differentiable
functions with compact support in  and recall that this space is dense in L2(2).
For a function v € L%(Q), the statement 3-Vv € L?(f)) means that the linear
form

CE(9) 3 — — /ﬂ v9-(Bp) € R

is bounded in L?(€2), that is, there is C,, such that

Yo € C(), /Q o-(80) < Cullolao.

The function 8-Vuv is then defined as the function representing this linear form
in L%(Q) by means of the Riesz—Fréchet theorem.

Definition 2.1 (Graph space). The graph space is defined as
V:={veL*Q)|BVveL*(Q)}, (2.8)
and is equipped with the natural scalar product: For all v,w € V,
(v, w)v = (v,w) 2y + (8-Vv, B-Vw) 2(q), (2.9)
and the associated graph norm ||v||v = (v, v)gz.

Proposition 2.2 (Hilbertian structure of graph space). The graph space V
defined by (2.8) and equipped with the scalar product (2.9) is a Hilbert space.
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Proof. Let (v,)nen be a Cauchy sequence in V. Then, (vy)nen and (8-Vop )nen
are Cauchy sequences in L?(2). Let v and w be their respective limits in L?(Q).
Let ¢ € C§°(€2). Then, by definition, we obtain, for all n € N,

[ 0960 == [ 6500

so that

[ ov-80) = [ 0.5:60) == [ v == [ we.

This means that v € V with §-Vv = w. O

Remark 2.3 (Conservative form (2.3)). When working with (2.3), the natural
graph space is defined as

Vi={ve L’(Q)| V-(Bv) € L*(Q)},

the second assertion meaning that the linear form
C(Y) 2 pr— 7/ v(B-Vy) € R
Q
is bounded in L?(Q2). Since

- /Q W(FV) = — /ﬂ wV-(Bi) + /Q (V-B)ve,

and the last term is always bounded by ||V-B|| 1 )l|v| 20 |2l 2 (o) it is clear
that V = V. Hence, all the developments presented herein can be applied to the
conservative form (2.3).

Remark 2.4 (Gelfand triple). Since C§°(2) C V C L?(Q) and C§°(€2) is dense in
L?(Q), V is dense in L?(£2). Hence, denoting by V' the topological dual space of
V' (spanned by the continuous linear forms on V'), we are in the situation where

Ve L2(Q) = L*(Q) — V,

with dense and continuous injections. In the literature, the triple {V, L?(Q),V'}
is sometimes referred to as a Gelfand triple.

2.1.3 Traces in the Graph Space

The next step is to specify mathematically the meaning of the boundary condi-
tion (2.1b). To this purpose, we need to investigate the trace on 9 of functions
in the graph space V. Our aim is to give a meaning to such traces in the space

L3(|8-n];00) = {v is measurable on 9 | / |Bnjv? < oo}. (2.10)
a0
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Recalling definition (2.2) of the inflow boundary, we also define the outflow
boundary as

o0t = {x € 9Q | B(x)n(x) > 0},
and following [142], we assume that the inflow and outflow boundaries are well-
separated, namely

dist(9Q~,00") := |z —y| > 0.

min
(z,y) €00~ xOQ+

The following result is very important since it allows us to define traces of func-
tions belonging to the graph space and to use an integration by parts formula.
The proof is postponed to Sect.2.1.5.

Lemma 2.5 (Traces and integration by parts). In the above framework, the
trace operator

71 CO@) 50— (v) = vloa € L¥(|Fn];00)
extends continuously to V', meaning that there is C, such that, for allv €V,

v ()2 (1g-n00) < Cyllv]lv

Moreover, the following integration by parts formula holds true: For allv,w € V,

/ [(8-Vv)w + (B-Vw)v + (V-F)ow] = / (B0)y(w)y(w).
Q o0

To alleviate the notation, we omit henceforth the trace operator v when writ-
ing boundary integrals, so that the above integration by parts formula becomes,
for all v,w €V,

/ [(B-Vv)w + (8-Vw)v + (V-B)vw] = / (Bn)vw. (2.11)
Q o9

Remark 2.6 (Counter-example for inflow/outflow separation). The separation
assumption on inflow and outflow boundaries cannot be circumvented if we wish
to work with traces in L?(|3-n; 0Q). Consider for instance the triangular domain

Q= {(Il,xg) S [R2 | 0<zo <1 s.t. ‘I1| < $2},

and the field 8 = (1,0)?; cf. Fig.2.1. Then, the function u(z1,z2) = 2§ is in V
provided o > —1, but it has a trace in L2(|3-n|;9Q) only if o > —1/2. Indeed, a
direct calculation shows that

1 xro 1
/ w?dzy dzg = / x%a </ dx1> dzy = / 236%‘“’1 dxs,
Q 0 —xo 0

which is finite if and only if 2o« + 1 > —1, that is, & > —1. Hence, under
this condition, u € LQ(Q)7 and since #-Vu = 0, we infer v € V. Furthermore,
00 = {(w1,22) € R? | 23 = —x1, 71 € (—1,0)}, and a direct calculation yields

1
/ |ﬁ-n|u2:/ 3% day,
o0~ 0

which is finite if and only if 20 > —1, that is, & > —1/2. The same condition is
obtained for the integral over Q.
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Z2

;"1/‘1

Fig. 2.1: Counter-example for inflow/outflow separation: constant advection
field 3, triangular domain €2, and, in dashed lines, contour lines of u

2.1.4 Weak Formulation and Well-Posedness

The goal of this section is to derive a well-posed weak formulation of the model
problem (2.1).
For a real number x, we define its positive and negative parts respectively as

1 1
2% = 5(@\ +x), 2° = 5(@\ — ). (2.12)

We observe that both quantities are, by definition, nonnegative. We introduce
the following bilinear form: For all v,w € V,

a(v,w) ::/Q;war/Q(ﬁVv)er 89(ﬁ~n)®vw. (2.13)

This bilinear form is bounded in V' x V' owing to Lemma 2.5. Precisely, for all
v,w € V, the Cauchy—Schwarz inequality yields
la(v, w)] < (14 (|1l F @) Nollv w2 ) + C3llollv w]v-

Using the graph space V' and the bilinear form a, the model problem (2.1)
can be cast into the weak form

Find u € V s.t. a(u,w) = / fw for allw e V. (2.14)
Q

This problem turns out to be well-posed (cf. Theorem 2.9 and Sect. 2.1.5). Before
addressing this, we examine in which sense does a solution to (2.14) solve the
original problem (2.1). In particular, we observe that the boundary condition is
weakly enforced in (2.14).

Proposition 2.7 (Characterization of the solution to (2.14)). Assume that u €
V solves (2.14). Then,

BVu+pu=f ae inQ, (2.15)
u=0 ae. in o0 . (2.16)
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Proof. Taking w = ¢ € C§°(Q) in (2.14) yields
/(pu +B-Vu— fle=0,
Q

whence (2.15) follows from the density of C$°(£2) in L%(92). Using (2.15) in (2.14)
implies that, for all w € V,

/aﬂ(ﬁ-n)euw =0.

Using w = u as test function yields [, (3-n)%u* = 0, whence (2.16). |

An important (yet, not sufficient) ingredient for the well-posedness of the
weak problem (2.14) is the L2-coercivity of a in the graph space V.

Lemma 2.8 (L?-coercivity of a). The bilinear form a defined by (2.13) is L?-
coercive on 'V, namely,

1
WeVe  aw) 2 mlelae + [ 310mi (217)
o0

Proof. This is a straightforward consequence of assumption (2.6) and the inte-
gration by parts formula (2.11) since, for all v € V,

a(v,v) = /Q <u - %Vﬂ) v? + /m %(ﬂn)v2 + /m(ﬁ-n)ev2

1 1
:/Av2+/ —|B-n|v? ZMOHUHQU(Q)Jr/ —|B-n|v?,
Q o0 2 o0 2

completing the proof. O

A consequence of Lemma 2.8 is that the weak problem (2.14) admits at most
one solution. We are now in a position to state the main result of this section.
The proof of existence is postponed to Sect. 2.1.5.

Theorem 2.9 (Well-posedness). Problem (2.14) is well-posed.

Remark 2.10 (Conservative form (2.3)). When working with (2.3), the bilinear
form a can be rewritten as

a(v,w) :/ﬂﬁww+/9V-(ﬂv)w+/aﬂ(ﬁ-n)evw.

2.1.5 Proof of Main Results

In this section, we prove Lemma 2.5 and Theorem 2.9.
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Proof of Lemma 2.5. Owing to the separation assumption on inflow and outflow
boundaries, there are two functions ¢~ and ¥+ in C°°(£2) such that

YT YT =100, Y |gar =0, |- =0. (2.18)

Let v € C*®(Q). Observe that

[otal= [ e wnioal= [ erioals [t
_/( — 970 (Bm) = / (T —y7)B)

AL GRS E AR

< C2|oll%,
with C2 = ||V-((¢ T =9 7)B) || o () + 1T =~ || L (o) - Hence, for all v € C>(Q),
vl L2(gnp00) < Cyllv]lv.

Let now v € V. Since the space C>°(Q) is dense in V' (see Jensen (201, Theorem
4, p. 21], there is a sequence (vp)nen in C°(2) converging to v in V. The
inequality

v (v)ll L2 (gnp00) < Cyllvallv,

implies that (y(vn))nen is a Cauchy sequence in L2(|3-n|; 09). Letting (v) be
its limit, it is clear that this defines a continuous extension of the trace operator
~v to V. Finally, the integration by parts formula (2.11) is also proven by a
density argument since it holds true on C°°(Q) and all the terms pass to the
limit in V. This concludes the proof. O

Proof of Theorem 2.9. The proof proceeds in four steps.
(i) We first prove that a variant of (2.14), where the boundary condition is
strongly enforced, is well-posed. Specifically, letting Vo = {v € V' | v|gq- = 0}
and using L?(Q) as test space, we consider the problem:

Find u € Vj s.t. ag(u,w) = / fw for all w € L*(Q), (2.19)
Q

with the bilinear form

ag (v, w) :/Q,uvar/Q(ﬁ-Vv)w. (2.20)

To prove that (2.19) is well-posed, we use the BNB Theorem (cf. Theorem 1.1)
with spaces X = Vp and Y = LQ(Q). Since V) is, by construction, closed in V'
owing to Lemma 2.5, V; is a Hilbert space. Moreover, L?(€2) is reflexive, and
the right-hand side in (2.19) is a bounded linear form in L2(Q). It remains to
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verify conditions (1.4) and (1.5) of the BNB Theorem.
(ii) Proof of condition (1.4). Let v € Vj and set

5=  sup W)
weL?(Q)\{0} [wllz2 @)

Proceeding as in the proof of Lemma 2.8, we observe that, for all v € V),

1 1
o) = [ (i=59:8) 02+ [ S
Q 2 a0 2
1
> wlllfae + [ 508002
1
= :U'OH'UH%Z(Q) + /aQ+ §(ﬁ~n)02 > MOH?}HQU(Q),
since v|gn- = 0. As a result, for v # 0,

_ _1 ap(v,v) _
[0[172(0) < o tao(v,v) < g IMHUHH(Q) < 1o 'Slvll 22 ()

whence [|v]|p2q) < po 'S for all v € Vi. Moreover,

(B-Vo)w ag(v,w) — [, pow
65l = sup  J2BVOE Jo
werz@nfop wlizz)  werzngoy  llwllez)

< S+ ullze@llvlzz@) < @+ pg pllze@)S-

Collecting these bounds yields

[ollY < (g + (14 g el L (9))*)S?,

whence we infer condition (1.4).

(iii) Proof of condition (1.5). Let w € L?(2) be such that ag(v,w) = 0 for all
v € Vp. Since C§°(Q) C Vo, a distributional argument yields pyw — V-(fw) = 0
in Q. Hence, 3-Vw = (u — V-B)w € L*(Q), so that w € V. Combining this
expression for §-Vw with the integration by parts formula (2.11), we infer that,
for all v € Vp,

/ (Bn)vw = / [(B-Vv)w + (8-Vw)v + (V-B)vw]
a0 Q
= ao(o,0) = [ (n=V-Bpow+ [ (B5w)o = agfv.w) =0,

Taking v = 1" w with ¢/ defined by (2.18) (so that v € Vp) yields [,,(3-n)®w?
= 0 so that w|gn+ = 0. Finally, since pw — V-(Bw) = 0, we observe that

0= /ﬂ[uw2 = V-(fw)w] = /Q (u - %V-ﬂ)wz - /BQ %(ﬁ-n)w2 > pollwl? g,
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where we have used the fact that fm(ﬂn)w2 < 0 since w|gg+ = 0. The above
inequality implies that w = 0, thereby completing the proof of condition (1.5).

(iv) Let us finally prove that (2.14) is well-posed. Existence of a solution results
from the fact that w, the unique solution to (2.19), solves (2.14) since u € V;
implies that, for all w € V, a(u,w) = ap(u,w). Moreover, uniqueness of the
solution has already been deduced from the L2-coercivity of a on V. O

2.1.6 Nonhomogeneous Boundary Condition
In this section, we consider the nonhomogeneous boundary condition
u=g on N .

We extend the boundary datum g to 02 by setting it to zero outside 92~ and
we assume that

g € L*(|B1l;09).

The model problem in weak form now becomes:
Find u € V s.t. a(u,w) = / fw +/ (B1)®guw for all w € V. (2.21)
Q oQ
The key result to investigate nonhomogeneous boundary conditions is the

surjectivity of the trace operator v : V — L?(|3-n[; Q) identified in Lemma 2.5.

Lemma 2.11 (Surjectivity of traces). For all g € L?(|3-n|;09), there isu, € V
such that ug = g a.e. in Q™ UIQT. Moreover, there is C, only depending on
Q and B3, such that ||uglly < CllgllL2(1g.n:00) -

Proof. Let g € L?(|3-n[;09) and let ¢, : V — R be the linear map such that,
for all w € V,

Yg(w) = [ (Bm)guw.
(2191

Using the Cauchy-Schwarz inequality and the fact that [wl/r2(g.n)00) <
C,||lw|v owing to Lemma 2.5, we infer that

[Vg(w)| < gl L2(18n];00) lw] £2(18-n];00)
< CyllgllLz(gnjo0) lwllv-

Hence, 1y, € V' and |[¢4]lv: < CyllgllL2(gnp:00). Owing to the Riesz—Fréchet
representation theorem, there exists z € V' such that, for all w € V,

O /ﬂ (:V2)(5-Vw) = /6 (Bajgu.

Set uy := 3-Vz € L*(2) and let us verify that u, € V. Taking w = ¢ € C§°(2)

yields
/Ug(ﬁ-Vw)=—/ 2,
Q Q
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/ngV(ﬁap /zgoJr/ V-Bugep.

Since the right-hand side is a bounded linear form in L?(Q) acting on ¢, we infer
that 3-Vu, = 2z — (V-B)u, € L*(Q2), so that u, € V. Furthermore, it is easily
seen that

so that

lugllv < C"llzllv = Cllvgllve < Cllgllzzs-nps00),

where C’ and C only depend on 2 and 3. Moreover, for all w € V, we obtain
from the integration by parts formula (2.11) that

/mw-n)ugw: /Q(ﬁ.Vw)ug+/Q(5.vug)w+/ﬂ(vﬂ)ugw

:/Q(ﬁVw)(ﬁVz)Jr/sz:/aﬂ(ﬁn

The fact that [, (6n)(ug —g)w = 0 for all w € V and the density of C*(€) in
V imply that uy = g a.e. in 90~ UINT. ]

Theorem 2.12 (Well-posedness). Problem (2.21) is well-posed. Moreover, its
unique solution uw € V satisfies (2.15) and u = g a.e. in 0.

Proof. Let ug be given by Lemma 2.11. We consider the problem:
Find v € V s.t. a(v,w) = / fw — ao(ug,w) for all w e V, (2.22)
Q

where the bilinear form ag is defined by (2.20). The map V' 3 w — ag(ug,w) €
R is bounded in L?(Q) since, for all w € L%(Q),

lao (ug, w)] < (1+ [|ullF ) lluglv w2y < Cllgllzzqsmiom lwllz2g)-

Hence, by the Riesz-Fréchet representation theorem, the right-hand side of (2.22)
can be written as fQ fw for some f € L?(Q). Owing to Theorem 2.9, prob-
lem (2.22) is therefore well-posed. Proceeding as in the proof of Proposition 2.7,
we infer that the function u = v 4 uy4 satisfies pu 4 3-Vu = f in 1, and, since
v =0and uy = g on 92, we obtain u = g on 9Q~. This proves the existence of
a solution to (2.21), while uniqueness results, as before, from the L2-coercivity
of ain V. O

2.2 Centered Fluxes

The goal of this section is to design and analyze the simplest dG method to
approximate the model problem (2.14). Referring the reader to Sect.1.3, the
method is designed so as to be consistent, and a minimal discrete stability is
ensured by L2-coercivity. Using the terminology of Definition 1.54, the resulting
error estimate turns out to be suboptimal. Alternatively, the method can be
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viewed as based on the use of centered fluxes. As in the previous section, we
assume that the data p and 3 satisfy (2.4) and (2.6).

We seek an approximate solution in the broken polynomial space P’;(Th)
defined by (1.15); other choices are possible. We assume that k£ > 1 and that 7,
belongs to an admissible mesh sequence. We set

Vh = [PZ(,Th)

and consider the discrete problem:
Find up € Vi, s.t. ap(up,vp) = / fop, for all vy, € Vp,,
Q

for a discrete bilinear form a; yet to be designed.

To analyze the method, we make a slightly more stringent regularity assump-
tion on the exact solution u than just belonging to the graph space V. This
assumption is needed to formulate the consistency of the method by directly
plugging in the exact solution into the discrete bilinear form aj. In particular,
we need to consider the trace of the exact solution on each mesh face.

Assumption 2.13 (Regularity of exact solution and space V,). We assume that
there is a partition Po = {Q;}1<i<n, of Q into disjoint polyhedra such that, for
the exact solution u,

uw€eV,:=VnH (Py).

In the spirit of Sect. 1.3, we set Vi, ==V, + Vj.

Owing to the trace inequality (1.18) with p = 2, Assumption 2.13 implies
that, for all T' € 7}, the restriction u|r has traces a.e. on each face F' € Fr,
and these traces belong to L2(F) (even if the mesh 7; is not fitted to Pq).
Weaker regularity assumptions on u can be made; cf. Remark 2.16 below. We
now examine the jumps of u across interfaces.

Lemma 2.14 (Jumps of u across interfaces). The ezact solution u € Vj is such
that, for all F € F},

(Bnp)[u](z) =0 for a.e. x € F. (2.23)

Proof. Let F € F} with F = 0Ty N9T5. This interface can be partitioned into a
finite number of subsets {F}}i1<j<n, such that each Fj is shared by at most two
elements of the partition Pq. For instance, in the situation depicted in Fig. 2.2,
the interface F' is partitioned into two subsets, one of which belongs to only one
element of the partition, while the other belongs to two elements. We now prove
that, a.e. on each Fj, (2.23) holds true. We consider the case where Fj is shared
by two elements of the partition, say € and Qs (the case where F; belongs to
only one element is similar). Let ¢ € C§°(2) with support intersecting only F}
and only 2 and 9; cf. Fig.2.2. Since ¢ € C§°(Q) and u € V, there holds

(V-B)up + (B-Vu)p + u(B-Ve) ¢ = 0.
Q
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Fig. 2.2: Interface F' € Fj separating two triangles; the partition P in Assump-
tion 2.13 consists of three polygons, and the support of the test function ¢ in
the proof of Lemma 2.14 is represented by a grey ball

F -

Fig. 2.3: Fitted (left) and unfitted (right) simplicial mesh; the partition Pq
consists of two polygons, and the exact solution can jump across the thick line

Moreover, owing to the choice for the support of ¢, the integral over 2 is the
sum of the integrals over 71 N1 and TN Q. On both of these sets, u is smooth
enough to integrate by parts, yielding

o_/Q{...}_/MQI{...}+/Tm2{...}_/Fj(anp)[[u]]@.

The assertion then follows from a density argument. O

Remark 2.15 (Singularities of exact solution). Condition (2.23) does not say any-
thing on the jumps of the exact solution across interfaces to which the advective
velocity  is tangential. We also observe that Assumption 2.13 does not require
the mesh to be fitted to solution singularities, that is, both situations depicted
in Fig. 2.3 are admissible.

Remark 2.16 (Weaker regularity assumption). A weaker regularity assumption
on the exact solution is u € VN H*>T¢(Pg), € > 0, since this assumption suffices
to assert the existence of traces in L%(F) for all F € Fj,. Another possibility is
to assume that

ueVn W171(PQ),
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which yields the existence of traces in L*(F) for all F € F},. This latter property
is sufficient to prove Lemma 2.14; however, the norm introduced to assert bound-
edness in the convergence analysis of Sect.2.2.2 needs to be modified following
the ideas presented in Sect. 4.2.5.

Remark 2.17 (Nonhomogeneous boundary condition). When working with the
nonhomogeneous boundary condition u = g on 902~ (cf. Sect. 2.1.6), the discrete
problem becomes

Find up, € Vi, s.t. ap(up,vn) = / fon +/ (8-n)°guy, for all vy, € V3.
Q o0

2.2.1 Heuristic Derivation

The main idea in the design of the discrete bilinear form a; is to mimic at the
discrete level the L2-coercivity that holds at the continuous level (cf. (2.17)),
while, at the same time, ensuring consistency. Our starting point is a discrete
bilinear form aglo) simply derived from the exact bilinear form a by replacing the
advective derivative 3-V by its broken counterpart 3-Vj, namely, we define on

Vin X Vg,
ah)(v wy) 1= /ﬂ {,uvwh + (ﬂ-th)wh} + /89(5-n)evwh.

That ago) yields consistency is clear since the exact solution satisfies (2.15)
and (2.16).
Let us now focus on discrete coercivity. An important observation is that

(0)

this property is not transferred from a to a;”. Indeed, integration by parts on

each mesh element yields, for all v, € Vj,,

ay (v, vn) = / {uwﬁ(ﬁ thh)vh / (Bn)®
/,M’Uh+ Z / B-Vup, vh+/ (Bn)°0}

TeTh

/ Avi + Z / (B-nr)vj + /89(541)9”;%7

TeT,

where we recall that A = pu — ;Vﬁ and that np denotes the outward normal to
T on OT. The second term on the right-hand side can be reformulated as a sum
over mesh faces. Indeed, exploiting the continuity of (the normal component of)
[ across interfaces leads to

1 2
T; /T 5 (Bur vh = Fgl / (Bnp [vh]] + F%}:_b/ Bn)vi.

For all F € F} with F = 9Ty N 9Ty, v; = vp|r;, i € {1,2}, there holds

STR1 = 50 =) = 501 — w)(wn + ) = [on]{un
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As a result,

o) = [ ak+ 3 [ Gneolond

FeF}

+ 3 /F%(ﬁ-n)u,%jL/m(ﬂ-n)ev%,

FeFp
and combining the two rightmost terms, we arrive at
1
a}(lo)(vh,vh) = / AU% —+ Z / (5.np)[[vh]]{{vh}} +/ §|5n|v,21
Q rer; ' F aQ

The second term on the right-hand side, involving interfaces, has no sign a priori.
Therefore, it must be removed, and this can be achieved while maintaining
consistency if we set, for all (v, wp) € Vip, X Vi,

ag (v, wp) = /ﬂ{uvwh + (B-th)wh} + /m(g.n)evwh
z [ el (220

since (Bnp)u] = 0 for all F € F} owing to (2.23). The superscript indicates
the use of centered fluxes, as detailed in Sect. 2.2.3.

We can now summarize the properties of the discrete bilinear form aff estab-
lished so far. The coercivity of a,“f is expressed using the following norm defined
on V;hi

_ 1
ol = 7 ol + [ 5180 (225)

with the time scale 7, defined by (2.7). We observe that ||-||ct is indeed a norm
since it controls the L%-norm.

Lemma 2.18 (Consistency and discrete coercivity). The discrete bilinear form
a$t defined by (2.24) satisfies the following properties:

(i) Consistency, namely for the exact solution u € V,,
ail(w) = [ o Vo €V
Q

(if) Coercivity on Vj, with respect to the ||||ce-norm, namely
Yo, € Vi, aif(vmvh) > Cstallvn ‘”gfv

with Csga = min(1, 7 o).
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Proof. Consistency has already been verified. Concerning coercivity, we observe
that the above calculation yields, for all vy, € Vj,

1
aif(onon) = [ Aof+ [ Ziamiid
Q o0

whence the assertion follows from assumption (2.6). O

Remark 2.19 (Definition of ||-||cf). Defining the ||-||cf-norm as

1
ol = polllfiaey + [ 51000
o
yields coercivity in the simpler form a§f(vj,vs) > |lvn||%. The present defini-
tion using the time scale 7. instead of pg ! is more convenient to examine the

boundedness of the discrete bilinear form a‘;f.

Before proceeding further, we record an equivalent expression of the discrete
bilinear form a§' obtained after integrating by parts the advective derivative in
each mesh element. This expression is useful when introducing the notion of
fluxes in Sect.2.2.3 and when analyzing the dG method based on upwinding in
Sect. 2.3.

Lemma 2.20 (Equivalent expression for a$!). For all (v,wy) € Vip, x Vi, there
holds

aj, (v, wn) = /ﬂ {(u—V-ﬁ)vwh—v(ﬂ-vhwh)}+ /6 (Bm)Fvw,
DI ACERIGITS! (226)

FeF}

Proof. Integrating by parts in each mesh element the advective derivative
in (2.24) leads to

azf(v,wh) = /Q {(u - V-B)vwy, — U(B.Vhwh)} + Z /aT(ﬁ.nT)vwh

TeTn

> /F(ﬁ'nF)[[v]]{wh}}. (2.27)

FeF}

+ /m(ﬂn)evwh —

The third term on the right-hand side can be reformulated as a sum over mesh
faces, namely

> /(;T(ﬁ’nT)Uwh =

TeTh

Z /F(ﬁ'nF)[[Uwh]]Jr Z /F(5~n)vwh,

FeF} FeF}
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exploiting the continuity of the normal component of § across interfaces. For all
F € F} with F = 9T, N 013, v; = v|r,, w; = wy|r,, i € {1,2}, we observe that

[vwy] = viwy — vaws

= l(Ul —vg)(w1 +wa) + %(Ul +v2) (w1 — w2)

2
= [vl{wn} + fv}wal.
The expression (2.26) then results from the combination of the three rightmost
in (2.27). O

Remark 2.21 (Conservative form (2.3)). When working with (2.3), the right-
hand side of (2.24) can be rewritten as

/Q { v + Vi (Boyun} + /8 RCONTTEDS /F (Bn) [o]fwn }-

FeF}

2.2.2 Error Estimates

We consider the discrete problem:
Find u, € V}, s.t. a,cf(uh,vh) :/ fop for all vy, € V. (2.28)
Q

This problem is well-posed owing to the discrete coercivity of a$f on Vj,. Our goal
is to estimate the approximation error (v — uy) in the ||-||ce-norm. The conver-
gence analysis is performed in the spirit of Theorem 1.35. Owing to Lemma 2.18,
it only remains to address the boundedness of the discrete bilinear form a$f. To
this purpose, we define on V,j; the norm

lollZ.. = llvllz + Z TcHﬁ'VUHQLz(T) + Z Tcﬁfh;1||v||%2(3:p),
TeT), TeT),

with time scale 7. and reference velocity (. defined by (2.7).

Lemma 2.22 (Boundedness). There holds

V(v,wr) € Vin X V, a5t (v, wp) < Conal|v] et «

Jwn llet,
with Cyng independent of h and of the data p and .

Proof. Let (v,wp) € Vip X V. We bound the terms on the right-hand side
of (2.24). Using the Cauchy—Schwarz inequality, it is clear that

[ {wwon+ @V + [ 3o < 2ol wnler
Q o0
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To bound the last term in (2.24), we first use the Cauchy—Schwarz inequality to
infer

1/2
1 _
> [ Gl < | 3 3raHny ey
reF; T FeF;
1/2
| X e M e, |
FeF}

where for all F € F} with F = 9Ty N 0Ty, {h} = §(hq, + hr,). We also set
v; = v|y, and w; = wy|7,, i € {1,2}, and observe that 1[v]? < (v} + v3) and
2{wp }? < (w? + w3). Moreover, owing to Lemma 1.43,

C;1 max(hTthz) < {h} < CQ min(hTuhTz)v

where C, only depends on mesh regularity. As a result,

1/2
> /F(ﬁ-nF)Hvah}} < Collvles.« (Z TclhTIIUJhIIiZ(aT)> ;

FeF} TeT),
To conclude, we use the discrete trace inequality (1.40) to bound the last factor
on the right-hand side by 7o /*Ce N lwp | 12 (0 - 0

A straightforward consequence of Theorem 1.35 is the following error esti-
mate.

Theorem 2.23 (Error estimate). Let u solve (2.14) and let uy, solve (2.28)
where a$' is defined by (2.24) and Vi, = PX(7,,) with k > 1 and T, belonging to
an admissible mesh sequence. Then, there holds

lu—unllee < € inf flu = ynllee,« (2:29)
Yn€Vh

with C independent of h and depending on the data only through the factor
{mnin(1, 7o)}

To infer a convergence result from (2.29), we assume that the exact solution
is smooth enough, take y, = m,u, the L?-orthogonal projection of u onto Vj,
in (2.29), and use Lemmata 1.58 and 1.59.

Corollary 2.24 (Convergence rate for smooth solutions). Besides the hypothe-
ses of Theorem 2.23, assume u € H*T1(Q). Then, there holds

lu = unlles < Cub, (2.30)

with Cy, = Cl|u|| gr+1(qy and C independent of h and depending on the data only
through the factor {min(1, Tepo)} 1.



2.2. Centered Fluxes 55

Estimate (2.30) yields the convergence of the dG approximation for k > 1.
The result is not quasi-optimal, but suboptimal since the L?-norm of the error
should converge with order (k + 1) and the boundary contribution with order
(k + 1/2) if the exact solution is smooth enough. A sharper estimate is obtained
in Sect. 2.3 using upwinding.

2.2.3 Numerical Fluxes

At this stage, it is instructive to consider an alternative viewpoint based on
numerical fluxes. Because we are working with broken polynomial spaces, the
discrete problem (2.28) admits a local formulation obtained by considering an
arbitrary mesh element 7' € 7;, and an arbitrary polynomial ¢ € PX(T). For a
set S C 2, we denote by xg its characteristic function, namely

1 ifzes,
Xs(x)—{

0 otherwise.

Then, using the test function vy, = £xr in the discrete problem (2.28), observing
that

[Exr] = er ré with €r,F ‘=07 0p,
cf

and owing to the expression (2.26) for the discrete bilinear form af', we infer

| {=vpme—uov0y+ 3 enr [ ortme= [ e @an

FeFr

where the numerical flures ¢r(up) are given by

(Bnp)fun} if FeF,

orlun) = {(ﬁ-n)%h it F e 7.

The numerical fluxes ¢ (up) are called centered fluzes because the average value
of uy, is used on each F' € Fj. Since these fluxes are single-valued and since for
all F € F} with F = 9Ty N 0Ty, er, r + er, r = 0, the local formulation (2.31)
is conservative in the sense that whatever “flows” out of a mesh element through
one of its faces “flows” into the neighboring element through that face. Finally,
taking £ = 1 in (2.31) leads to the usual balance formulation encountered in
finite volume methods, namely

/T(MV'ﬁ)thrF;TGnF/F(ﬁF(uh)—/Tf-

Remark 2.25 (Conservative form (2.3)). When working with (2.3), the local
problems (2.31) can be rewritten as

/T{ﬂuhEUh(5~V€)}+FEZIT6T7F/F¢F(uh)§_/ng.

Observe that the numerical fluxes have not been modified.
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Fig. 2.4: Example of stencil of an element T' € 7, when 7} is a matching
triangular mesh; the mesh element is highlighted in dark grey, and its three
neighbors, which all belong to the stencil, are highlighted in light grey; the other
triangles do not belong to the stencil

A useful concept in practical implementations is that of stencil (cf. Appendix
A for further insight).

Definition 2.26 (Stencil). For a given element T € T;,, we define the elementary

stencil S(a$'; T) associated with the bilinear form a§f as

S(a,clf;T) = {T’ €Tyl Jqe [PZ(T),HT‘ € [PZ(T’),aff(qu,rXT/) + 0},
where yr and y7/ denote characteristic functions.

Owing to the local formulation (2.31), the stencil of a given element T € Ty,
consists of T itself and its neighbors in the sense of faces. For instance, on a
matching simplicial mesh, the stencil contains (d 4 2) mesh elements; cf. Fig. 2.4
for a two-dimensional illustration.

2.3 Upwinding

The goal of this section is to strengthen the stability of the dG bilinear form
S0 as to arrive at quasi-optimal error estimates in the sense of Definition 1.54.
This goal is achieved by penalizing in a least-squares sense the interface jumps
of the discrete solution. In terms of fluxes, this approach can be interpreted as
upwinding. We keep assumptions (2.4) and (2.6) on the data p and 3 as well as
Assumption 2.13 on the regularity of the exact solution u, but the polynomial
degree k is here such that & > 0. For k£ = 0, the dG method considered in this
section coincides with a finite volume approximation with upwinding.

The idea of presenting dG methods with upwinding through a suitable
penalty of interface jumps has been highlighted recently by Brezzi, Marini,
and Siili [60]. Therein, a quasi-optimal error estimate on the norm comprising
the L2-error and the jumps is derived. As reflected in Sect.?2.3.2, this analysis
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hinges on discrete coercivity to establish stability. To tighten the error estimate
further by including an optimal bound on the advective derivative of the error,
a discrete inf-sup condition is needed; this condition is established in Sect. 2.3.3
following the ideas of Johnson and Pitkéranta [204].

2.3.1 Tightened Stability Using Penalties
We consider the new bilinear form
ap™ (vp, wp) = aﬁf(vh,wh) + sp(vp, wp), (2.32)

with the stabilization bilinear form

o) = 3 [ Fisnrio o, (2.33)

FeF;

where 17 > 0 is a user-dependent parameter. Specifically, using (2.24),

a™ (vn, wy) = / {uvhwh-i-(ﬂ-thh)wh}—i—/ (Bn)®vpwp, (2.34)

o0
- (ﬂnF [on]{wn} + IﬁnF\HvL [wn],

or, equivalently, using (2‘26),
ay”" (vn, wp) = / {(# — V-B)vpwp — vh(ﬁ-Vhwn)} +/ (B1)Pupwy, (2.35)
+ > / Bnp){on Hlwa] + > / |8 np|[va] [wh].

FeF} FeF}

upw

We observe that the discrete bilinear forms a§! and a;”" lead to the same stencil
(cf. Definition 2.26). The numerical flux assomated with the discrete bilinear
form a;” depends on the penalty parameter 1 (cf. Sect.2.3.4). Choosing n =1
is particularly interesting since it leads to the usual upwind fluxes in the context
of finite volume schemes. More generally, the discrete bilinear form a;”™ is
henceforth referred to as the upwind dG bilinear form.

We consider the discrete problem:
Find up € Vj, s.t. azpw(uh,vh) = / fop, for all v, € V. (2.36)
Q

We first examine the consistency and discrete coercivity of the upwind dG bilin-
ear form. Recalling definition (2.25) of the |-||c;-norm considered for centered
fluxes, we now assert coercivity with respect to the following stronger norm, also
defined on V,p:

Boll2s = b2+ 5 / 7 gonp| [u]?. (2.37)

FeF}
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Lemma 2.27 (Consistency and discrete coercivity). The upwind dG bilinear
form a;P" defined by (2.32) and (2.33) satisfies the following properties:

(i) Consistency, namely for the exact solution u € Vi,
ap™ (u,vp) = / fun Yo, € Vi,
Q

(if) Coercivity on Vj, with respect to the ||||uw,-norm, namely

Yoy, € Vi, a,” (vn, vn) = Csallonll?

uwb?
with Csta = min(1, 7o) as in Lemma 2.18.

Proof. The consistency of aj”" results from the consistency of a§ established
in Lemma 2.18 and the fact that (S-np)[u] vanishes across interfaces owing
to (2.23). Furthermore, the coercivity of a;”" results from that of a! established
in Lemma 2.18 and the fact that sp,(vp,vp,) = EFE}‘;’L S 2Bnp|va]?. O

The discrete coercivity of ;" on Vj, implies the well-posedness of the dis-
crete problem (2.36). In the following two subsections, we estimate the approxi-
mation error (u — up), first using coercivity and then a tightened stability prop-
erty hinging on a discrete inf-sup condition.

Remark 2.28 (Choice of penalty parameter). Assigning a large value to the
penalty parameter 7 is not appropriate since this choice significantly reduces the
accuracy of the discrete solution. This issue has been examined by Burman,
Quarteroni, and Stamm [68] where it is shown (on matching simplicial meshes)
that the dG solution solving (2.36) converges to the discrete solution produced
by the standard continuous Galerkin approach as the penalty parameter tends
to infinity. Furthermore, we refer the reader to Burman and Stamm [69] for a
study on minimal stabilization for dG approximations of the two-dimensional
advection-reaction equation. In particular, on matching triangulations with
polynomial degree k > 2, a high-pass filter can be applied to the jumps before
penalizing them. One motivation for minimal stabilization is achieving numeri-
cal fluxes with a moderate dependency on the penalty parameter.

2.3.2 Error Estimates Based on Coercivity

It turns out that the discrete coercivity norm |||, defined by (2.37) is not
strong enough to establish a boundedness result for the upwind dG bilinear
form a,"" leading to quasi-optimal error estimates (this is why we denote this
norm by ||-|luwb; a stronger norm, denoted by || ||uwg, is introduced in Sect. 2.3.3).
To circumvent this difficulty, one idea consists in establishing boundedness by
restricting the functions in the first argument of a,”" to those functions in Vi,
that are L?-orthogonal to the discrete space V,, that is, to functions of the form
v—mpo for v € V, (recall that 7, denotes the L2-orthogonal projection onto V).

Functions of the form v — mpv are termed orthogonal subscales.
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Definition 2.29 (Boundedness on orthogonal subscales). We say that bound-
edness on orthogonal subscales holds true for ;™" (uniformly in h, p, and j3) if

there is Chpna, independent of h, u, and 3, such that, for all (v,wp) € Vi X Vj,
lap™ (v — mhv, wa)| < Conallv — TaV[luwb,« [l lluwb (2.38)

for a norm || ||y« defined on Vi, such that, for all v € Vip, [|[v]luws < [|0]luwb «-

Lemma 2.30 (Boundedness on orthogonal subscales). Boundedness on orthog-
onal subscales holds true for the upwind dG bilinear form a,”™ when defining on
Vin the norm

Iolws i = W0l + D Bellvlleor).

TeTh

Proof. Let (v,wy) € Vi X V,, and set y = v — mpv. We consider the expres-
sion (2.26) for a$f and bound the various terms on the right-hand side. First, it
is clear using the Cauchy—Schwarz inequality that

AQN—VﬁwwM+Aanﬁwwhscmwmwmmmm,

with Cy independent of h, u, and 3. Moreover, letting (5)r denote the mean
value of 3 on each T' € 7}, we observe, on the one hand, that || —(8)7 || ) <
Lght < 77 hy since 3 is Lipschitz continuous and, on the other hand, that, for
all wy, € Vi, (B)7-Vwy, € PE=H(T) C PE(T) so that

VI €Ty, / y(B)r-Vwy, = 0.
T

Hence, owing to the inverse inequality (1.36),

IREAZEED S RS O TR A

TeT), TeT),

IN

Z lyllzz(ryme A IV whllp2 e
TeT,

IN

Z Iyl z2(7)7E " Cinvllwn || L2 (1)
TETh

< Clnv [[Ylluwes lwn luws -
In addition, the Cauchy—Schwarz inequality yields

1/2

> [Gutlul < | X [ 20715061000 ) ol

FeF} FerF;

1/2
< (771 Z ﬂC”y”%Z(aT)) lwn lluws-

TeTn
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Collecting the above bounds yields

aj! (y,wn) < Collylluws e lwn s

with Cs independent of h, u, and 3. Finally, observing that
n <
> 2 1Bnr|[yllwn] < Bylluws llwn oo,
rer; 7 F
the desired bound is obtained. Od
We can now state the main result of this section.

Theorem 2.31 (Error estimate). Let u solve (2.14) and let up solve (2.36)
where a,™" is defined by (2.34) and Vi, = PX(7,) with k > 0 and 7T;, belonging to
an admissible mesh sequence. Then, there holds

H|u — Up muwb < C"Iu - 71-humuwb,*? (2.39)

with C independent of h and depending on the data only through the factor
{min(lvTCNO)}il‘

Proof. The proof is similar to that of Theorem 1.35. Assume first that 7pu # up,.
Then, owing to discrete coercivity and consistency (cf. Lemma 2.27), we infer

-1 asz(uh — TpU, Up — 7Thu) —1 asz(u — TpU, Up — 7Thu)
muh_ﬂ—hUMuwb <C, =C

e lln = 7nefluses lun = mntlluws

sta
recalling that Cs, = min(1,7cp0). Hence, using boundedness on orthogonal
subscales,

lun — Thttfluws < Cora Condllu — Tt uss

and this inequality holds true also if mu = up. Estimate (2.39) then results from
the triangle inequality and the fact that |Ju — mpuflyws < [t — Th]luwb - O

To infer a convergence result from (2.39), we assume that the exact solution
is smooth enough and use Lemmata 1.58 and 1.59.

Corollary 2.32 (Convergence rate for smooth solutions). Besides the hypothe-
ses of Theorem 2.31, assume u € H*1(Q). Then, there holds

”|U — Up ‘”uwb < Cuhk+1/2a (240)

with Cy, = Cllul| gr+1(q) and C independent of h and depending on the data only
through the factor {min(1, Tepg)} 1.

Estimate (2.40) yields the convergence of the dG approximation for any poly-
nomial degree k£ > 0. The result is quasi-optimal for the boundary and jump
terms that dominate the stability norm || ||uws, but suboptimal by a factor h'/? for
the L2-norm. The L?-norm error estimate turns out to be sharp, as confirmed by
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Peterson [258] on specific meshes. However, one drawback of the present error
estimate is that it does not convey information on the behavior of first-order
derivatives, and more specifically on the advective derivative. This shortcom-
ing is remedied in the next subsection upon strengthening the discrete stability
result.

Remark 2.33 (On the error estimate). The error estimate in Theorem 2.31 is less
sharp than that derived in Theorem 1.35 since the infimum on the right-hand
side is replaced by the projection error u — mpu. However, this bound is sufficient
to infer quasi-optimal convergence rates for smooth solutions (cf. Corollary 2.32).

2.3.3 Error Estimates Based on Inf-Sup Stability

The convergence analysis is now performed in the spirit of Theorem 1.35. Con-
sistency has already been established, and it remains to address discrete stability
and boundedness. We augment the ||| wp-norm defined by (2.37) by adding a
scaled advective derivative and define the stronger norm

IolZes = vl + > Bt bl B-V ol -
TeT),

We are now in a position to state the main stability result regarding dG meth-
ods with upwinding. The proof, which elaborates on the ideas of Johnson and
Pitkéranta [204] using locally the scaled advective derivative as a test function,
follows the recent presentation by Ern and Guermond [142]. To simplify the
arguments while keeping track of the dependency of the estimates on u and (3,
we assume that

h < Bcte. (2.41)

Remark 2.34 (Meaning of assumption (2.41)). Recalling (2.7), (2.41) yields
maX(hH:U'HLOC(Q) HBH[_LIOC(Q)]d7 hLB”ﬂ”[_LIOO(Q)]d) <1

The quantity Al L~ o) ||ﬁ||[_Lloo(Q)]d is termed the local Damkohler number (the

term local indicates here the use of the meshsize as reference length), and assum-
ing that this quantity is bounded (e.g., by 1) means that we are not concerned
with dominant reactions, but instead with tempered or mild reactions. Further-
more, assuming that hLB”ﬂ”[_Lloo(Q)]d < 1 means that the meshsize resolves the
spatial variations of the advective velocity.

Lemma 2.35 (Discrete inf-sup condition). There is Cl,, > 0, independent of
h, u, and 3, such that

, ap™" (vp, wy,)
V'Uh S WL7 Cstacstamvh ”|uwﬁ S sup
wy, €V \{0} lwn lluws

)

with Csta = min(1, 7o) as in Lemma 2.27.
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Proof. Let v, € Vi, \ {0} and set S = sup,, cv,\{0} Zmu#? Lemma 2.27
implies that

upw

2 ap" (Vn, vn)
Cotallvnllows < @™ (0n,v8) = —H—m——=

i lonlluws < Slonlluws.— (2:42)
O

It remains to bound the contribution of the advective derivative in the expression
for ||vp|luwg- To this purpose, we consider the function wy;, € Vj, such that, for
all T € Ty, wylr = B hr{B)7-Vup, where we recall that ()7 denotes the
mean value of 3 over T. To alleviate the notation, we abbreviate as a < b the
inequality a < Cb with positive C' independent of h, u, and 8. The dependency
on the penalty parameter 7 is not tracked since in practice this parameter can
be taken equal to one.

(i) Let us bound ||wp luwg by |va[luwg. We first observe that

> Behz lwnl3agry < lonlZws. (2.43)
TeT,

Indeed, using the triangle inequality, the regularity of 3, and the inverse inequal-
ity (1.36), we obtain

Z @:hElehH%z(T) = Z B thell(8)r-Vunll 72 (r)

TeT, TeTh
<23 8" (hrllBVonl 3 Horl (3= (B)r) VonllEar))
TETh
S D B b8V onliaery + D 728 b llonl7a e
TeTh TeTh
<> B b8 VonlZairy+ Y7 lonllZaery < Nonllg
TETh TeT),

where we have used (2.41) to simplify the last term. A first consequence of (2.43)
is that using the discrete trace inequality (1.37), we infer

1 n _
| g+ X [ Dipnrlnl S 3 A funlacry S ol

FeF} TeT),

Moreover, the inverse inequality (1.36) yields ||wsl/z2(q) < lvnllr2(@) and

> B B Vwnlliary S D Behp lwnllery S lvalla-
TeT), TeT),

Collecting these bounds, we infer

llwnlluws < Tlonlluws- (2.44)
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(ii) 1\110\»/7 using the definition (2.32) and (2.33) of a;”" and the expression (2.24)
of af’, we obtain

> B hallBVunlF ey = ap (v, wh) — / popwp

TeT, Q
+ 3 e [ (3Vu)6 - )T
TeT, T
— [ (Bn)vw, + (Bnr)[va]{wn }
/‘99 ng/p
- 5 [ dnrlloltod =5+ o+ 5
reF; ¥

and we estimate the terms %1,...,%4 on the right-hand side. Owing to (2.44),

lap™ (v, w)|

|Ta] = lap,”™ (vn, wn)| =
b llewn s

lwnlluws < Sllwnlluws < Slonllwws-

Moreover, using the Cauchy—Schwarz inequality and the definition of the ||||uwb-
norm yields

Fal + |Zal + [Te| S Nlonllwws llwnlluws < llonlluws llon lluws-

Using again the Cauchy—Schwarz inequality, together with the discrete trace
inequality (1.37), leads to

1/2 1/2

sl< | X [ Buelol) | X [ Zineltod?

FeF} FeF}
1/2
S lonllaws (Z 5chE1|wh||%2(T)) ;
TeT,
so that, owing to (2.43),
T5| < lonlluws lvalluws-

Finally, to bound %3, we use the Cauchy—Schwarz inequality, the inverse inequal-
ity (1.36), and assumption (2.41) to obtain

1/2 1/2
T3] S (Z ﬁclthﬁ-WhI%z(T)> (Z ﬁclhTTczlth%z(T)>

TeT), TeT),

1/2
S (Z 5clhT|5-Vvh|%z(T)> lvnlluwb-

TeTh
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Using Young’s inequality in the form ab < va? + (4y)~'b? where v > 0 can be
chosen as small as desired, we infer

1 _
Tl =5 > B el BVonlFaery S lonlliys-
TeT,

Collecting the above bounds leads to

Y B hrlB-VorlZagry S Slonlluwe + o lhuws o lhuws + lon G-
TET,

(iii) Combining the above result with (2.42) and since Cy, < 1 yields

Cstallvnlliwg S Slvnlluw + Cotallon luws lon luws-
Using Young’s inequality for the last term together with (2.42) yields
Cstallvnlliwg < Sllvnlluws + Csallvn s < Slhonluws,
whence the assertion. O

To formulate a boundedness result, we define the following norm:

ol = Bl + 3 B (B2 oy + NollZaor ) -
TeT

Lemma 2.36 (Boundedness). There holds

V(v,wr) € Vin X Vi, lap”" (v, wp)| < Chnallv]

with Cpngq independent of h, u, and (.

Proof. We proceed as in the proof of Lemma 2.30. The only difference lies in
bounding the contribution of the advective derivative. Here, using the Cauchy—
Schwarz inequality, we infer [, v(8-Viwn) < |0 [luws,« [Jwn \Huwu |

A straightforward consequence of Theorem 1.35 is the following error esti-
mate.

Theorem 2.37 (Error estimate). Let u solve (2.14) and let uy, solve (2.36)
where a,™" is defined by (2.34) and Vi, = PX(7,) with k > 0 and T;, belonging to
an admzsszble mesh sequence. Then, there holds

lu = wnlluws < € inf Jla =y s (2.45)
Yh€Vh
with C independent of h and depending on the data only through the factor
{min(lvTCNO)}il‘

To infer a convergence result from (2.45), we assume, as in Sect.2.3.2, that
the exact solution is smooth enough and use Lemmata 1.58 and 1.59.
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Corollary 2.38 (Convergence rate for smooth solutions). Besides the hypotheses
of Theorem 2.37, assume that uw € H**1(Q). Then, there holds

Hlu — Unp muwti < Cuhk+1/27 (2.46)

with Cy, = Cl|u|| gr+1(qy and C independent of h and depending on the data only
through the factor {min(1, Tepo)} 1.

Estimate (2.46) improves (2.40) since it provides an optimal convergence
estimate for the scaled advective derivative.

2.3.4 Numerical Fluxes

To conclude this section, we examine how the additional penalty term on the
interface jumps modifies the numerical fluxes. Proceeding as in Sect.2.2.3, we
obtain the following local formulation: For all T € 7}, and all £ € PX(T),

[ {w-vous—um@vo}+ ¥ ene [ orwie= [ g6 ean

FeFr

where the numerical fluxes now take the form

_ JBnefund + gulBnp|lun] i F e 7,
br(un) = {(ﬁ-n)®uh if FeFp.

The choice n = 1 leads to the so-called upwind fluzes

Bunpul  if FeFi,
or(un) = N 5
(Bn)%uy if FeFy,
where u,TL = up|py if fnp > 0 and u,TL = wup|r, otherwise (recall that F =
0Ty N 9T, and that ng points from Ty toward T3). The upwind fluxes can also
be written as

dp(up) = (Bnp)®un|r, — (Bnp)upln, if Fe ﬁ,
e (Bn)®up, if F e Fp.

Remark 2.39 (Nonhomogeneous boundary condition). When working with the
nonhomogeneous boundary condition u = g on 9Q~ (cf. Sect.2.1.6), the local
formulation can still be written in the form (2.47), and the boundary datum g
incorporated in the numerical flux. This yields

¢ (’LL ) — (ﬁlnF)eBuh‘Tl - (ﬁ'nF)euh|T2 if e F}N
e (Bn)Pup — (Bnp)®g if FeFp.



Chapter 3

Unsteady First-Order PDEs

This chapter is devoted to the approximation of unsteady, scalar, first-order
PDEs. We focus on the so-called method of lines in which the evolution problem
is first semidiscretized in space yielding a system of coupled ordinary differen-
tial equations (ODEs) which is then discretized in time. Specifically, we consider
space semidiscretization by a dG method together with an explicit Runge-Kutta
(RK) scheme for time discretization. Space-time dG methods provide an alter-
native to the method of lines. Such methods are not covered herein, and we refer
the reader to the textbook by Thomeée [294].

In Sect. 3.1, we consider linear PDEs and examine the unsteady version of
the advection-reaction equation studied in Chap.2. Namely, for a given finite
time tp > 0, we consider the time evolution problem:

Ou+ BVu+puu=f inQx(0,tr), (3.1a)
u=0 ondN x (0,tr), (3.1b)
u(t=0)=uy inQ, (3.1¢c)

with advective velocity 3, reaction coefficient u, source term f, and initial
datum ug. We recall that 9Q~ := {z € 92 | B(x)-n(z) < 0} denotes the inflow
part of the boundary 0f2. Space semidiscretization is achieved using the upwind
dG method introduced in Sect. 2.3 for the steady case. Then, we analyze some
explicit RK schemes for time discretization. We consider the forward Euler
method combined with a finite volume scheme in space as an example of low-
order approximation and then explicit two- and three-stage RK schemes com-
bined with a dG scheme with polynomial degree k > 1 in space as examples
of higher-order approximations. In all cases, we derive quasi-optimal error esti-
mates for smooth solutions in the natural energy norm comprising the L?-norm
and the jumps. These results are achieved under Courant—Friedrichs—Lewy
(CFL) conditions restricting the size of the time step in terms of the advec-
tive velocity and the meshsize. Two points in the analysis deserve comments.
First, as pointed out in the seminal work of Levy and Tadmor [231], the classical

D.A. Di Pietro and A. Ern, Mathematical Aspects of Discontinuous Galerkin 67
Methods, Mathématiques et Applications 69, DOI 10.1007/978-3-642-22980-0_3,
(© Springer-Verlag Berlin Heidelberg 2012
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stability analysis hinging on the eigenvalues of the space semidiscrete linear oper-
ator and absolute stability regions for the RK schemes can be misleading in the
case of nonnormal operators such as semidiscrete first-order PDEs. Following
the recent work by Burman, Ern, and Fernandez [66], our stability analysis
instead hinges on energy (that is, L?-norm) estimates in physical space. The
main idea is that the energy production resulting from the explicit nature of the
RK scheme can be compensated under a CFL condition by the dissipativity of
the dG scheme. Second, as in the steady case, the boundedness of the space
semidiscrete operator is needed to derive quasi-optimal error estimates (and not
only stability estimates).
In Sect. 3.2, we consider nonlinear conservation laws of the form

Ayu + V-f(u) = 0.

The unknown u is a scalar-valued function and the flux function F is R%-valued.
In the linear case where f(u) = Bu for some R%valued field 3, we recover the
unsteady advection-reaction equation (3.1a) with y = V-3 and zero source term.
Nonlinear conservation laws, and hyperbolic systems of nonlinear conservation
laws, are of interest in many contexts, ranging from compressible fluid dynamics
to gas dynamics and trafic modeling. For the mathematical theory of nonlinear
conservation laws (and systems thereof), we refer the reader to the textbooks by
Godlewski and Raviart [172], LeFloch [225], and LeVeque [230]. The application
of dG methods to such problems has been propelled by the pioneering works of
Cockburn, Shu, and coworkers [99, 108,110,111, 113]. Taking inspiration from
finite volume schemes and the local formulation of dG methods using numerical
fluxes, the dG method for space semidiscretization is formulated using suitably
designed numerical fluxes. Classical examples, discussed in the textbooks by
LeVeque [230] and Toro [295], include Godunov, Rusanov, Lax—Friedrichs, and
Roe fluxes. Then, an explicit RK scheme can be used for time discretization.
In particular, we consider Strong Stability-Preserving (SSP) RK schemes fol-
lowing the ideas of Gottlieb, Shu, and Tadmor [175,176]; see also Spiteri and
Ruuth [281]. Finally, we discuss the use of limiters, i.e., devices which help pre-
venting the appearance of spurious oscillations when approximating rough solu-
tions. Although dG discretizations of hyperbolic conservation laws have been
used for over two decades, their theoretical analysis is far from being accom-
plished. Part of the material in Sect. 3.2 is based on heuristics, and only in some
cases a rigorous mathematical justification is available (often in space dimension
d =1 only).

3.1 Unsteady Advection-Reaction

The goal of this section is to analyze an approximation of the linear time evo-
lution problem (3.1) using the upwind dG method for space semidiscretization
together with an explicit RK scheme for time discretization. Most of the results
presented in this section are drawn from [66].
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3.1.1 The Continuous Setting

Herein, we introduce some basic notation for space-time functions, specify the
assumptions on the data and on the regularity of the exact solution, and present
an energy estimate for the latter.

3.1.1.1 Notation for Space-Time Functions

Let ¢ be a function defined on the space-time cylinder  x (0,¢r). Then, it
is convenient to consider i as a function of the time variable with values in a
Hilbert space, say V, spanned by functions of the space variable, in such a way
that

¥ :(0,tr) Dt — Y(t) = ¢Y(-,t) € V.

In what follows, for an integer [ > 0, we consider the space
CHV) = CN([0,tr]; V)

spanned by V-valued functions that are [ times continuously differentiable in
the interval [0,tp]. For ¢p € CY(V), we denote by dy*y, m € {0,...,1}, the
time derivative of 1 of order m with the convention that dYvy = 1; clearly
d™p € C'=™ (V). The space C°(V) is a Banach space when equipped with the
norm

= t
[¥llcoqv) o @)lv,
and the space C'(V) is a Banach space when equipped with the norm
[¥llcrvy = Jmax, ld" 4l coqvy.-

3.1.1.2 Assumptions on the Data and the Exact Solution

We consider the time evolution problem (3.1) with source term
f e Co(L*().

We assume for simplicity that the data p and § are time-independent and that
they satisfy the regularity assumption (2.4), namely

pelL>Q), peLip(Q)]”
However, we no longer assume (2.6) so that
1 oo
A:ufiv-ﬁeL Q)
does not necessarily take positive values.
As in the steady case, we consider the reference time 7. and the reference

velocity f. such that (cf. (2.7))

Te = {max(||u”L°°(ﬂ)7Lﬁ)}_17 Be = HﬂH[LOC(Q)]‘%
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where Lg is the Lipschitz module of 5 (cf. (2.5)). In the absence of assump-
tion (2.6) providing a uniform positive lower bound on A = p— %V-ﬁ, it is possi-
ble that ||p||r(q) = Lg = 0 (this corresponds to the case of constant advective
velocity and no reaction), yielding 7. = co. We introduce an additional time
scale

7. = min(tg, ),

which is always finite. Moreover, in what follows, we use the quantity 7. with
the convention that expressions involving 7. are evaluated as zero if 7. = oco.
An important point is that we focus on smooth solutions, that is, we assume

u e COHY Q) NCYHLA(Q)). (3.2)

If such a solution exists, it is unique; this is a straightforward consequence of the
energy estimate derived below in Lemma 3.2. The regularity assumption (3.2)
implies that the PDE (3.1a) and the boundary condition (3.1b) hold up to the ini-
tial time ¢t = 0. Assumption (3.2) also implies that ug € H'(2) with ug|gq- = 0;
the initial datum is said to be well-prepared. Introducing the bounded opera-
tor A € L(HY(Q),L?(2)) such that for all v € H(Q), Av := pv + 3-Vu, the
PDE (3.1a) can be rewritten as

diu(t) + Au(t) = f(t) Yt € [0, tg]. (3.3)

More general mathematical settings for the unsteady advection equation allowing
for rough solutions have been investigated, e.g., by Ambrosio [10], Boyer [48],
and Crippa [117].

Remark 3.1 (Using H'(Q)) instead of the graph space). At the continuous level,
it is also possible to assume for the exact solution that u € C%(V) instead of
u € C°(H'(2)), where V is the graph space introduced for the steady advection-
reaction equation and defined by (2.8).

3.1.1.3 Energy Estimate on the Exact Solution

At any time ¢ € [0, tp], we define the energy of the exact solution as the quantity
||u(t)H%2(ﬂ). We now establish a basic energy estimate on the exact solution

under the regularity assumption (3.2).

Lemma 3.2 (Energy estimate). Let u € CO(H'(Q)) N CY(L3(Q)) solve (3.1).
Then, introducing the time scale ¢ := (tg' + 2||Al|~(q)) ", there holds

[u()lIF2(0) < €7 (luollZz(q) + stell Fllgoraiy) VYt € [0,tr]. (3.4)

Proof. For all t € [0,tr], we take the L2-scalar product of (3.3) with u(t) yielding

%dtHu(t)H%Z(Q) + (Au(t), u(t)) L2 (@) = (f(8), u(t)) L2 @)-
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Integrating by parts and accounting for the boundary condition (3.1b) yields
1 2 1 2
(Au(t),u(t))rz) = | (n— 5V )ul®)” + 5 (Bn)u(t)
Q 2 oa+ 2

_ /ﬂ Au(t)? + /a m%(ﬁn)u(t)? > /Q Au(t)?,

where 00T := {z € 9Q | B(z)n(z) > 0} denotes the outflow part of the bound-
ary. Hence,
1
§dt|\u(t)||%2(9) = (f(t),u(t))r2 () — (Au(t),u(t)) 2 ()
< (f(t),u(®) 2 () + Al o) lut)72 (q)- (3.5)

Using the Cauchy—Schwarz followed by Young’s inequality for the first term on
the right-hand side leads to

A

1
5 dillu®llZz @) < IOz lle@llz2 @) + 1Az @ lu®l72 @

A

tp 1
< SlIFOI o) + %”U(UH?:?(Q) + Al Lo e a1 22 0
tp 1
= S IF Oz + 2—§|\U(t)||%2(m- (3.6)
Setting @(t) = [|u(t)[72(q) and a = tr[|fl|Zo 12 (qy): we obtain

dyp(t) < a4 o(t).

Hence, di(e="75p(t)) = e~ (dyp(t) — s p(t)) < e~/<a, so that integrating in
time, we arrive at

t
P(t) < €"p(0) +a [ e ds < N p(0) + ca),
0

whence the assertion follows. |

Remark 3.3 (Gronwall’s Lemma and long-time behavior). The argument by
which a bound on Hu(t)H%z(Q is inferred from an estimate of the form (3.6)
is often referred to as Gronwalf’s Lemma. This approach is not suitable for long-
time stability estimates (that is, for tp > HAHZ&C(Q)) because it leads to the

exponential factor /< in (3.4) which becomes extremely large in this situation.
When interested in the long-time behavior of the solution, an assumption on A
is needed to obtain sharper energy estimates, for instance assumption (2.6) (i.e.,
A > po >0 ae. in Q) as in the steady case. Then, (3.5) can be replaced by

1
Al @) + pollu®)lIZz o) < () u(t)) 12 ().
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Using the Cauchy—Schwarz inequality followed by Young’s inequality on the
right-hand side leads to

1 2 1 2
thHu(t)HLZ(Q) < 4_M0Hf(t)||L2(Q),

whence we infer a (much) sharper energy estimate than (3.4).

3.1.2 Space Semidiscretization

Space semidiscretization is achieved by means of the upwind dG method intro-
duced in Sect. 2.3 in the context of the steady advection-reaction equation. Thus,
the discrete space V}, is taken to be the broken polynomial space [PS (7,) defined
by (1.15) with polynomial degree k > 0 and 73, belonging to an admissible mesh
sequence. We consider quasi-uniform mesh sequences, meaning that there is C'
such that, for all h € H,

max hy < C min hr.
TETh TeTh

It is possible to relax this assumption; cf. Remark 3.6 below for further discus-
sion. As in the steady case (cf. Sect.2.3.3), we also make the mild assumption
that

h < 607*7

recalling that the assumption h < (3.7, means that the local Damkoéhler number
is not too large (thereby avoiding strong reaction regimes) and that the meshsize
resolves the spatial variations of the advective velocity, while the assumption
h < B.tr means that a particle advected at speed (3. crosses at least one mesh
element over the time interval (0, ).

Instead of working with discrete bilinear forms, we consider discrete (differ-
ential) operators to allow for a more compact notation. In what follows, we
often manipulate functions of the form (u(t) — vp) where ¢ € [0, tr| and vy, € Vj,.
Recalling that u € CO(H'(£2)) owing to assumption (3.2), the function (u(t)—wvy)
belongs to the space

Vip 1= HY(Q) + V.

We define the discrete operator AyP™ : V,;, — Vj such that for all (v,wp) €
Vin X Vi,

A0 )z = /wah " /Q(B-th)wh + /@g(ﬁ-n)@vwh (3.7)
1
_ Fezfi /F(ﬁ-np)[[v]]{wh} + ng /F 5\g.nﬂ[[v]] [wh].

In terms of the discrete bilinear forms considered in Chap. 2, this yields
(A v, wn) 2 0) = @ (v, wh) = a‘;f(v, wp) + sp(v, W),

where a,”" is the upwind dG bilinear form (cf. (2.34)), a§! the dG bilinear form
associated with centered fluxes (cf. (2.24)), and s, the stabilization bilinear form
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defined by (2.33). The penalty parameter 7 in the stabilization bilinear form sy,
has been set to 1 for simplicity.

The discrete operator A,"" can be used to formulate the space semidiscrete
problem in the form (compare with (3.3))

dtuh(t) + Azpwuh(t) = fh(t) Vt € [0, tF], (38)
with initial condition up(0) = mpue and source term

fa(t) =mnf(t)  Vte[0,tr],

where 7, denotes the L2-orthogonal projection onto Vj,. Choosing a basis for
Vi, the space semidiscrete evolution problem (3.8) can be transformed into a
system of coupled ODEs for the time-dependent components of up(t) on the
selected basis. Written in component form, (3.8) leads to the appearance of the
block-diagonal mass matrix on its left-hand side; cf. Sect. A.1.2.

Two important properties of the discrete operator A,"" are consistency and
discrete dissipation. These two properties are the counterpart of the consistency

and discrete coercivity established in the steady case for the discrete bilinear
upw

form a,™" (cf. Lemma 2.27).

Lemma 3.4 (Consistency and discrete dissipation for A,""). The discrete oper-
ator A}PY satisfies the following properties:

(i) Consistency: For the ezact solution u € CO(H(Q)) N C1(L*(Q)),
ﬂhdtu(t) + Azpwu(t) = fh(t) Vit € [O,tp}. (3.9)
(ii) Discrete dissipation: For all vy, € Vj,

(Azpwvh,vh)Lz(Q) = "Uh‘%‘ + (Avh, Uh)Lz(Q), (3.10)

where we have defined on Vi, the seminorm

o= [ giBante X [ Ssadpl. @y

FeF]

Proof. (i) Let wy, € Vj,. Taking the L?-scalar product of (3.3) with wj, implies
for all t € [0, tg],

(dyu(t), wn) 2y + (Au(t), wn)r2) = (f(t), wn)r2(Q)-

Since u € C°(H'(Q)) and accounting for the boundary condition u(t)|gq- = 0
and the fact that [u(t)] = 0 for all F' € F}, the expression (3.7) yields

(AP u(t), wn)r20) = /Q(W(t) + B-Vu(t), wn)r2(q) = (Au(t), wn)r2(0)-
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Moreover, owing to the definition of 7y, (f(t),wn)r2) = (T f(t), wn)r2() and
similarly for d;u(t). Hence,

(Thdu(t), wn) L2 ) + (A" u(t), wn) 2 ) = (fr(t), wn)L2(0),

thereby proving (3.9).
(ii) To prove (3.10), we observe that, for all v, € V}, integrating by parts on
each mesh element the advective derivative yields, similarly to the steady case,

upw _ g e Lgny? )02
(Ah Uh,Uh)Lz(Q)—KZ<M 2Vﬁ) vth/an(ﬁn)vth/aQ(ﬁn) v},

+ > /F%W'nFl[[vh]]2

FeF}
2 1 2
= A’Uh + §|ﬁ~n|vh +
Q oN

and the assertion follows from the definition of the |-|-seminorm. O

> /F%W'DF\[%F’

FeF}

Remark 3.5 (Discrete dissipation). We slightly abuse the terminology when refer-
ring to (3.10) as discrete dissipation since the term (Avy,vn)12(q) has no a priori
sign. The important point, however, is that the term |vh|% is nonnegative. This
latter term plays a crucial role in the stability analysis of explicit RK schemes.

3.1.3 Time Discretization

Let 6t be the time step, taken to be constant for simplicity and such that tp =
Not where N is an integer. For n € {0,...,N}, we define the discrete times
t"™ := ndt. A superscript n indicates the value of a function at the discrete time
ndt, so that, e.g., u” = u(t") and f™ = f(¢"). We make the mild assumption
that

0t < 7,

and observe that the inequality dt < tp is trivial, while the inequality §t < 7.
means that the time step resolves the reference time 7.

The simplest scheme to discretize in time is the forward (also called explicit)
Euler scheme which takes the form

uptt =l — APV + Stf (3.12)

with the initial condition ug = mpug. The forward Euler scheme can be derived
by replacing the time derivative by a forward finite difference in (3.8); indeed,
(3.12) can be equivalently rewritten as

uy = uy
ot

To improve the accuracy of time discretization, one possibility is to consider
explicit Runge—Kutta (RK) schemes. Such schemes are one-step methods where,

upw _n __ frn
+ A7 g =y
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at each time step, starting from u}, s stages, s > 1, are performed to compute
’U,Z+1. Explicit RK schemes can be formulated in various forms. Herein, we
consider two approaches. The first one takes the form

ki = =AY L up + 0t agky | + fu(t" +cidt)  Vie{l,...,s},
j=1
(3.13a)

upt™ = up 4+ 5ty " bik;. (3.13Db)

i=1

Here, (aj)1<ij<s are real numbers, (b;)1<i<s are real numbers such that
i 1bi =1, and (¢;)1<i<s are real numbers in [0,1] such that ¢; = 22:1 a;j
for all ¢ € {1,...,s}. These quantities are usually collected in the so-called
Butcher’s array

C1 § ayp ... Qis
Csi Qs -:- Ass._
bl bs
The scheme is explicit whenever a;; = 0 for all j > i. We observe that

explicit schemes still require the inversion of the mass matrix at each of the
s stages (3.13a). In the context of dG methods, mass matrices are block-
diagonal and with a suitable choice of basis functions can be made diagonal;
cf. Sects. A.1.2 and A.2.

The forward Euler scheme is actually a one-stage RK method for which

[0.9] by = — AP
’U,Z_H = uj + 0tk

Two examples of two-stage RK schemes are, on the one hand, the two-stage
Runge scheme (also called the improved forward Euler scheme) for which

0:0 0 ki = = Ay + fy)
1 1/2 0 ko = — AP (upt + S6thy) + 77 (3.14)
P01 Tt =l + Stk

with the notation f,TLH']/2 = fu(t" + $6t) and, on the other hand, the two-stage
Heun scheme for which
00 0 by = — A ug + fy
1i1 0 ky = —APPY(u)l + Sthy) + f (3.15)
3 1/2 1/2 ’U/ZH—I = UZ + (St%(kl + kg)
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In the absence of external forcing (f = 0) and since the discrete operator AP is
linear, the schemes (3.14) and (3.15) produce the same result for u}*'. Indeed,
straightforward algebra shows that both (3.14) and (3.15) yield

n+l _ . n upw n 1542 upwhy2 n
up =y — 0tA T uy 4 56t7 (AN )y

On the right-hand side, we recognize a second-order Taylor expansion in time at
t™ where the time derivatives have been substituted using the space semidiscrete
scheme (3.8) without forcing (that is, dyu(t") = —AP"u(t") and dyu(t™) =
(A;P™)2u(t™)). Furthermore, an example of three-stage RK scheme is the three-
stage Heun scheme for which

070 0 0 by = — AT+
Yoifs 00 ba = A7} + thy) + £
2/3§ 0 2/3 0 — __ AUPW/ M 2 n+2/3 (316)
S S ks = Ah (Uh + 3(5th) + 1,
e 0 up ™ = ujy + 30t(ky + 3ks)

with obvious notation for the source term. In the absence of external forcing
(f = 0), straightforward algebra shows that (3.16) yields

n+l _ n upw _n 142 upwh2 n 1543 upwhy3, n
up™ =y — 6tA up + 5017 (ARPT) Ty — 50t (ALTY) .

On the right-hand side, we recognize now a third-order Taylor expansion in time.
Finally, an example of four-stage RK scheme is

0i0 0 0 0 k= — Ay + f

Vot 000 ke = — A3 (uft + g0tha) + £

1/2 0 1/2 0 0 ks = _Azpvv(uz + %5tk2) + f’r;+1/z

A1:i0. 0. 1.0 kg = — AP (Wl + 8ths) +
s 1/3 13 s up Tt = up o+ Lot(ky + 2k + 2ks + ky)

leading to a fourth-order Taylor expansion in time in the absence of external
forcing. A consequence of these Taylor expansions is that the above s-stage RK
schemes with s < 4 have formal order of accuracy equal to s. Unfortunately, it
is not possible to devise an s-stage RK scheme with formal order of accuracy s
for s > 5; this is possible using more than s steps (see Butcher [74]). In practice,
values of s < 4 are most often considered.

An alternative formulation of RK schemes consists in introducing interme-
diate stages for the discrete solution instead of the intermediate increments k;.
Following Shu and Osher [279], we write in the absence of external forcing the
s-stage explicit RK scheme in the form

n,0 _ n
Uy = Up,
i—1
n,g __ n,j upw_n,j .
upt = (aijuh — 0t A uy, ) Vie{l,..., s},
Jj=0

n+l __ , n,s
Up, = U -
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The scheme is specified through the lower triangular matrices (ov;)1<i<s,0<j<i—1
and (0s5)1<i<s,0<j<i—1. Two examples are the two-stage scheme for which

o A B A

,0

yielding (eliminating u;” = u}' and u}’ 2= = ™! and observing that the diagonal
of a and corresponds to the coefficients «; ;—1 and 3;,_1)
upt =l — AR, (3.17a)
up™ = (g +upt) — 36tAPV (3.17b)
and the three-stage scheme for which
1 1
o=z 2 | =0y |
1z 1/3 1/3 0 /3
yielding
upt =l — AR, (3.18a)
up® = L(up +upt) — $otAPV (3.18b)
uptt = $(upy + uZ’l +up - %5tApruZ’2. (3.18c¢)

Since A;P" is linear, (3.17) produces the same result for uZH as the two-stage

Runge and Heun schemes (3.14) and (3.15), while (3.18) produces the same result
for u;t! as the three-stage Heun scheme (3.16). Moreover, the schemes (3.17)
and (3 18) produce, as intermediate stages, Taylor expansions of increasing order
in time. For instance, (3.18) can be equivalently rewritten as

uy’ - =uyp — 0tAV g,

UZ 2 uh _ 5tAuPW n 15t2(Asz)2 Z

uptt = g — StAY Z—I— 15t2(Azpw)2 = %5t3(Azpw)3uz.
As a result, a natural way to account for external forcing (f # 0) is to set for
the two-stage scheme (3.17),

upt = up — SAY Ul 4 St (3.19a)
up™ = L(up +upt) — 16t APV upt + Loty (3.19b)

and to require that 1}’ provides, for smooth f, a second-order accurate approxi-
mation of f’ + dtd, f;! (cf. (3.24) below for the precise statement). For instance,

the two-stage Runge scheme (3.14) corresponds to (3.19) with ¢} = 2f”+ /2 -,

while the two-stage Heun scheme corresponds to (3.19) with ¢} = h . Simi-
larly, for the three-stage scheme (3.17), one possibility is to set
upt = upt — StAY U 4 Stf, (3.20a)
up? = Ly +upt) — LStV upt + 1t(fi + tdof), (3.20b)

up™ = Ly +upt +up?) — S0t AP U ? + Loty (3:20¢)
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and to require that ¢} provides, for smooth f, a third-order accurate approx-
imation of ff + 6td, fl + $0t%dy f7 (cf. (3.28) for the precise statement). The
three-stage Heun scheme (3.16) fits this form; see [66]. Henceforth, (3.17)—(3.20)
are termed ezplicit RK2 and explicit RKS3 schemes, respectively.

When the discrete operator A;"" is linear, the two formulations of explicit
RK methods, using either intermediate increments or intermediate stages for
the discrete solution, are equivalent in the absence of external forcing (differ-
ences do appear in the handling of the external forcing). The situation is dif-
ferent in the nonlinear case, e.g., when the discrete operator A,”" results from
the space semidiscretization of a nonlinear conservation law. Then, the second
form, based on intermediate stages for the discrete solution, is more appropriate;
cf. Sect. 3.2.3 for further discussion.

3.1.4 Main Convergence Results

In this section, we present convergence results for the forward Euler and the
explicit RK2 and RK3 schemes for time discretization combined with the dis-
crete operator A" resulting from the upwind dG method for space semidis-
cretization. In particular, we derive quasi-optimal error estimates for smooth
solutions under CFL-type restrictions on the time step of the form

5t < oL, (3.21)

C

for some positive real number p. For the forward Euler scheme, we only consider
finite volume schemes (that is, dG schemes with polynomial degree k& = 0) for
space semidiscretization. The reason for this is that the restriction on the time
step to achieve stability (or, in other words, to compensate the anti-dissipative
nature of the forward Euler scheme) is too stringent whenever polynomials with
degree k > 1 are employed because there is not enough dissipation produced
by the space semidiscretization; cf. Remark 3.21 below for a detailed discussion.
For explicit RK2 and RK3 schemes, we consider dG schemes with polynomial
degree k > 1 for space semidiscretization. It is also possible to use finite volume
schemes, but this is seldom considered in practice because, in such an approach,
the error estimates are dominated by space approximation errors.

Herein, we only state the convergence results. Proofs for the forward Euler
scheme and the explicit RK2 scheme are presented in Sects.3.1.5 and 3.1.6,
respectively, while the proof for the explicit RK3 scheme can be found in [66].
General convergence results for forward Euler and finite volume schemes have
been obtained recently by Després [124,125] and by Merlet and Vovelle [236]. The
convergence result for explicit RK2 and RK3 schemes was proven, using different
arguments, by Zhang and Shu [310,311] for nonlinear conservation laws.

In what follows, we abbreviate as a < b the inequality a < Cb with positive
C independent of h, §t, and the data f, u, and 3; the actual value of C' can
change at each occurrence.

Remark 3.6 (Mesh quasi-uniformity and CFL condition). It is possible to dis-
card the assumption on mesh quasi-uniformity and to consider admissible mesh
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sequences to build the broken polynomial spaces V},. In this case, the local length
scale in the CFL condition is no longer the largest mesh element diameter, but
the smallest. It is also possible, with additional technicalities, to consider in the
CFL condition the lowest ratio HﬂH[zlm(T)]th over T € Tp,.

3.1.4.1 Forward Euler and Finite Volume Schemes

We are interested in the forward Euler scheme (3.12),
uptt = ul — APV u + Stf

with initial condition u?l = mpup. We focus on finite volume schemes for space
semidiscretization so that Vj, = PY(7,).

Theorem 3.7 (Convergence for forward Euler). Assume u € CO(H'(Q)) N
C*(L?()). Set Vi, = PY(T;,). Assume the CFL condition (3.21) with o < o®
for a suitable threshold o™, independent of h, 0t, and the data f, p, and j.
Then, there holds

N-1 1z
o = w20y + (Z tfum - uz”lfa) S €Ol (16t 4+ xah'2), (3.22)

m=0
Y2 _1/2y g2 1/2 51/ ;
where x1 = typ 7" || diullcor2()) and x2 =ty B |ullcoar (), the ||g-semi-
norm is defined by (3.11), and the quantity Cs is independent of h, 6t, and the
data f, u, and (.

Remark 3.8 (Convergence rate with CFL condition). Under the CFL condi-
tion (3.21), the first term on the right-hand side of the error estimate (3.22)
converges as h, while the second one converges as h'/? and is, therefore, domi-
nant as h — 0.

Remark 3.9 (Long-time behavior). The exponential factor e“s="¥/7= in the error
estimate (3.22) means that the estimate deteriorates in long time, that is, when-
ever tp > 7. (recall that 7. can be interpreted as the fastest time-scale in the
time evolution problem (3.1)). In practice, it is reasonable to assume that 7. is
not too small with respect to tp.

3.1.4.2 Explicit RK2 Schemes

We are interested in explicit RK2 schemes of the form (3.19) (for later use, we
introduce a specific symbol for the intermediate stage)

wy = up — StA;TV Uy + Ot fy, (3.23a)
uptt = L(up + wp) — $6tAPVwp + 16ty (3.23b)

with initial condition u?l = TpUQ-
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Theorem 3.10 (Convergence for RK2). Assume f € C?(L%(Q)) and that the
source term Y in (3.23b) is such that

lon — fi = 0td f7 |l 20y S SN d7 f ()]l cor2()- (3.24)
Assume u € C3(L*()) N CO(HY(Q)). Set Vi, = PX(T;,) with k > 1.
(i) In the case k > 2, assume the 4/3-CFL condition
s (RN
5t< g <ﬁ—> : (3.25)

for some positive real number o'

(ii) In the case k =1, assume the CFL condition (3.21), that is,

(St S QRK25£7

for a threshold o®%? independent of h, 6t, and the data f, p, and [3.
Finally, assume dju € CO(H*17%(Q)) for s € {0,1}. Then,

N-1 /2
™ — 2oy + (Z ot — UZ”I%) < O (358 4 o h ), (3.26)
m=0
where
1 1
x1 =t (12 flloo ey + |d3ullco 2 @),

1 —S S
X2:tp/zﬁé/2 Z Be *ldiull o (rrrer-s ()
s€{0,1}

and the quantity Cyia is independent of h, §t, and the data f, p, and (3.

Remark 3.11 (Convergence rate with 4/3-CFL condition). Under the 4/3-CFL
condition, the convergence rate with respect to h of the upper bound in (3.26) is
h¥® + hE+'2 For k = 2, this yields h¥® + h”2, so that the second contribution,
related to space approximation, is slightly dominant, although in practice, the
two contributions can be considered to be equilibrated. For k > 3, the first
contribution, related to the time error, is dominant, so that equilibrating both
contributions actually imposes a more stringent restriction on the time step than
the 4/3-CFL condition.

Remark 3.12 (Upper bound on ¢’ in the 4/3-CFL condition). Although there is
no specific upper bound on the value of parameter ¢’ in the 4/3-CFL condition
in the statement of Theorem 3.10, the quantity Cs, in the error estimate (3.26)
depends on this parameter. Hence, in practice, a small enough value should be
considered.
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3.1.4.3 Explicit RK3 Schemes

We are interested in explicit RK3 schemes of the form (3.20) (for later use, we
introduce a specific symbol for the intermediates stages)

wy = upy — 0tAPVup + ot fy, (3.27a)
yr = L(up +wp) — LotAYPYw + 1t(f + Std, f), (3.27b)
uptt = L(up + wp +yp) — LAy + Loty (3.27¢)

with initial condition u?l = TpUQ-

Theorem 3.13 (Convergence for RK3). Assume f € C3(L%(Q)) and that the
source term Y} in (3.27c) is such that

oy — fi = otdy fi — 268°d7 £ || 120y S SN} fllco (20 (3.28)

Assume u € CH(L?(Q)) N CO(HY(Q)). Set Vi, = PE(7},) for k > 1. Assume the
usual CFL condition (3.21), that is,

h
5t S QRKS_,
Be
for a threshold o®¥3 independent of h, 6t, and the data f, u, and 3. Finally,
assume dju € CO(H*173(Q)) for s € {0,1,2}. Then,

N-1 /2
o~ 2000+ (Z Stfu™ - UZ”I%) < Ot/ (3,68 4 xahF2), (3.29)

m=0
where

1/9 1/9
X1 = 22 (1d3 fll oo 2 ) + lldiull oz ay);
o =tlBE Y0 B ldiulloogs ),
s€{0,1,2}

and the quantity Cgia is independent of h, §t, and the data f, p, and (3.

Remark 3.14 (Stability of explicit RK3 schemes). Explicit RK3 schemes enjoy
stronger stability properties than explicit RK2 schemes. This is for instance
reflected by the fact that explicit RK3 schemes are stable under the usual CFL
condition (3.21) even in the absence of stabilization; see, e.g., Tadmor [289,
Theorem 2]). Stability alone is, however, not sufficient to derive quasi-optimal
error estimates. Indeed, in the absence of stabilization (that is, if centered
fluxes are used), the source terms in the error equation cannot be controlled
properly, and this leads to suboptimal error estimates of the form y;6t> 4+ yoh*
(compare with (3.29)). The stability of explicit RK3 schemes in the presence of
stabilization has been studied recently in [66].
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Remark 3.15 (Influence of polynomial degree). The threshold o®¥? depends on
the polynomial degree k, and the larger k, the lower o™¥3. This dependency
results from the fact that the actual value for oR¥3 depends on some bound-
edness properties of the discrete operator A,”", and that these properties are
established using inverse and discrete trace inequalities where the factors depend
on the polynomial degree (cf. Remark 1.48).

3.1.4.4 Numerical Illustration for Rough Solutions

Numerical results illustrating the convergence rates predicted by Theorems 3.10
and 3.13 for smooth solutions are reported in [66] for polynomial degrees k €
{1,2} in the dG scheme. Numerical experiments indicate that the 4/3-CFL
condition for explicit RK2 schemes and polynomial degree k = 2 appears to be
sharp. Here, we focus instead on approximating rough solutions. We consider
the unsteady advection-reaction equation (3.1) with (divergence-free) advective
velocity 3 = (wa,—x1)", reaction coefficient p = 0, source term f = 0, and
circular domain Q = {z € R? : 2z} + 23 < 1} (a polygonal domain can be
considered as well). The initial datum is

up(z) = %(tanh(lo?*(e*‘b(z) —0.5) + 1),

with ¢(z) = 10((z1 — 0.3)2 + (22 — 0.3)2) so that the solution exhibits a sharp
inner layer with thickness of order 0.001.

We consider a fixed uniform mesh with 256 elements along the boundary of
Q (h = 0.025). The inner layer is thus under-resolved. Approximate solutions
obtained using explicit RK2 and RK3 schemes combined with polynomial degrees
k € {1,2} for the dG scheme are reported in Fig.3.1. The results illustrate the
fact that the present methods are able to avoid the global spreading of spurious
oscillations, so that the discrete solution after a complete rotation still exhibits
a sharp inner layer. In all cases, the largest possible time step has been used;
the corresponding value of g in the CFL condition is reported in the caption of
Fig.3.1. This figure also shows that the present schemes do not avoid spurious
oscillations in the vicinity of the inner layer. To eliminate such oscillations,
limiters can be employed. These techniques are discussed in Sect.3.2.4 in the
context of nonlinear conservation laws.

e

Fig. 3.1: Contour lines of discrete solution after a complete rotation of the initial
datum. From left to right: RK2, k = 1, dt = 0.2h; RK3, k = 1, t = 0.26h;
RK2, k =2, 6t = 0.12h; RK3, k = 2, §t = 0.15h
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3.1.5 Analysis of Forward Euler and Finite
Volume Schemes

The goal of this section is to prove Theorem 3.7. Although this section is
restricted to finite volume schemes, we recommend reading it before tackling
the more elaborate analysis of Sect. 3.1.6.

3.1.5.1 The Error Equation

Define
n._ ,n n n._ ,n n
& =y — mpu”, & i=u" —mpu”,

so that the approximation error at the discrete time t™ can be decomposed as
= 6 g

The convergence analysis proceeds as follows. Since a bound on & can be
inferred from polynomial approximation properties and the smoothness of ",
an error upper bound is derived by first obtaining a bound on £ in terms of £
and then using the triangle inequality.

Our first step consists in identifying the error equation for the time evolution
of &'. The form of this equation is similar to the forward Euler scheme (3.12)
with data depending on & and w.

Lemma 3.16 (Error equation). Assume u € CO(H'(Q)) N C?(L*(2)). Then,

ntL = g — St AYPVER + Stal, (3.30)
where
ap = APV — T 07, (3.31)

with 0 = 6t~ [0 (11— 4)d2u(t) dt.

Proof. A second-order Taylor expansion in time with integral remainder for the
exact solution u yields

u™ = " + Stdu™ + 6t0™.

Projecting onto V}, and using the consistency property (3.9) at the discrete time
t"™ leads to

mpu” Tt = mpu” + Strpdiu + St 0™
= mpu” + 0t(— APV U + f7) + otmp 0"

Subtracting this equation from (3.12), we infer that
W= A& — €7) — ot

whence the assertion. O
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3.1.5.2 Energy Identity

Our second step consists in deriving an energy identity for the scheme (3.30).
This identity is obtained by taking the L?-scalar product of (3.30) with &'

Lemma 3.17 (Energy identity). There holds

1 n 1 n n 1 n n
5”&“”%?(9) - §H€h||%2(n) + OtlEn|E = 5”5;1“ — &7z
+0t(ap, &) 2 (o) — 0UALL, &R )2 (3.32)

Proof. Taking the L2-scalar product of (3.30) with & and using discrete dissi-
pation (cf. (3.10)) yields

Y a2 @) = €0 172 () — SEHARE €0 12 () + St(ag, &) 2 (@)
= ||f;f|\%2(9) — StIE |5 — OL(ALR, &) L2 () + 0t(al, € L2 (0)-

Using on the left-hand side the algebraic identity ab = 1a? + 16 — 2(a — b)?
valid for arbitrary real numbers a and b leads to

1 n 1 n 1 n n n
§H€h+l|‘%2(9) + §H€h”%2(ﬂ) - §H€h+l — &rll72 () = I€0N122 (0
= SHEHE — 6t(AL, &) 2 (o) + Ol &) 2 ()
whence the assertion. O

3.1.5.3 Boundedness of A;""

Before proceeding further, we need to obtain suitable bounds on the discrete
operator A,"". To this purpose, we consider the following norms: For all v € V,p,,

lolliws = 7 lollze ) + [vl3,

lol3s,e = olws + Y Bellvllzom,
TeT

where the |-|g-seminorm is defined by (3.11). The ||-|luws- and |[|-[luws,«-norms
coincide with those considered in Sect. 2.3 in the steady case.

Lemma 3.18 (Boundedness of A;P™). There holds
(i) For all (v,wp) € Vip, X Vi,

(AP v, wn) 2 ) < Cil

[Vllawsp,« 1w lluws (3.33)

(i1) For all vy, € Vj,

AP vnll 2(0) < Cu 2B B2 [on luws- (3.34)

Here, C1 and C, 2 are independent of h, 6t, and the data f, p, and 3.
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Proof. (i) Proof of (3.33). Let (v, wp) € Vip X V3. Using the expression (2.26) for
a,“f (that is, integrating by parts the advective derivative in each mesh element
in the expression (3.7) defining A;”") and exploiting the fact that Vjyw;, = 0
since wy, is piecewise constant, we obtain

(A v, wn) 2 (0) = / (1 — V-Blowp, + (B8n)®Pvwy,
Q a0

+ ¥ [Gantotod+ Y [ goaibllul,

FeF} FeF}

whence we infer (3.33) using the Cauchy—Schwarz inequality.

(ii) Proof of (3.34). Let vy € V;,. We use the expression (3.7) defining AP
and observe that Vv, = 0 since vy, is piecewise constant. As a result, for all
wp, € Vg,

(AP on, wn) p20) = /,wuhwh—l—/ (B-n)vpwy,
Q e}

SD I ACEDICAT T R Sl IR ER 28 [0

FeF} FeF}

Using the Cauchy—Schwarz inequality, the discrete trace inequality (1.37) to
(AP o, wn) 12 ()
7

bound {wy, }, and the fact that || A, vp|[12(q) = SuPy, cv,\ 0}
we infer (3.34).

lwnllL2 )

Remark 3.19 (On the bounds (3.33) and (3.34)). The bound (3.33) is similar to
that derived in Lemma 2.30 concerning boundedness on orthogonal subscales in
the steady case. The present bound is slightly more general since wy, € Vj, =
[Pg(’]'h) implies Vjyw, = 0, and this circumvents the boundedness argument
on orthogonal subscales. Furthermore, the bound (3.34) is equivalent to the
coercivity condition introduced by Levy and Tadmor in [231]. This property
is specific to the finite volume setting involving piecewise constant functions
(recall that we used Vv, = 0 in the proof) and cannot be extended to high-
order dG methods with polynomial degree k& > 1. We also observe that the
bound (3.34) cannot be inferred directly from (3.33). Indeed, using the discrete
trace inequality (1.37), and since h < 3.7, we infer, for all wy € Vj,

wlluws S BL2hT2lwhll L2y,
lwnlluws < B

so that (3.33) yields, for all vy, € Vj,

upw (Azpwvh’ wh)L2 () < Y2312
”Ah UhHL2(Q) = Sup ~ ﬂc h mvh”|uwb7*a
wr €V \{0} HwhHLz(Q)

which is less sharp than (3.34) since || [luwb < | [luwb .-
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3.1.5.4 Stability

Our next step is to bound the three terms on the right-hand side of the energy
identity (3.32) using the CFL condition (3.21) together with the positive term
5t\§,7j|% appearing on the left-hand side and which results from the dissipative
properties of the dG discretization. The first term, namely ||§;f+1 - fZH%Q(Q),
results from the anti-dissipative nature of the forward Euler scheme. The sec-
ond term, namely 0t(aj,&j)2(q), contains the contribution of space approxi-
mation errors through the term A;”V¢”, and bounding this contribution also
requires some care. Finally, bounding the third term, namely 0t(A&), &) 12 (),
is straightforward.

We can now tackle the main stability result of this section. The bound (3.33)
on APV is crucial to estimate dt(crf!, &) 2(), while the bound (3.34) on A;PY

is crucial to control the anti-dissipative term Hfﬁ“ - 5’7”%2(9)'

Lemma 3.20 (Stability). Assume u € CO(H(Q)) N C?(L?(2)). Assume the
CFL condition (3.21) with o < (2C.2)~2, that is,

h

5

Then, there is Csia, independent of h, ot, and f, u, and 3, such that

1€ 1320y — €172y + StIER T3
< CoraSt (167 12 s . + 7 IER T 2 () + T C20E%),  (3.36)

uwb,*

5t < (2C,2)72 (3.35)

with Cu = Hd%UHC"(LZ(Q))-

Proof. We start from the energy identity (3.32) and bound the three terms on
the right-hand side, say %1, T2, and T3.

(i) Bound on T3. Owing to the Cauchy-Schwarz inequality and since [|A| L (o) <

7.1, we obtain

|Ta| = OtI(AGH, &) L2 (0| S Otre HIER 1172 (- (3.37)
(ii) Bound on %,. Here, the bound (3.33) on AP is crucial. Using the defini-
tion (3.31) of af yields
|Ta| = 0t|(ap, &) 2| < SH(AVEL &) ) 2oyl + 6t[(mn0"™, &5 L2 () |-

For the first term on the right-hand side, owing to the bound (3.33) on A",
Young’s inequality in the form ab < ya? + (4v)~'b? for arbitrary real numbers
a and b and positive v that can be chosen as small as needed, and the definition
of the ||||uwp-norm, we infer

1
Ot|(AR R €0 2 (@] < tCw 1 IER oo < IR Buws < FOUIER Wos + COHNER [s

1 n - n n
10U + 7 €172 @) + COIER I

IN

1 n n - n
10115 + CotUIER s, + 7 M IER 72 (o)
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Concerning the second term on the right-hand side, we first observe that owing
to the Cauchy—-Schwarz inequality,

g+l

2
||9n||%2(n) = 5t72/Q (/ (" — t)d7u(t) dt) dz
t’!L
¢t g+l
< 5t—2/ (/ ("t — )2 dt) (/ dfu(t)2dt> dz
tm tn

tn+1
:-515// |d2u(t)]? dt dz < (5t2 max || d7ull72q),

tefen 1]

so that
10" |22 (0) < Cudt. (3.38)

Hence, using again the Cauchy—Schwarz inequality followed by Young’s inequal-
ity yields

t|(mn0"™, €1 ) 12| = 010", €1 ) 2() | < 010" |2 () 1€R | L2(02)
< 26t7[|07]13 2 ) + 20t IR 132
S 0t CRot% + 5t HIER 172 -

Collecting the two above bounds and recalling that 7, < 7, we infer
T2 < 5t|§h‘,@‘ + (IR s + 7 IER T2 2 + T2 CL6E?). (3.39)

(iii) Bound on ¥;. Here, the bound (3.34) on A}P" is crucial. We first obtain
using the error equation (3.30) that

1% = —||§"Jrl H P —5t2|\AupW5h — aplliz2 (0
< 5t2|\Aupw i3z + 02 lanlFa o)

For the first term on the right-hand side, owing to (3.34) and the choice (3.35)
for the CFL condition, we infer

S AP 72 () < 02 CL o Beh™ N 2y < 45t|\|€h s
Hence, using the definition of the ||| ywp-norm,
S AR ER 1T 20 < 5t|§h 5+ 5t7_1 1ER 1172 (e -

We now consider the second term on the right-hand side, namely 6t%(|aj; |72 q)-
Proceeding as in Remark 3.19, we infer, for all v € Vi,

AR 0l 2(0) S B0 [0luses, -
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Therefore, we obtain using the definition (3.31) of «f, the triangle inequality,
the above bound on Ay v with v = ¢”, the CFL condition (3.21), and the
bound (3.38) on [|0™(|12(q),
3tk |72 0y S SN ARTER T () + 087 [mr0" 720
S 2 Beh™H IR s + 920712 ()

uwb,*
Hence, since 6t < 74,
1 _
%] < Z&IEZ\% + Ot (1R laws e + 7 €772 () + T CR1%). (3.40)

(iv) Collecting estimates (3.37), (3.39), and (3.40) yields

1 n n - n
[Tal + [Ta| + [Ts] < 501G 5 + CotIER o, + 7 165 122 () + 7 Ca?),

uwb,*

since 7, < 7., whence the assertion. O

Remark 3.21 (High-order dG approximation). The above proof breaks down if
a high-order dG method is used for space semidiscretization, that is, if Vj, =
[P(’}(Th) with polynomial degree k > 1. The difficulty lies in bounding the term
| AP € | L2 () (cf. the above estimate on ;) resulting from the anti-dissipative
nature of the forward Euler scheme. Indeed, for k > 1, the bound (3.34) is no
longer available because Vv, does not necessarily vanish for v, € Vj,. Instead,
using the inverse inequality (1.36) to control Vv, it is possible to prove that,
for all vy, € Vi,

A vnlL2) S Beh™ ol L2 (@) -
As a result, when bounding ¥, we obtain
S AR Ry S 0 BRI 2(0)

and a so-called 2-CFL condition (also called parabolic CFL condition) of the
form 0t < 7,1 3-2h? must be invoked to obtain

S NAR R T2 S 0t HIER T2 (-

Unfortunately, the 2-CFL condition is too restrictive on the size of the time step
to be used in practice.

3.1.5.5 Proof of Theorem 3.7

Letting, for all n € {0,...,N}, a™ = ||§;:H%2(Q) and b" := §t[¢]3, we deduce
from the stability estimate (3.36) that

a4 b < (14 7y)a" +d”, (3.41)
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with v 1= Cya0t7, ! and d" := Cyadt(]|€2 |
by induction that

+ 7.C25t%). Tt is easily shown

uwb,*

an+1+Z(1+,y)n7mbm§(1+,y)n+l O+Z 1+,yn mgm.

m=0 m=0

We apply this estimate at n = N — 1 and simplify it by observing that 1 <
1+ < (1 +9)N < eNY = G’/ Moreover, because of the initial
condition u)) = mug, £) = 0 so that a® = 0. This yields

aN + Z b < sttt/ Z am. (3.42)

m=0

Using the triangle inequality, recalling that ' = ™ — mpu™, and since |£7]g <
€ Nluwb, > We infer

N-1 12 N-1 12
UNUhN||L2(ﬂ)+<Z St|u™ — uj, |ﬁ) < <€Cth/” Z dm) HIER |22 () -
m=0

m=0

Using the definition of the ||-||ywb «-norm, the polynomial approximation prop-
erties stated in Lemmata 1.58 and 1.59, and the assumption h < (.7, leads
to

IET Iaws,« < Behllu™ I (0-

As a result,

N-1
DoA™ S Y SOt + 1T s )
m=0
t T*CQ(StQ + tFﬁChHuHCU(H](Q)) = X15t + th
Furthermore, since h < (.tr,
€M 20y S RlIuN | ) < (bt 1) 2xah/? < xoh 2.

Collecting the above bounds yields (3.22), thereby completing the proof.

Remark 3.22 (Discrete Gronwall). The argument by which the bound (3.42) is
inferred from an estimate of the form (3.41) is often called a discrete Gronwall
Lemma. This is the argument leading to the exponential factor e“s+'¥/= in the
error estimate (3.22).

3.1.6 Analysis of Explicit RK2 Schemes

This section is devoted to the analysis of explicit RK2 schemes. The proofs follow
a similar path to that deployed in Sect. 3.1.5 for the forward Euler scheme com-
bined with a finite volume method, namely an energy identity is obtained from
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a suitable error equation, whence a stability estimate is inferred, leading finally
to the error estimate using a discrete Gronwall Lemma. However, the arguments
are more elaborate because of the higher-order nature of both temporal and spa-
tial discretizations. As for the Euler scheme, there are typically two terms to
bound in the energy identity, namely the contribution of the source terms in the
error equation and the anti-dissipative term resulting from the explicit nature
of the RK2 scheme. To bound the contribution of the source terms, the key
argument is the boundedness on orthogonal subscales of the discrete operator
APY. This property is the counterpart of that already considered in the steady
case and is crucial to achieve quasi-optimal error estimates instead of suboptimal
ones (cf. Remark 3.26 below for further discussion).

Moreover, bounding the anti-dissipative term is not straightforward since,
contrary to the finite volume case examined in Sect. 3.1.5, the broken gradient of
discrete functions does no longer vanish, so that the bound (3.34) on A;™™ is no
longer available. Two strategies are possible depending on the polynomial degree
k used in the dG scheme. In the piecewise affine case (k = 1), it is possible to
exploit the fact that the broken gradient is piecewise constant so as to derive
an additional property for A;"", a so-called adjoint boundedness on orthogonal
subscales (cf. Lemma 3.28 below), thereby leading to a stability estimate under
the usual CFL condition. In the general case k > 2, one possibility is to exploit
the fact that the anti-dissipative term is one order higher in time than with the
forward Euler scheme (we need to bound a term of the form 622 || (A;"™)?& || 12
instead of a term of the form 0t[|A;PV & L2(q)). This fact allows us to invoke a
4/3-CFL condition (instead of the 2-CFL condition mentioned in Remark 3.21).

3.1.6.1 The Error Equation

Define
n .__ n n n .__ n n
ho=uy — mpu hoi=wy — TRw",
n._ ,n n n._ ,,.n n
& =u" —mpu”, G i=w" — mpw”,

with w = u + §td;u. Using these quantities, the errors can be written as
u —uy =60 =&, wh—wp =G -G

Our first step is to identify the error equation governing the time evolution of
&) and (j.

Lemma 3.23 (Error equation). There holds

G =& — AV + otay, (3.43a)
nt = Len g gry - 1ot APV + Loty (3.43b)

where
ay = AZPW n Br = Azpw(ﬁ — 0" + 0y, (3.44)

T
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with
g+l

mi= g — f— Stdyf), 0" = 5t’1/ (" —)2du(t)dt.  (3.45)
n
Proof. Consistency at the discrete time ¢™ (cf. (3.9)) yields
mpw" = mpu” + otmpdiu™ = mpu — StAPY U + ot fy

Subtracting this equation from (3.23a) yields (3.43a). To derive (3.43b), we
observe that

"t = u" + Stdiu™ + %5t2dfu” + 260" = w" + %5t2dfu” + 16t6™,
so that projecting onto V}, yields
mpu Tt = mpw™ + %5t27rhdfu" + %5t7rh0"
= L(mpu” + mpw™) — S6tAV UM 4 S0Lf + L6tPmudiu” + S 6ty 0".
Moreover,

Strpdiu™ = Stdy(mpdiu™) = —0tAPV dyu” + 0tdy ff = — APV (W™ — ™) + Std, f7,

whence
Tt = %(ﬂhu” + mpw™) — %5tAprw” + %5t(7rh0” + fi}+ otdLf}).
Subtracting this equation from (3.23b) yields (3.43b). a

3.1.6.2 Energy Identity

Our next step is to derive an energy identity for the scheme (3.43).

Lemma 3.24 (Energy identity). There holds

1€ 172 ) — €7 1T 20y + SEIER TS + 0L = 11627 = ¢l 72(q)
+dt(ap, &) L2 ) + 0t(By, Gy ) L2 ) — Ap,  (3.46)
where AZ = 515(1\52752&2(9) + 515(1\(;:, C}?)L%Q)-

Proof. We multiply (3.43a) by &' and (3.43b) by 2¢} and sum both equations
to obtain

206, G2 = HC%TLLH%Z(Q) + HEZH%Z(Q) + 0t(ag, &) L2 ) + 0t (B, G L2 o)
— 0t(APVE € ) L2 ) — Ot(APY G G ) e ),
so that, owing to discrete dissipation (cf. (3.10)),
260, G @) = IS 172 () + 1671720 + 0t €8 L2 (o) + 0t(BR ) L2 ()
— Ot[&; |3 — otICh 13 — A
Moreover,
2660, G @) — IR T2 ) = 16 T2 ) — 60T = GRllF2 (-

Rearranging terms yields the assertion. O
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3.1.6.3 Preliminary Stability Bound

We first bound the three rightmost terms in the energy identity (3.46). For the
time being, we only need the usual CFL condition (3.21). We remark that the
4/3-CFL condition (3.25) implies the usual CFL condition (3.21) with ¢ = (¢/)%*
since 0t < 7.

An important ingredient to derive our preliminary stability bound is the
boundedness on orthogonal subscales for the discrete operator A;"", namely, for

all (v,wy,) € HY(Q) x Vj,
(A" (v = o), wa) p2() S v = Tr0lluwb,« llwn [luws- (3.47)
This property is a direct consequence of Lemma 2.30. We recall that, for all
S V*ha
lolaws = 7 vl + lol3,

IolZws.e = Do, + D BellolZzor)-
TET),

We also need to consider the following norm: For all v € Vy,,

IollZs = Ioliws, . + Bl Vrvlfre aya-

Finally, for brevity of notation, letting C'g, := ||d7 f| cor2(q)) + diullco(r2()),
we introduce the quantity

1 —1
By = 16 e + UGRllee + 7 Cradt® + 77 168 20
which collects, in addition to 7, Y2 €51 22 (), the contributions of the space and

time approximation errors.

Lemma 3.25 (Preliminary stability bound). Assume f € C?(L?(2)) and u €
C3(L2(Q))NCO(H (). Assume the CFL condition (3.21). Then, there is Csta,
independent of h, 6t, and the data f, pu, and B, such that

€8 172 )~ 1€R 172 () + 3 0tIER [543 CE1E < IR =ChIIT2 () +Cotabt(ER)?.

(3.48)
Proof. We proceed in four steps.
(i) Further bounds on A;”". Let us first prove that
1A 0|2 ) S B0 ol Vo € Vi (3.49)

Let wp, € V3. We obtain using (3.7) together with the Cauchy—Schwarz inequal-
ity, the discrete trace inequality (1.37), and mesh quasi-uniformity,

(AP0, wn) p2e0) < (17 vl p2) + BellVavllpz@ye) lwall Lz @)
1/2

lolshwnls + ol | 3 /F 211 {uon }?

FeF}

St lleg) + Bel Vavllpzaye + B2h ™2 [v|g) lwall L2 (-
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Owing to the definition of the ||-||.«-norm, and the fact that 7{1/ < 55/ 2,
we infer
(AP, wn) 2y S B2 [ollllwnl 2(@)-

AP, ..
Since [| A" ] L2 () = SUDy, evi\ {0} ( h\lw:HuL]Zi;?(m , this yields (3.49). Moreover,

using inverse and trace inequalities and h < (.7, yields
lonlles S B°h™ 2 llvnllrzi)y  Von € Va,
so that for discrete arguments in (3.49), we obtain
AR o2 (@) S Beh™Hlvnllzz)  Yon € Va. (3.50)

(ii) Bound on «af and G}. Using the definition (3.44) of a7, the bound (3.49) on
APY ) and the usual CFL condition yields

St o | L2y = 2 APV ER L2 (o
S 68T € e S Nl < B (3.51)
Using the triangle inequality yields

18RIz = A G — b + 631l 2 ()

< ARGl ) + 108 22 ) + 170" |22 (0)-
The definition (3.45) of §} together with assumption (3.24) yield

167l 2y S 317 f ()l co (22 ().

while proceeding as in the proof of (3.38) to bound [|0"||12(q) yields
170" |2y < 107 |22) S 68||d7ullco(r2(a)-

Finally, proceeding as above, we obtain 0t"2|A}P" (|| r2q) < ¢ - As a

result,
5t"165 |2 (2) S NGH e + 8t Crudt® < Ej. (3.52)

(iii) Bound on ¢} and A}. Using the error equation (3.43a), the triangle inequal-
ity, the bound (3.50) on A,”", the usual CFL condition, and the bound (3.51)
on oy, we infer
6k I2(0) < IR IL2(0) + 0t AL ERll L2 (o) + Stllagll Lz (o)
S 2@y + 6tBh™ €0 | 12y + S22 s
S NERl L2 ) + 57216 -

Hence, since 6t < 7, < 7,

St IR 172 ) S 0t IER 172 (@) + OtIER .. (3.53)
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Using [|[Allpee() S 7ct < 77!, this yields
Ay <ot T2 0y + 0t7e HIGH 72 () S SHER)?. (3.54)

(iv) Bound on &t(ay, &) 2 o) + 0t(B, ¢ ) L2 () The bounds (3.51) and (3.52)
are not sufficiently sharp to bound these quantities by means of the Cauchy—
Schwarz inequality. Instead, we make use of boundedness on orthogonal sub-
scales (cf. (3.47)) and the fact that |||luws « < [|-[l4« to infer

St(aq, & )2 = 0t(ALPVER 60 ) L2 ) S OISR lex € Tuws
S St (€515 + 7o 2 11ER L2 ()

Hence, using Young’s inequality leads to
St(ag, En)rz0) — 30tER 15 S StlEr 2, + ot M IER 1T ) < OH(ER)™.

Similarly, using again (3.47) together with the above bounds on 6} and 7,0"
and the Cauchy—Schwarz inequality yields

6t(Br s Ch)rze) S ONCH s ICR luws + 68005 — mr0™, (i) L2 (0
SOt e (1CR18 + 7o S 1 2(0) + Crudt IS L2 ()

so that

St(BE, G2 @) — 5OtCHE S SEICRIE. + otr MG 172 () + Crudt (16  2 () -

Using the estimate (3.53) for the two rightmost terms together with Young’s
inequality leads to

St(Br, G )2 () — 30tICH 5 < 0t(ER).

Inserting the above bounds on dt(aj, &} ) 12(q) and 6t(8y, (j') 12(q) together with
the bound (3.54) in the energy identity (3.46) yields (3.48). O

To turn (3.48) into a stability estimate, we need to bound the anti-dissipative
term [|€H! — }LLH2L2(Q) appearing on the right-hand side of (3.48) and which
results from the explicit nature of the RK2 scheme. There are two ways to bound
this term depending on the polynomial degree used for the dG approximation.
For k > 2, a 4/3-CFL condition is invoked. By proceeding differently for k = 1,

this term can be controlled using only the usual CFL condition.

Remark 3.26 (Importance of the boundedness on orthogonal subscales). The
boundedness on orthogonal subscales (3.47) is a stronger property than the
bound (3.49) on A,;”Y. Indeed, (3.49) combined with the Cauchy—Schwarz
inequality only yields

(AP (v — mv), wh) r2) S B R o = mhvllllwn L2 0)-

The difficulty is not the presence of the ||-[|.«s-norm instead of the [|-|| b, «-norm
(cf. (3.47)) since [|€2||«x and ||E7 |uws,« exhibit the same convergence rate as
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h — 0 for smooth enough u”, but the presence of the factor h~"/2 which causes
the loss of half a power of h and thus the suboptimality of the error estimate. In
other words, the benefit of boundedness on orthogonal subscales is to remove the
factor h~"/? by increasing the norm of wy, on the right-hand side (|Jwp ||y instead
of |lwn||L2(q)). The additional term |wp | is then controlled by the dissipative
properties of the dG scheme.

3.1.6.4 The Case k > 2: 4/3-CFL Condition

Lemma 3.27 (Stability, & > 2). Assume f € C*(L%*(Q)) and u € C3(L?(Q)) N
CO(H (). Assume the 4/3-CFL condition (3.25) for some positive real number

o, that is,
s (BN
ot < o'1s /s <—> .
Be
Then, there is Csia, independent of h, 6t, and the data f, p, and 3, such that
1€ 1 Z2) — 1611 32) + 30LIER 1R + 30tICHE < Carabt(E})?. (3.55)

Proof. We first observe that the error equations (3.43) imply
W= = FSA (G - &) + $6H(B) — o), (3.56)
and using again (3.43a) to eliminate (¢ — &J) yields
P - G = O (AR + 30t() — af — 64 aR).
Let T; and T, denote the L?-norm of the two terms on the right-hand side.

We first bound ¥5. Owing to the usual CFL condition (which is implied by the
4/3-CFL condition) and the bound (3.50),

Ta < Otllaj | 2y + 0167 | 220,

so that owing to (3.51) and (3.52) and since 6t < 7., To < St7°Ep. Fur-
thermore, to bound Ty, we apply (3.50) twice, yielding [[(A;"")2&0 120 S
BZh2(|€R | L2 (@), so that

Ty S S2B2h2|E0 L2 ) = (6872 B2h 2 (6827 ) 160 | L2 ey
S St €0 1122 ()

owing to the 4/3-CFL condition (3.25). Hence, ||} —Cﬁn%z(g) ST PHT 2 S
St(E})2. Substituting this estimate into (3.48) yields (3.55). O

3.1.6.5 The Piecewise Affine Case (k = 1): Usual CFL Condition

To bound the anti-dissipative term Hfﬁ“ - CSH%Z(Q) in the piecewise affine case,

we need some technical results. First, a close inspection at the proof of (3.49)
shows that there holds, for all v € Vi,

AR V]| 2(q) < 7o Hvllnz) + Bl Vavllizaiaye + CesB2h 2 vls,  (3.57)
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where C. 3 is independent of h, dt, and the data f, y, and 5. The bound (3.57)
is actually valid for any polynomial degree. We also need an additional property
of the discrete operator A;P", this time specific to the case k = 1.

Lemma 3.28 (Adjoint boundedness on orthogonal subscales). Let 79 denote
the L?-orthogonal projection onto PY(Ty,) (recall that this space is spanned by
piecewise constant functions on Ty, ). Then, there holds, for all vp,w, € Vi =

Pa(7h),

Ya2p,—1/2

(AR on, wi, — Thwn) r2(0) < Cxafe lonluws lwn — Thwnll 2y, (3-58)

where C, 4 is independent of h, 0t, and the data f, p, and (5.

Proof. We start from the expression (3.7) observing that wj, — mYw, € V,
and bound all the terms using the Cauchy—Schwarz inequality except the term
fQ(ﬁ-V;Lvh)(wh — mywy,) for which we exploit the fact that Vv, is piecewise
constant since kK = 1 to obtain using an inverse inequality and the regularity of
[ that

/(ﬁ'vhvh)(wh - W;)L’U)h) = / ((ﬂ - ﬂ-?zﬂ)'vhvh)(wh - ﬂ—gwh)
Q Q
< LghCiovh ™ |vnl 2o lwn — Thws |l 22(a)
< CillvT.;l ||U’LHL2 () Hwh - 7T2’U)h||L2(Q)7
whence we infer (3.58). O

We now turn to our main stability result in the piecewise affine case. To
formulate the CFL condition, we use in particular the quantity CY,, such that,
for all vy, € PL(73),

IVhonllz2@e = IVa(on = Thon)llrz@ye < Clagh™ lvn — mhonllz2 (o). (3-59)

Property (3.59) results from the inverse inequality (1.36) and mesh quasi-
uniformity (this property is actually valid for any polynomial degree).

Lemma 3.29 (Stability, k = 1). Let Vj, = PL(7}). Assume that f € C*(L?(2))
and that u € C3(L?(Q)) N CO°(HY(Q)). Assume the CFL condition (3.21) with
o <min{£(C.3)72 L(Cl,Cia) "}, that is,

mv

5t§min{%(C’*73)_ (0l Cia)™ 2/3}3 (3.60)

Be
Then, there is Csia, independent of h, 6t, and the data f, p, and 3, such that

IR 22 ) — €7 1172 () + §0LIER TS + §OtICIE < at(ER). (3.61)
Proof. Setting a7} := &' — (}?, (3.56) yields

n+1 Ch —_ 1(StAuPW Z+ 1(St(ﬁh )
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Let T, and T, denote the L?-norm of the two terms on the right-hand side.
Using the above bounds on o and 3} yields T < 5t/ *Ep. To bound Ty, we
start from the bound (3.57) yielding

T1 = 50t AV || 2 o)
< 3010l Vnailliz2 e + 5Cs 3820~ Plails + 36t H|2h | 2 )+ (3.62)
The main difficulty is to bound ||V} ||(12(q)«- Owing to (3.59),
IVaahllizz@e < Ciwch ™ Hluh iz, wh o= o) — mhai. (3.63)

To bound ||y} || L2 (q), we exploit the fact that, up to a non-essential perturbation,
x}! is in the range of the discrete operator A" and we use adjoint boundedness
on orthogonal subscales (cf. Lemma 3.28). Specifically, the error equation (3.43a)
yields

xp = StAPVER — dtag.

Thus,
||yﬁ||%2(n) = (x%yﬁ)m(m = 5t(AEpW£ZZ,yZ)L2(m - 5t(027yZ)L2(9)-
Owing to Lemma 3.28,
SE(APPYER Y L2 (o) < CradtBY2RT (160 5 + 7o 1R L2 Wil 22 0
while, owing to the Cauchy—Schwarz inequality and the bound (3.51) on a},
Stl(a, y) 2| S 610 sl N 22 -

Hence, simplifying by ||y}, [|z2(q) leads to

lyillz2@) < CoadtBh™ (16715 + 7o 1€ L2 (@) + Ot [l o
< CLaBY*hV25tER 5 + Ot 2B

Using (3.63) yields
19027 2 oyge < ClaCoaBY2h~ 01167 5 + Ch~ 81 B}
Plugging the above bound into (3.62), we infer

T, <1

o Coa B2 68|61 5 + 5C. 3088 h™ || g + CSt B,
where we have used the fact that

St ol re ) < 02 PNER L2y + 02 2GR | L2 e
S SN N + 027 2 IER | L2(0)
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owing to the bound (3.53) on (}". Collecting the bounds on ¥y and ¥ yields

€T = CRll 2 () < 3CHCuaB h 2682 €1 5 + £ Cu 50t B R — (s

mv

+ Cot'2Ep.

Owing to the condition (3.60) on the parameter ¢ in the CFL condition, we
obtain

IEn ™ = Ghllzay < 272082 (1€ g + 1€ — G ls) + COtV
< 276t 26}t 6 + IGh 1) + OOt Efy.

Squaring yields
€57 = CRlIEa () < SOLIERIE + BOtIGE + COt(ER)?,

whence (3.61) easily follows. |

3.1.6.6 Proof of Theorem 3.10

Starting from Lemmata 3.27 or 3.29 depending on the polynomial degree, we
proceed as in the proof of Theorem 3.7 using the same techniques. The only
difference lies in the use of the ||-||l.«-norm instead of the |-[|ywb «-norm and in
the additional presence of terms involving (. Using the definition of the ||-[|.s-
norm, Lemmata 1.58 and 1.59, and the assumption h < (.7, leads to

k
& 12, S Beh® FH|u™ |3 -

Similarly, since (" = w™ — mpw™ with w™ = u™ + §tdyu™ and using the usual
CFL condition leads to

1G22 S Be(B M [0 e gy + S8R5 | dew™ e )
g 5Ch2k+1(|‘u'm”%k+l(ﬂ) +(St2h—2”dtu'm”%{k(ﬂ))

S BhP (™ s ) + B lldew™ e ))-

The conclusion is straightforward.

3.2 Nonlinear Conservation Laws

In this section, we investigate the approximation of scalar, nonlinear conservation
laws, whereby space semidiscretization is achieved by dG methods formulated
using numerical fluxes and time discretization by SSP-RK schemes. We also
discuss the use of limiters to achieve tighter control of spurious oscillations when
approximating rough solutions.
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3.2.1 The Continuous Setting

We consider nonlinear conservation laws of the form
Ou+ V-F(u) =0 in Q x (0,tp). (3.64)

The unknown wu is a scalar-valued function. In many models, this function
cannot take values in the whole real line, but only in a subset of admissible
states, denoted by U. For instance, when u represents a concentration, U is the
set of nonnegative real numbers. The flux function [ is a R%-valued function of
class C' defined on the set of admissible states /. In what follows, we assume,
without precluding generality, that I/ is an interval with 0 € ¢/. The flux function
can sometimes also depend explicitly on the space variable z. For instance, in
the linear case, we obtain F(u) = Su where 3 denotes the R%-valued advective
velocity.
We supplement problem (3.64) with the initial condition

u(-,t =0)=wug in .

Enforcing a boundary condition on (3.64) is a subtle issue. We refer the reader
to the pioneering work of Bardos, Le Roux, and Nédélec [29] and to the more
recent work by Otto [254] and Vovelle [303]. Let g denote a U-valued external
state defined on 0 x (0,tr). Recalling that n denotes the outward normal on
0f), we define the normal flux function on the boundary as

Yo el, n(v) :=F(v)n.

Then, on any point (z,t) € 9Q x (0,tr), we enforce the boundary condition in
the form
min [, (w) ifu <y,
Pu() = D% (n,u, 9) = ¢ < . (3.65)
max [,(w) otherwise.
wE|[g,u]

This condition means that u < g is possible only if, for all w € [u,g], F,(w) >
(n(u), and, similarly, u > g is possible only if, for all w € [g,u], Fy(w) <
y(u); otherwise, there holds u = g. In the linear case where [, (v) = (8-n)v,
condition (3.65) is equivalent to enforcing u = g whenever S-n < 0, that is,
on the inflow boundary. The peculiarity of the nonlinear case is that it is not
possible to assert a priori the part of the boundary where the boundary condition
u = g is enforced. This is the reason why we define the external state on the
whole boundary.

Remark 3.30 (Riemann problem at boundary). The quantity ®%(n,u, g) defined
by (3.65) corresponds to the flux obtained from a one-dimensional Riemann prob-
lem with flux function [, left state u, and right state g. Thus, condition (3.65)
means that a state u # ¢ at the boundary is possible only if the flux for the
Riemann problem does not depend on g.
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3.2.2 Numerical Fluxes for Space Semidiscretization

Let 73, belong to an admissible mesh sequence. For a given integer & > 0,
we consider the broken polynomial space V}, = [Pg(’]}l). Formally, we test the
conservation law (3.64) with a discrete function vy, € Vj, (observe that vy, is
time-independent) and integrate by parts elementwise the divergence term to

obtain
dt/ UV, —/ )-Vaun + Z / )-nr)vp, = 0.

TeT,

Using the fact that F(u)-ny takes opposite values across interfaces and expressing
the third term in the left-hand side as a sum over mesh faces yields

d, / won — / B(u). WHF;, / o, (u)[on] = O,

where we have introduced the normal flux function
fn,(v) :=F(v)np,

and we have set [v,] = vp, on boundary faces. Accounting for the boundary
condition (3.65), we obtain

dt/uvh—/ﬁ(u) Vinon + Z / Cnp (uw)[or] + Z /@Rn u,g)up, = 0.

FeF} FE]—'Z’

The space semidiscrete solution uy € V}, is not single-valued at interfaces so
that the normal flux F,,. (up) is not well-defined. For all F' € Fy, we define the
so-called left and right states of u; as

- 'U/h‘Tl if FFe .7:;1, + . uh\Tz if FFe .7:,2,
UF = . b UF = . b
uh\T lfFEJ:h, g 1fF€]:h>

with the usual notation F' = 0Ty NJ1T5 if F € and F=0TNoQif F € .7-"h
We observe that, on boundary faces, one of the values (here, u;C) is replaced by
the external state g. The space semidiscrete problem then reads: For all v, € V,

dt/ URVE — / F(un)-Vyon + Z / nF,uF,uF)[[vh]] =0. (3.66)
FeFy
This problem is formulated in terms of a numerical fluz

S:RIxUXxU—R

which provides, with its first argument set to np, a single-valued approximation
of the normal flux [, at the mesh face F' € Fj. For simplicity, we assume that
the boundary condition (3.65) is weakly enforced in (3.66) by setting, for all
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F e b, ®(np,up,uf) = ®R(np,up, g). Moreover, (3.66) is supplemented by
the initial condition
’U,h(',t - O) = TRUQ,

where 7, denotes the L2-orthogonal projection onto Vj,.
A first requirement on the numerical flux is to match the following consistency

property.

Definition 3.31 (Consistency of numerical flux). We say that the numerical
flux ® is consistent if it is linear in its first argument and Lipschitz continuous
with respect to its second and third argument and if it satisfies, for all n € R,

Yv el, ®(n,v,v) = FL(v).

Remark 3.32 (Departure from admissible set). The space semidiscrete solution
uyp, can depart from the set of admissible states ¢/. This is especially the case when
approximating a rough solution by high-degree polynomials, whereby spurious
oscillations often appear at the discrete level. These oscillations can be tamed,
but often not fully eliminated, using limiters; cf. Sect. 3.2.4 below. In practice, it
can be necessary to extend the domain of the flux function F and of the numerical
flux ® beyond the set U.

Localizing the test function v, in (3.66) to a single mesh element, we obtain
a local formulation similar to that derived in Sects.2.2.3 and 2.3.4 for the
advection-reaction equation. Specifically, let T € 7;, and let ¢ € PX(T). Using
vy, 1= Exr in (3.66) (where xr denotes the characteristic function of T') yields

dt/Tuhf—/T[F(uh)-Vf—i- Z eT,F/F@(nF,u;,ul";)sz, (3.67)

FeFr

where, as usual, ey p := np-np. In particular, taking v, = 1 in (3.67), we infer

dt/ up, + Z eT)F/ ®(np,up,uf) =0, (3.68)
T F

FeFr

so that the time variation of the mean value of wu; inside each mesh element
T € 7T; is balanced by the fluxes through the boundary 07. Conservativity
is important to assert that, whenever the sequence of discrete solutions con-
verges to a function w, this limit is a weak solution to (3.64) (without boundary
conditions); see Hou and LeFloch [196].

3.2.2.1 Stability

In the context of nonlinear conservation laws, bounding the entropy of the space
semidiscrete solution is crucial. For simplicity, we focus on the quadratic entropy
U(v) := 3v? for which a bound can be derived (at least formally) by testing the
nonlinear conservation law with the exact solution itself. We assume for simplic-
ity that g = 0 on 0. Introducing the R%-valued primitive v(v) := [ f(w)dw
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and observing that f(v)-Vv = V-y(v) for all v € U, we obtain after integrating

by parts,
dt/QU(u):/Qu()tu:/Q[F(u)-Vu—/aQ Fn(u)u
= [t = [ e
By )

with 1, (v) = [ fa(w)dw. Let 9Q := {x € 0Q | u = 0} be the part of the
boundary where the boundary condition is enforced. It is clear that ~,(u) —
(n(u)u =0—0=0 on 9. On the remaining part of the boundary 9Q \ 9,
we use the boundary condition (3.65) to infer v,(u) — Fy(uw)u < 0. For instance,
if u > 0, we obtain y,(u) = [;' fu(w)dw < Fu(u)u since, for all w € [0,u],
fn(w) < Fp(u). As a result,

d /Q U(u) = /6 Q\ag[]{’yn(u)f[}‘n(u)u} <0.

Recalling the expression of U, we infer, for all ¢ € (0, ),

[u(®)[L2@) < lluollz2(e)- (3.69)

Remark 3.33 (Linear case). In the linear case where [, (v) = (8-n)v, we obtain
fag\ago {m(u) = Fy(u)u} = — f{,@‘-nZO} %(ﬁn)uz <0.

Remark 3.34 (Kruzhkov entropies). The analysis of nonlinear conservation laws
with boundary conditions considers the Kruzhkov-type entropies (u — k)® and
(u—k)© for any real number « (see, e.g., Vovelle [303]). The difficulty with such
entropies at the discrete level is that the derivation of entropy bounds requires
testing the space semidiscrete problem with functions that are not in the discrete
space V}, (except for polynomial order k£ = 0). This difficulty is avoided with the
quadratic entropy where the discrete solution can be used as test function.

Our aim is now to reproduce the L2-stability property (3.69) for the space
semidiscrete solution. Achieving this result depends on the properties of the
selected numerical flux ®. Following Osher [253], we introduce the concept of
E-flux.

Definition 3.35 (E-flux). We say that the numerical flux ® : R x U x U — R
is an E-fluz if for all n € R, all u=, ut € U, and all v € |u~,ut] with

lu™,ut] = {0u” + (1 - 9)u+}9e[071],

there holds
(®(n,u,ut) = Fa(v) (u” —uh) > 0. (3.70)
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Assuming that the numerical flux ® is Lipschitz continuous with respect to
its second and third arguments, the E-flux property implies consistency. More-
over, the E-flux property is instrumental in deriving L?-stability for the space
semidiscrete solution uy,, as shown by Jiang and Shu [202] for dG methods. We
now state and prove this result.

Lemma 3.36 (Energy estimate). Assume that ¢ = 0 € U and that ® is an
E-flux. Then, for all t € (0,tr),

lun (D)l L2 ) < ImhuollL2(q)-
Proof. Using up, as test function in (3.66), we infer
1 _
pilunlae = 3 [ S Vun— 3 [ @oeup b))
TeT, ’ T Fer, ' F

The first term on the right-hand side can be reformulated as a boundary term
using the R%-valued primitive v(v) defined above. This yields

> /W(Uh)'vuh: Z/ Y(unlr)nr = Y /HV(Uh)]]'nF
TeT, T TeT;, T FeF, /¥
As a result,
ld 2 = np — @ —ut
5dellunlzeie) = > ; [v(ur)]nr — @(np, up, up)[un] ;-
FeFy

Since ' = [, the mean-value theorem implies that, for all F' € F}, and a.e. z € F,
there exists vp € |uz,uf] such that

[y(un)] e =E(ve) npun]e. (3.71)
Using the fact that ® is an E-flux, cf. (3.70), we then infer
1 _
silunlae = 3 [ {far(or) — Blur b)Y <0,
FeFy F
Integrating in time concludes the proof. O

A more stringent requirement on the numerical flux than being an E-flux is
monotonicity (see, e.g., LeVeque [230, p. 169]). This concept is motivated by the
requirement that the dG scheme yield a monotone finite volume scheme when
Vi, = PY(73,) is spanned by piecewise constant functions.

Definition 3.37 (Monotone numerical flux). We say that the numerical flux
®: R x U x U — R is monotone if it is nondecreasing in its second argument
and nonincreasing in its third argument, that is, for all n € R%,

Oy-®(n,u~,ut) >0, Oyr ®(n,u™,ut) <0.
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It is easily verified that a (consistent) monotone numerical flux is an E-flux.
For instance, in the case v~ < u™, using consistency yields, for all v € [u™,u™],

O(n,u=,ut) —F(v) = {@(n,uﬂu*) - @(n,v,u+)}
+ {@(n,v,u+) - @(n,v,v)},

and the two addends on the right-hand side are < 0 owing to monotonicity.
Since 4~ — u™ < 0, this yields (3.70). The case u~ > u™ is treated similarly.

3.2.2.2 Examples

We now present various classical examples of numerical fluxes. We focus on the
design of such fluxes at interfaces.

Centered and Upwind Fluxes for Linear Problems In the linear case,
there holds F(u) = fu for some R%valued advective field 3. As in Sects.2.2.3
and 2.3.4, a possible choice for the numerical flux in the linear case is, for all
F e Fy,

— + .
<I>(np,u7,u+):(ﬁ-np)u tu +77wnF|(

-t
5 5 (U —u )s (3.72)

where 1 > 0 is a user-defined parameter (for the states, the face index is omitted
to alleviate the notation). The choice n = 0 corresponds to the centered flux
discussed in Sect. 2.2.3, whereas taking n = 1 yields the upwind flux of Sect. 2.3.4.
While the centered flux is not an E-flux, the upwind flux is a monotone flux since

¢(nF>u_>u+) = (ﬁ.nF)EBu— - (5'nF)eu+>

where (8-nr)® and (8nr)® denote the positive and negative parts of S-np;
cf. (2.12). However, an energy estimate can also be derived for the centered
flux. Indeed, following the proof of Lemma 3.36 for the numerical flux ® defined
by (3.72) with n > 0, we deduce y(v) = $/3v?, so that the mean-value theorem
yields, for all F € Fy, vp = 1(up + u}) in (3.71).

Proposition 3.38. For the numerical fluz (3.72) with n > 0, there holds, for
all t € (0, tp),

t
n
lun(®)l1720) = Imnvoll iz — 5 > Bnp| [un(s)]*ds,  (3.73)
2
FeFy, 0 JF
yielding, for centered fluzes (n =0), exact energy conservation in the form
lun ()l L2 () = llmauollL2(q)-

Equation (3.73) shows that the rate of energy decrease is proportional to the
parameter 1 in the numerical flux. Thus, this parameter controls the amount of
numerical dissipation; the larger 7, the more dissipative the scheme.



3.2. Nonlinear Conservation Laws 105

Godunov Numerical Flux for Nonlinear Problems In the nonlinear case,
a monotone flux can be designed by considering the Godunov numerical flux such
that, for all F' € Fp,

min . Fop(w) ifu™ <ut,

+y . JwElTu

= 3.74

) max [y, (w) otherwise. (8.74)
weut,u—]

S(np,u",u

Monotonicity results from the dependency of the minimizing and maximizing
intervals on v~ and w™. In the linear case, the Godunov numerical flux (3.74)
coincides with the upwind flux.

The Godunov numerical flux can be associated with the solution of a one-
dimensional Riemann problem in the direction normal to the face F. Such a
problem amounts to finding the weak entropy solution for the one-dimensional
evolution problem 0ir + 9,F,,. (r) = 0 with initial data consisting of the two
constant states v~ and u™. Such a solution is selfsimilar and, assuming there is
no stationary shock at the interface, takes a constant value at the interface for
any positive time, which we denote by R(u~,u"). Then, a classical result [230,
p. 145| states that

Snp,u,ut) =, (Ru,uh)). (3.75)

Rusanov, Lax—Friedrichs, and Roe Numerical Fluxes In practice, the
numerical flux must be evaluated at quadrature nodes of each mesh face to com-
pute integrals of the form [, ®(np,up, uf)[vs]; cf. (3.66). Using the Godunov
numerical flux then requires solving a scalar nonlinear optimization problem
at each quadrature node of each mesh face, and this can be computationally
demanding. Alternative approaches have been devised based on approximate
Riemann solvers (see, among others, the textbooks by LeVeque [230, p. 146]
and Toro [295, p. 293]). A possible work-around to having to solve a Riemann
problem that, in some situations, produces satisfactory results consists in using
the Rusanov (or generalized Laz—Friedrichs) numerical flux

) Fop(u™) + Fop (u') e

= +

5 5 (u™ —ut), (3.76)

S(np,u,u
with stabilization parameter 7y > 0 large enough. In the linear case, the Rusanov

numerical flux (3.76) coincides with the upwind flux (3.72) for the choice 7y =
n|B-nr|. In the nonlinear case, setting 7 to

e = sup |F,. (v)] (3.77)
veEU
yields a monotone numerical flux. Indeed, for all =, u™ € U,
1
O tnr ) = 3 (1, ) 4 sup (0] > 0
veU

Oy ®(np,u~,ut) = % <[F;F(u+) — sup |[F;F(v)|> <0.
veu
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However, choosing the stabilization parameter as in (3.77) generally introduces
a large amount of numerical diffusion, which in turn spoils the quality of the
approximate solution. Indeed, while stability pleads for large values of 7, this
parameter can have a sizable impact on the dissipative properties of the scheme,
and excessive dissipation ruins accuracy. Therefore, tuning the parameter 7 in
the Rusanov numerical flux is often a relevant issue.

A popular choice to reduce numerical dissipation is provided by the local
Laz—Friedrichs numerical fluxz for which

m= s |8, (379)
vE|u—,ut]

The supremum is taken here over a smaller interval, which suffices to ensure
monotonicity. In practice, the supremum in (3.78) is often replaced by

ﬂ‘!le (u_) — [FUF (u+)
n = u~ —u’t
f, (uh) otherwise,

if u™ #ut,

(3.79)

yielding the so-called Roe numerical fluz.

Remark 3.39 (Roe numerical flux as approximate Riemann solver). The Roe
numerical flux can be derived from the solution of a Riemann problem associated
with the linearized equation

Fop (W) = Bnp (u')

atw+v(nF7u_7u+)azw =0, V(nFau_7u+) = — + ;
U —u

with initial data v~ # u™. The unique entropy solution of the above linearized
problem features a shock of speed V(np,u™,u"). Plugging this solution into
the expression of [, as in (3.74) yields the Rusanov numerical flux (3.76) with
stabilization parameter n given by (3.79). In the case of concave (resp., convex)
flux functions, the solution of the linearized problem is exact provided u~ < u™
(resp. u~ > u™).

3.2.3 Time Discretization

As in the linear case, we formulate the space semidiscrete problem (3.66) in
operator form. Specifically, we define the (nonlinear) operator Ay, such that, for
all vy, wy, € Vp,

(An(vn), wn)r2() = —/ F(vn) Vawn + /‘I’(HFWBU;)HU%]]-
Q FeFy F
Problem (3.66) is then equivalent to
dyup, + Ah(uh) = 0. (3.80)

In component form, (3.80) amounts to a system of coupled nonlinear ODEs
with the mass matrix in front of the time derivative. As the mass matrix for dG
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methods is easily invertible (cf. Sect. A.1.2), problem (3.80) can be effectively
solved by explicit time integration methods as the ones discussed in Sect. 3.1.3.

Let 6t be the time step, taken to be constant for simplicity, and such that
tp = N6t where N is an integer. For n € {0,..., N}, we define the discrete
times " = not. Following Shu and Osher [279] and Gottlieb, Shu, and Tadmor
[175,176], we consider s-stage explicit RK schemes in the form

n,0 _ n
Uy, = Up,
i—1
n,i __ n,J n,j .
up = E (aijuh — 0tB;; An(uy )) Vie{l,..., s},
j=0
n+1 n,s
Up = Up

and we recall that the scheme is specified through the lower triangular matrices
a = (aij)1§i§3)0§j§i71 and ﬁ = (ﬁij)lgiﬁs,OSjSifl- We are interested in RK
schemes where the real numbers «;; and 3;; are nonnegative, and such that o
is nonzero whenever J3;; is nonzero. A basic consistency requirement is

i—1
Zaijzl Vie{l,...,s}.
j=0

A consequence of these properties is that the intermediate stages uZ’i amount

to convex combinations of forward Euler substeps with time step ¢ replaced
by %515. This leads to Strong Stability-Preserving (SSP) RK schemes. In
ij

particular, if the forward Euler scheme is L?-stable under a CFL condition of
the form
st<o'h

with reference velocity o, that is, if [[u}; — 0t Ap(uf,)| £2 () < ||uf||L2(0) under the

above CFL condition, then the s-stage RK scheme is such that [[u} ™" 12(q) <
llup || 2 () under the CFL condition

0t < min <aij> o th.
i\ Bij
Optimal (in the sense of CFL condition and computational costs) SSP-RK

schemes are investigated by Gottlieb and Shu [175]. An optimal two-stage SSP-
RK scheme is the scheme (3.17), that is,

o A B A

which, applied to (3.80), yields

nl _  n n
Up = Up — 5tAh (uh)a

uZH = %(uz + uZ’l) - %5tAh(uZ’1).
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An optimal three-stage SSP-RK scheme results from the choice

1 1
a= |34 1/1 , B=10 14 ,
3 0 2/3 0 0 2/3

which, applied to (3.80), yields
uZ’l = uj — §tAL(up),
uZ’z = %(S’U,Z + uZ’l) — %(HAh(uZ’l),
uptt = L(up + 2up?) — %(StAh(uZ’2).

The convergence analysis of dG space semidiscretization combined with SSP-
RK time schemes is far from being complete, especially for rough exact solutions.
For smooth exact solutions, convergence rates for the L?-error (identical to those
achieved in the linear case) are derived by Zhang and Shu for the SSP-RK2 and
RK3 schemes [310,311]. For the SSP-RK2 scheme (cf. Theorem 3.10), a 4/3-
CFL condition is invoked for piecewise polynomials with degree k > 2, while the
usual CFL condition is sufficient for £ = 1. Instead, for the SSP-RK3 scheme
(cf. Theorem 3.13), the usual CFL condition is sufficient for all & > 1.

3.2.4 Limiters

Using high-order discretizations to approximate rough solutions triggers the
Gibbs phenomenon (see, e.g., Gottlieb and Shu [174]), whereby the numerical
solution is polluted by spurious oscillations. Oscillations can cause the depar-
ture from the set of admissible values U, thereby violating the physical principle
of the conservation law (requiring, for instance, nonnegative densities). More-
over, they can lead, e.g., to convergence towards non-physical shocks. We first
address the one-dimensional case and focus for simplicity on a periodic setting.
We examine the stability of fully discrete schemes in terms of the total variation
in space of the discrete solution. This concept can be used as a measure of
the spurious oscillations in the discrete solution, the exact solution being total
variation-diminishing in time. Unfortunately, this property does not transfer to
the discrete level, so that we content ourselves with the more moderate require-
ment that the total-variation of the elementwise averaged discrete solution be
diminishing in time, leading to so-called TVDM schemes. A sufficient means to
achieve the TVDM property is the use of minmod limiters. Finally, we briefly
address a heuristic extension to the multi-dimensional case (the extension of the
one-dimensional analysis to multiple space dimensions is still an open problem).

3.2.4.1 TVDM Methods

We consider the one-dimensional case. Let = (a,b) denote the space domain.
In what follows, we replace for simplicity the boundary condition (3.65) with
the periodic boundary condition

u(a,t) = u(b,t) for all t € (0,tF).
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I 1 1 I v
a4 = Ti/y .%'j,1/2 .Tj+1/2 TN41/2 =}

h

Fig. 3.2: Notation for the one-dimensional case

The mesh 7}, of Q is composed of elements {7} }1<;<n of the form (cf. Fig.3.2)
T'j = (fL’j,1/2,fL'j+1/2) V] S {17...7N},
resulting from a set of equally spaced points {z;}1/, }o<j<n such that
a=1Tip < Tz <...<IN_1/3 <TN41/2 = b.

Thus, the meshsize is h = |b — a|/N. At each point x;,./,, j € {0,...,N}, we
define the left and right values as

= unlr, (j41) iG>0, ut = |ty (Tj412) i G <N,

i+ifz Unlry (TN yrp) 5 =0, T up |1, (T1/) if j =N,
where the extensions at the endpoints of €2 reflect the periodic setting. For
Jj €1{0,...,N}, the jump across 1, is defined as
[unlve = w5 = Wfiagen

which corresponds to taking the positive normal n; 1/, = 1 at each point ;4 1/,.
We introduce the concept of total variation for the elementwise averaged solution.
The discrete solution uj can be decomposed, inside each mesh element 7}, as
the sum of its average value @; and an oscillatory component @;(z) with zero
mean-value on T}, so that

up| T, () = Tj + Uj () Vje{l,...,N}, Vz € Tj. (3.81)

Recalling that periodic boundary conditions are enforced, we also define

Uug ‘= ﬂN, ﬂN+1 = Uj.

Definition 3.40 (TVDM scheme). We say that a numerical scheme is total
variation diminishing in the means (in short, TVDM) if there holds

TVM(upthy = > @ — @t < TVM(up).
1<G<N

We discretize in time problem (3.66) using the forward Euler method, which
constitutes the basic building block for the explicit Runge-Kutta methods
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(cf. Sect.3.2.3). For brevity of notation, the index n for the solution at time ¢"
is omitted. The solution uZH € Vj, at time t"*! is computed by solving, for all
Uh € WH

/ { (u;l”'l — uh) vp — )\ﬂ‘(uh)dzvh} + A Z <I>(uj_+]/2,u;'+]/2)[vh]]j+1/2 =0,
@ 0<j<N
(3.82)

where
_a

h
When dealing with the one-dimensional case, the dependence of the numerical
flux ® on the normal is irrelevant since the flux function [ is scalar-valued.
Taking v, = x7; for j € {1,..., N}, we infer

A

ﬂ}H_l - ﬂj +A (I)(uj_-H/z’u;':—l/z) - (I)(uj_—l/Z’u;r—]/z) =0, (383)

which is the forward Euler time discretization of (3.68) in the present one-
dimensional setting.

In what follows, we investigate a sufficient condition for the TVDM prop-
erty, and we propose a modification of the scheme (3.82) to achieve it. Using the
TVDM property, minimal convergence results can be proven [94, Theorem 2.13],
e.g., the convergence in L (0, tp; L' (€)) as the meshsize h € H goes to zero with
fixed parameter A, up to a subsequence, of the sequence (U )ren to a weak solu-
tion u of the continuous problem (which, however, may not be the weak entropy
solution). From a practical viewpoint, the TVDM property enhances the possi-
bility that oscillations are sufficiently well controlled to retain the convergence
of the scheme towards the entropy solution.

The following result is the basic tool to identify a set of sufficient conditions
for the TVDM property to hold (see Abgrall [1, Chap.5] or Godlewski and
Raviart [173, Chap. 3]). Given N real numbers {v;}1<j<ny with vx41 == v1 by
periodicity, we set TV (v) := >3, oy [vj41 — v5]-

Lemma 3.41 (Harten’s Lemma). Let {v;}1<j<n with vg := vy and vy = 01
by periodicity, and let A > 0. Let {w;}1<j<n be defined by

w; = v; + /\{Cj+1/z (Vi1 = vj) = Dj_p (v — vj-1) }7 (3.84)

with given real numbers {Cj 1, 1<j<n and {D;_ 1 h1<j<n. Assume that, for
alje{l,... N},

Cj+1/2 2 0, Dj,1/2 Z 0, A (Cj+1/2 + Dj+1/2) S 17 (385)
with Dy 1, == Duy, by periodicity. Then,

TV(w) < TV(v).
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Proof. Using (3.84), we infer, for all j € {1,...,N},

Wj41 — Wy :{1 - )\(Cj+1/2 + Dj+1/2)}(1)j+1 - ’Uj)
+ )\Cj+:;/2(11j+2 - Uj+1) + )\Dj,1/2(’vj — ’Uj_l),
with wy 1 = w1, vyy2 1= v2, and Cyys, = Csy, by periodicity. Taking the

absolute value, using assumption (3.85) so that Cj s/, > 0, D;_1, > 0, and
MCjt1, + Djy1y,) <1, and summing over j yields

TV() < 3 {1=MCyra+ Dysap) o1 — v
1<j<N

+A Y {Cj+3/2 [vj+a = vj41] 4+ Djaps |vj — v }
1<G<N

=TV(v),
where we have used periodicity to shift indices in the last two summations. [

Theorem 3.42 (TVDM scheme). Let ® be a monotone, Lipschitz continuous,
numerical flur. Assume that there is 0 > 0 such that, for all j € {1,... N},

al,,,. —u U, 1 — U
—1§J+_1_/2—7j___1/2§9, —1SMS‘9- (3.86)
Uj1 — Uy Uj — Uj-1

Assume the CFL condition

1 1
ot <

————h 3.87
STnEn (3.87)

where Ly and Lo denote the Lipschitz modules of ® with respect to its first and
second argument, respectively. Then, the scheme (3.83) is TVDM.

Proof. We check the assumptions of Harten’s Lemma. Provided the denomina-
tors in (3.86) are nonzero (which yields a trivial case), (3.83) can be rewritten
as follows: For all j € {1,...,N},

ot = — )\{(I)(u]._+1/2,u;'+1/2) - @(u;+1/2,u;r_1/2)}
= MR — B |
T +

/\{Cj+1/z (@1 =) = Djpe (W) = Wj-1) }

with
- + - + ~t ~t
C‘+1/ o (I)(uj+1/2vuj+1/2) - (I)(uj+1/2vuj,1/2) 14 u]'+1/2 - Uj,1/2
2 — — )
J Uy = Uy Ujt1 = Uy
Dy, = R T e AL ) 1y iz~ oy
iy = — — — ,
J Ujrje = Uiy Uj = Uj—1
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since u; + 17].*71/2 = u;ll/z, and so on. Both Cj;., and D;_./, are nonegative
owing to the monotonicity of ® together with (3.86). To check the remaining
condition of Harten’s Lemma, we observe that, for all j € {1,...,N},

Cj+1/2 < L2(1 + 0), D]'+1/2 < Ll(l + 0)

Therefore,
AM(Cjyrps + Djiagy) < 6th™ Ly + Lo) (14 6) < 1,
where we have used the CFL condition (3.87). O

3.2.4.2 Enforcing the TVDM Property

Condition (3.86) has to be enforced since the scheme (3.82) does not provide it,
and this is where limiters come into play. We follow here the presentation of
Cockburn [94, Sect.2.4]. For real numbers vy,..., v, we define the generalized
minmod function

amin(|v1|,...,|vg]) if a =sgn(vy) =...=sgn(vg),

minmod(vy,...,vg) = {

0 otherwise.

We consider first the forward Euler scheme. Fix a time step n € {0,...,N}
and let up denote the discrete solution at time t”. We replace u, by a limited
function vy, := Auy (for n = 0, this means that the initial condition becomes
Ampug). The goal is to ensure that the limited function vy, is such that, for all
jed{l,...,N},

U;+1/2 = 5]' + IIliIlIIlOd(Uji_'_l/2 - ﬁj,ﬁjJrl — ﬁj,ﬁj — ﬁjfl), (388&)
’U;—_l/2 = Ej — minmod(ﬁj - U;_1/2,5j+1 - Ej,ﬁj - Ej—l)- (388]3)
For instance, owing to the minmod function in (3.88a), the higher-order contri-
bution at the interface, (v;, o= 7;), is only taken into account when (1) It has

the same sign as the variations of the mean values in adjoining cells, 711 — v}
and T; —Uj_1, and (2) It is smaller in magnitude. Conditions (3.88) imply

i< Tl g D T e o
Uj+1 — Uj Vi~ Vj-1

so that the condition (3.86) in Harten’s Lemma holds true with § = 1. Within
higher-order RK methods, the limiter is applied at each forward Euler substep.
The general TVDM-RK method (cf. Sect. 3.2.3) then reads

n,0 _ n
,U“h) = Up,

1—1
' = A Y (g = ot An(ui?)) Vie{l,... s}

J

Il
=

n+l _  n,s
Up, = Up -
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We now discuss how to construct the limited function v, = Awuj. In the
piecewise affine case, one possibility consists in setting, for all j € {1,..., N},

Uh‘Tj (1’) = ﬂ]‘ + (33 — Ij) minmod(dzﬂj, 2h_1(ﬂj+1 — ﬂ]‘), Qh_l(ﬂ]‘ — ﬂjfl)).

Besides ensuring (3.88) (as can be checked directly), this limiter preserves the
mean value element by element, that is, for all j € {1,..., N},

'Uj IUj.

This is a sensible property in the context of conservation laws. Moreover, if uy,
is globally linear on the macro-element (;_s/,,;43/,), then uy, is not modified
in Tj. This property can be interpreted as a minimal accuracy requirement on
the limiter. Additionally, the slope of v, in each mesh element is smaller than
that of uy, (and given by d,a;).

When working with high-degree polynomials (k > 2), one heuristic approach
is to assume that spurious oscillations are present in uj only if they are present
in 7} up, where 7} uy, is the L2-orthogonal projection of uj, onto piecewise affine
functions. Thus, if spurious oscillations are not present in 7} up, i.e., if Amjuy =
miup, we set Aup = up, whereas, if Ariuy, and 7wiup differ, we discard the
higher-degree part of uj, and limit its affine part, that is, we set Auy, = Am}uy,.

The main drawback of using limiters is reducing the accuracy of the approxi-
mation in smooth regions. A possible remedy consists in estimating the regular-
ity of the solution starting from the highest polynomial degree and progressively
removing oscillating components, as discussed by Biswas, Devine, and Flaherty
[43]. With this technique, the polynomial degree may be lowered to some pos-
itive integer, possibly not too low, thereby limiting the precision loss. Another
improvement, proposed by Shu [278], consists in modifying the minmod function
so as to avoid degradation at smooth local extrema. The basic idea here is to
desactivate the limiter when space derivatives are of order h? by defining

U1 if |U1| SM}L2,

. . (3.89)
minmod(vy,...,v;) otherwise,

minmodryg (v, ...,v;) == {

where M > 0 is a tunable parameter which can be evaluated from the curvature
of the initial datum at its extrema by setting

M = sup  Jug (v)]-
yeQ, ’U,(/)(y):O

Such limiters do not enforce the TVDM property, but they yield solutions that
are total variation bounded in the means (TVBM).
3.2.4.3 Limiters in Multiple Space Dimensions

Limiters in multiple space dimensions are mainly based on heuristics. To convey
the main ideas, we present a limiter for matching triangular meshes based on a
barycentric reconstruction (see Cockburn [94, Sect. 3.3.10]). For more elaborate
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Fig. 3.3: Notation for the limiter in two space dimensions

constructions of multidimensional limiters, we refer the reader, e.g., to Cockburn,
Hou, and Shu [99], Hoteit, Ackerer, Mos¢, Erhel, and Philippe [195], Krivodonova
[215], Krivodonova, Xin, Remacle, Chevaugeon, and Flaherty [216], Luo, Baum,
and Lohner [234], and Kuzmin [217].

The limiting procedure is performed independently on each mesh element.
We consider the situation of Fig.3.3: let T' be a triangular mesh element with
faces I, Fy, F5. Let ay, L € {T,1T1,T5,T3, F1, F5, F3}, denote the center of
mass of the corresponding geometric item, defined as zp, := |, L/ 1) . 1. Let Qp
collect the points in (the closure of) T and its three neighbors. We assume that
there are two real numbers A1 and Ay such that

Tp, — X = )\1(le — IT) + )\Q(Z'Tz — :L'T).

This construction is possible if we assume that the points {xr, xr,, 21, } are not

aligned; it is also reasonable to assume that the resulting triangle, say Tio, is

not too flat, i.e., that the largest inscribed ball in 775 has diameter comparable

to the diameter of T72. In the situation depicted in Fig. 3.3, the point xp, lies

in the interior of T}o, so that the real numbers A\; and Ay are both nonnegative.
If we consider now a linear function in Qr, say & € P(Qr), letting

016 == M{é(an) - n) | + Xe{e(on,) - €(on) }, (3.90)
and since &; = &(z), L € {T, Ty, Tp}, we infer
515 = g(xFl) - ET = g('rFl)'
In other terms, 6:& represents the departure of the value of £ at xp, from its
average on the element 7. Using a similar construction, we can compute the

values 02¢ and s for the other two faces of T. Let now {y;}1<i<3 denote the
Lagrangian basis in T associated with the set of nodes {xp, }1<i<3. The linear
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function &|7 can be expressed in terms of the functions {¢;}1<i<3 as

(@) =%r+ Y skoiw) =&+ Y &ar)pi(@).

1<i<3 1<i<3

Let now u, € P5(7;). As in the one-dimensional case, the limiter acts
elementwise and only on the piecewise affine projection 7} uy, and, therefore, it
suffices to define vy, = Auy, in the case where kK = 1. Let T € 7. As in (3.81),
we consider the decomposition

uh\T(az) :ﬂT+17T(33) Ve eT.
Similarly to (3.90), we set

Oup = Al(ﬂTl 7ﬂT) + )\Z(ﬂT2 - ﬂT),

along with similar definitions for doup and dzuy. Since wuy is, in general, not
globally linear in Qr, the value of §;up, i € {1,2,3}, differs from that of ur(zF,).
The idea is then to capture oscillations by controlling the departure of the values
Ur(zp,) from the values d;u;. For all i € {1,2,3}, we compute the quantities

Ai = minmodTVB (’ET(JIF) Oéluh) s

A; := min Zl<]<3 AP — min Zl<]<3 AP,
El<]<3 Zl<]<3

where 6 > 1 is a user-defined parameter and the TVB minmod function is used,
as in the one-dimensional case, to improve the limiter near smooth local extrema.
Moreover, the superscripts denote positive and negative parts; cf. (2.12). Finally,
the limited function vy, := Auy, is defined as

nlr = ur + Z1§i§3 éi@i if Zlgigg A; =0,
Ur + ) <ic3 Dipi  otherwise.

By its construction, the limiter is mass-preserving since, for all T' € 7j,, T = Ur.
Indeed, if >, ;.5 A; = 0, we obtain

1
5T:ﬂT+§ Z Ay =Tr,

1<i<3

while, otherwise, the same result is obtained owing to the fact that >, ., 4 ﬁi: 0.
Moreover, the limiter preserves functions that are globally affine on Q7. Finally,
for all i € {1,2,3}, we observe that

[on(zr,) = O] < max(1A], [A))] < A < [ar(er),

meaning that, in each mesh element, the gradient of the limited function vy, is
not “larger” than that of the original function wy,.
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Scalar Second-Order PDEs



Chapter 4

PDEs with Diffusion

The aim of this chapter is to investigate the approximation of scalar PDEs with
diffusion. As a first step, we consider the Poisson problem with homogeneous
Dirichlet boundary condition

—Au=f inQ, (4.1a)
u=0 on 0Q, (4.1b)

and source term f € L?(Q). The scalar-valued function u is termed the potential
and the vector-valued function —Vwu the diffusive flux.

In Sect.4.1, we briefly describe the continuous setting for the model prob-
lem (4.1). Then, in the following sections, we discuss three possible approaches
to design a dG approximation for this problem. In Sect. 4.2, we present a heuris-
tic derivation of a suitable discrete bilinear form loosely following the same path
of ideas as in Chap. 2 hinging on consistency and discrete coercivity. There are,
however, substantial differences: a specific term needs to be added to recover
consistency, interface jumps as well as boundary values are penalized, and the
penalty term scales as the reciprocal of the local meshsize so that discrete coerciv-
ity is expressed using a mesh-dependent norm. A further important difference
is that we require to work at least with piecewise affine polynomials, thereby
excluding, for the time being, methods of finite volume-type. This derivation
yields the so-called Symmetric Interior Penalty (SIP) method of Arnold [14].
The error analysis follows fairly standard arguments and leads to optimal error
estimates for smooth exact solutions. We also present a more recent analysis
by the authors [132] in the case of low-regularity exact solutions. Then, using
liftings of the interface jumps and boundary values, we introduce in Sect. 4.3 the
important concept of discrete gradient. Applications include (1) a reformulation
of the SIP bilinear form that plays a central role in Sect. 5.2 to analyze the conver-
gence to minimal regularity solutions (as shown recently by the authors in [131]),
and (2) an elementwise formulation of the discrete problem leading to a local
conservation property in terms of numerical fluxes. Finally, the third approach
is pursued in Sect. 4.4 where we consider mixed dG methods that approximate

D.A. Di Pietro and A. Ern, Mathematical Aspects of Discontinuous Galerkin 119
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both the potential and the diffusive flux. In such methods, local problems for
the discrete potential and diffusive flux are formulated using numerical fluxes
for both quantities, following the pioneering works of Bassi, Rebay, and cowork-
ers [34,35] and Cockburn and Shu [112]. This viewpoint has been adopted by
Arnold, Brezzi, Cockburn, and Marini in [16] for a unified presentation of dG
methods for the Poisson problem. For simplicity, we focus here on the SIP
method and so-called Local Discontinuous Galerkin (LDG) methods [112]. In
both methods, the discrete diffusive flux can be eliminated locally. We postpone
the study of two-field dG methods to Sect.7.3 in the more general context of
Friedrichs’ systems. Finally, we discuss hybrid mixed dG methods where addi-
tional degrees of freedom are introduced at interfaces, thereby allowing one to
eliminate locally both the discrete potential and the discrete diffusive flux. This
leads, in particular, to the so-called Hybridized Discontinuous Galerkin (HDG)
methods introduced by Cockburn, Gopalakrishnan, and Lazarov [97]; see also
Causin and Sacco [83] for a different approach based on a discontinuous Petrov—
Galerkin formulation and Droniou and Eymard [135] for similar ideas in the
context of hybrid mixed finite volume schemes.

The rest of this chapter is devoted to the study of diffusive PDEs that com-
prise additional terms with respect to the model problem (4.1). In Sect. 4.5, we
extend the SIP method analyzed in Sect. 4.2 to heterogeneous (anisotropic) diffu-
sion problems. The main ingredients are diffusion-dependent weighted averages
to formulate the consistency and symmetry terms in the discrete bilinear form
together with diffusion-dependent penalty parameters using the harmonic mean
of the diffusion coefficient at each interface. In Sect.4.6, we analyze heteroge-
neous diffusion-advection-reaction problems. We combine the ideas of Sect. 4.5
to handle the diffusion term with those developed in Sect. 2.3 for the upwind dG
method to handle the advection-reaction term. The goal is a convergence analy-
sis that covers both diffusion-dominated and advection-dominated regimes. The
present analysis includes the case where the diffusion vanishes locally in some
parts of the domain. Finally, in Sect. 4.7, we consider the heat equation as a pro-
totype for time-dependent scalar PDEs with diffusion (that is, parabolic PDEs).
The approximation is based on the SIP method for space discretization and an
A-stable finite difference scheme in time; for simplicity, we focus on backward
(or implicit) Euler and BDF2 schemes.

4.1 Pure Diffusion: The Continuous Setting

In this section, we present some basic facts concerning the model problem (4.1).

4.1.1 Weak Formulation and Well-Posedness

The weak formulation of (4.1) is classical:

Find v € V s.t. a(u,v) = / fvoforalwveV, (4.2)
Q
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with energy space V = Hg(Q) := {v € H'(Q) | v|sq = 0} and bilinear form

a(u,v) ::/QVU-VU. (4.3)

Recalling the Poincaré inequality (see, e.g., Evans [153, p. 265] or Brézis [55,
p. 174]) stating that there is Cq such that, for all v € H}(Q),

lvllz2) < CallVoullip2 (e (4.4)

we infer that the bilinear form a is coercive on V. Therefore, owing to the
Lax-Milgram Lemma, the weak problem (4.2) is well-posed.

4.1.2 Potential and Diffusive Flux
The PDE (4.1a) can be rewritten in mized form as a system of first-order PDEs:

c+Vu=0 in{, (4.5a)
Vo=f inQ. (4.5D)

Definition 4.1 (Potential and diffusive flux). In the context of the mixed for-
mulation (4.5), the scalar-valued function w is termed the potential and the
vector-valued function o := —Vu is termed the diffusive fluz.

The derivation of dG methods to approximate the model problems (4.1) on a
given mesh 7}, hinges on the fact that the jumps of the potential and of the nor-
mal component of the diffusive flux vanish across interfaces. To allow for a more
compact notation, we define boundary averages and jumps (cf. Definition 1.17
for interface averages and jumps).

Definition 4.2 (Boundary averages and jumps). For a smooth function v, for
all F e ,7-"5, and for a.e. x € F, we define the average and jump of v as

folr(e) = [v]r(z) = v(2).
The subscript as well as the dependence on z are omitted unless necessary.

Since the potential u is in the energy space V', we infer that, for all T' € 7j,
and all F € Fr, letting ur := ulr, the trace ur|r is in L2(F). Furthermore, the
diffusive flux o is in the space H (div; <) defined by (1.23). Traces on mesh faces
of the normal component of functions in H(div; Q) are discussed in Sect. 1.2.6.
In particular, under the regularity assumption u € W2!(Q), there holds o €
(WHL(Q)]4, so that, for all T € 75, and all F € Fr, letting o7 = o|r and
oo = opng on IT, the trace oor|r is in L'(F). This trace is in L?(F) under
the stronger regularity assumption u € H?(Q) (the assumption v € H”>t¢(Q),
e > 0, is actually sufficient).

We can now examine the jumps of the potential and of the normal component
of the diffusive flux.
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Lemma 4.3 (Jumps of potential and diffusive flux). Assume u € VNW?21(Q).
Then, there holds

[ul =0 VE € Fp, (4.6a)

[olnp =0  VFe€F. (4.6b)

Proof. Assertion (4.6a) results from Lemma 1.23 for interfaces and from Defini-
tion 4.2 for boundary faces. Assertion (4.6b) results from Lemma 1.24. g

4.2 Symmetric Interior Penalty

Our goal is to approximate the solution of the model problem (4.2) using dG
methods in the broken polynomial space PX(7;,) defined by (1.15). We set

WL = Ps(,]—h)’

with polynomial degree k& > 1 and 7}, belonging to an admissible mesh sequence.
The focus of this section is on a specific dG method, the Symmetric Interior
Penalty (SIP) method introduced by Arnold [14].

For simplicity, we enforce a somewhat strong regularity assumption on the
exact solution. A weaker regularity assumption is made in Sect. 4.2.5.

Assumption 4.4 (Regularity of exact solution and space V.). We assume that
the exact solution u is such that

u €V, :=VnH*Q).
In the spirit of Sect. 1.3, we set Vi, := Vi, + V.

Without further knowledge on the exact solution w apart from the domain
Q and the datum f € L2?(Q), Assumption 4.4 can be asserted for instance if
the domain © is convex; see Grisvard [177]. Assumption 4.4 differs from the
concept of elliptic regularity (cf. Definition 4.24 below) since Assumption 4.4
only concerns the exact solution u.

4.2.1 Heuristic Derivation

To derive a suitable discrete bilinear form, we loosely follow the same path of
ideas as in Chap.2 aiming at a discrete bilinear form that satisfies the consis-
tency requirement (1.32) and enjoys discrete coercivity. Moreover, we add a
(consistent) term to recover, at the discrete level, the symmetry of the continu-
ous problem.

4.2.1.1 Consistency

We begin localizing gradients to mesh elements in the exact bilinear form a, that
is, we set, for all (v,wp) € Vip X V,

aglo)(vvwh) iz/QVhU-Vhth Z /TVU-th.

TeTh
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To examine the consistency requirement (1.32), we integrate by parts on each
mesh element. This leads to

ol (v, ) -3 / (@ayn+ 35 / (Vong)w

The second term on the right-hand side can be reformulated as a sum over mesh
faces in the form

Z (Vonr)wy, = Z/ (Vpv)wp]ng + Z /(anpwh,

Ter, /T FeF} FeFt
since for all F' € .7-71 with F' = 0T1 N 0Ts, np = np, = —np,. Moreover,
[(Vrv)wn] = {Vro}lwn] + [Vav]§wn},
since letting a; = (Vv) ., 1 € {1,2}, yields
[(Viv)wp] = a1br — agbs

= (a1 + a2)(by — b2) + (a1 — a2)1 (b1 + b)
= {Vro}[wn] + [Vro]{wnr }

As a result, and accounting for boundary faces using Definition 4.2, yields

Z (Vonr)wy, = /{{th}} npfws] + Z / Vo] npf{ws}.

TeT;, V0T FeF, FeFi

N bi:wh

Hence,

ay (v,wp) = — Y / (Avywy, + / {Vhv}npwi]

TeT, FeFy
+ ) / [Vro]ngf{ws}. (4.7)
Fe]—"

To check consistency, we set v = w in (4.7). A consequence of (4.6b) is that, for

all wy, € Vy,
uwh /fwh—i- Z / (Vung)Jws].

FeFy
In order to match the consistency requirement (1.32), we are prompted to modify

aEO) as follows: For all (v, wy) € Vip X Vp,

)(v wp) —/th Vywp — Z /{Vh“}} npfws].

FeFn

(1) is consistent in the sense of (1.32), i.e., for all wy, € Vj,

(u, wp) / fwp.

It is clear that a;,
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4.2.1.2 Symmetry

A desirable property of the discrete bilinear form is to preserve the original
symmetry of the exact bilinear form. Indeed, symmetry can simplify the solution
of the resulting linear system and furthermore, it is a natural ingredient to
derive optimal L2-norm error estimates (cf. Sect. 4.2.4); nonsymmetric variants
are discussed in Sect. 5.3. In view of this remark, we set, for all (v, wp) € Vip X Vp,

h 1) wh / Viav-Vywy — Z / ({{th} Ilp[[wh]] + [[U]]{{Vhwh} np
FeFn
(4.8)
so that aj’ is symmetric on Vj, x V}, The bilinear form a§’® remains consistent
owing to (4.6a). The superscript in a§® indicates the consistency and symmetry
achieved so far. For future use, we record the following equivalent expression of
a$® resulting from (4.7),

) == 3 [ Gow+ ¥ [ [9lorfu

TET, FeF}

-y / [V hws}np. (4.9)

FeFy

4.2.1.3 Penalties on Interface Jumps and Boundary Values

The last requirement to match is discrete coercivity on the broken polynomial
space Vh with respect to a suitable norm. The difficulty with the discrete bilinear
form a$® defined by (4.8) is that, for all v, € V},

h (Uh,?)h = thvhH[L2(Q)]d -2 Z /{{thh}} HF[[Uh]]

FeFn

and the second term on the right-hand side has no a priori sign so that, without
adding a further term, there is no hope for discrete coercivity (in some situations,
discrete inf-sup stability can be achieved without penalty; cf. Remark 4.14).
To achieve discrete coercivity, we add to aj’® a term penalizing interface and
boundary jumps, namely we set, for all (v,wp) € Vip X Vi,

a’zlp(v7wh) = azs(v7wh) + Sh('U,’U_)h)7 (410)
with the stabilization bilinear form
sp(v,wp) Z / [l [ws], (4.11)
FeFy

where 1 > 0 is a user-dependent parameter and A a local length scale associated
with the mesh face F € Fj. We observe that, owing to (4.6a), adding the bilinear
form sp to aj® does not alter the consistency and symmetry achieved so far.
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Moreover, Lemma 4.12 below shows that, provided the penalty parameter 7 is
large enough, the discrete bilinear form a}" enjoys discrete coercivity on Vj,.
We now present a simple choice for the local length scale hp.

Definition 4.5 (Local length scale hr). For all F' € F},, in dimension d > 2, we
set hr to be equal to the diameter of the face F', while, in dimension 1, we set
hp :=min(hy,, hr,) if F € F} with F = 9Ty N 0T, and hp := hy if F € F? with
F =0T NoA. In all cases, for a mesh element T' € 7y, hr denotes its diameter
(cf. Definition 1.13).

Remark 4.6 (Local length scale hr). Other choices are possible for the local
length scale hp weighting the face penalties in the stabilization bilinear form
Sh, €.g., the choice hp = {h} := L(hy, + hp,) for all F € Fi, or the choice
hrp = %{i (that is, the mean value of the d-dimensional Hausdorff measures

of the neighboring elements divided by the (d—1)-dimensional Hausdorff measure
of the face, recalling that for d = 1, |F|o = 1). Incidentally, we observe that
modifying the choice for the local length scale impacts the value of the minimal
threshold on the penalty parameter n for which discrete coercivity is achieved.

Combining (4.10) with (4.11) yields, for all (v,wp,) € Vi x Vi,

P (v, wp,) / Vivo-Vaw, — Y / VoY nplws] + [ Vaws }nr)

FeFy

+ Z / [v][wn], (4.12)

FeFy

or, equivalently using (4.9),

ahp v, Wwp,) Z / (Av)wp, + Z / [Viv] npfdws}

TET, FeFi
— [v]{Vrwr}np + [v][wr]- (4.13)
é;h/ bt 3 e

The idea of weakly enforcing boundary and jump conditions on the discrete
solution using penalties can be traced back to the seventies, in particular the
work of Nitsche [248,249]|, Babuska [20], Babuska and Zlamal [24], Douglas and
Dupont [134], Baker [25], and Wheeler [306]. The discrete bilinear form a}®
defined by (4.12) corresponds to the Symmetric Interior Penalty (SIP) method
introduced by Arnold [14]; henceforth, a;™ is called the SIP bilinear form. In the
present context, interior penalty means interior as well as boundary penalties.

Definition 4.7 (Consistency, symmetry, and penalty terms). The second, third,
and fourth terms on the right-hand side of (4.12) are respectively called consis-
tency, symmetry, and penalty terms.
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4.2.1.4 The Discrete Problem

The discrete problem is
Find up € Vj, s.t. asﬁip(uh,fuh) = / fop, for all vy, € V. (4.14)
Q

Lemma 4.12 below states that provided the penalty parameter 7 is large enough,
the SIP bilinear form is coercive on Vj. Thus, owing to the Lax—Milgram Lemma,
the discrete problem (4.14) is well-posed. Moreover, a straightforward conse-
quence of the above derivation is consistency.

Lemma 4.8 (Consistency). Assume u € Vi. Then, for all vy, € Vj,

azip(u7vh) :/fvh-
Q

Remark 4.9 (Rough right-hand side). At the continuous level, the Poisson prob-
lem can be posed for a right-hand side f € V' = H~1(€2), the dual space of the
energy space V = Hi (), leading to the weak formulation

a(u,v) = (f,v)y v  YveW

Since the discrete space V}, is nonconforming in V, it is not possible, at the
discrete level, to take (f,vp)y v as right-hand side in (4.14). One possibility is
to use a smoothing operator Z, : Vi, — Vi N H(} (©2) and to consider the discrete
problem

Find uy € Vj, s.t. azip(uh,vh) = <f7IhUh>V’,V for all v, € V},. (4.15)

One example of smoothing operator is the averaging operator considered in
Sect.5.5.2. An important observation is that (4.15) is no longer consistent.

Remark 4.10 (Stencil). With an eye toward implementation, we identify the
elementary stencil (cf. Definition 2.26) associated with the SIP bilinear form.
For all T € 7y, the stencil of the volume contribution is just the element T,
while the stencil associated with the consistency, symmetry, and penalty terms
consists of T" and its neighbors in the sense of faces. Figure 4.1 illustrates the
stencil for a matching triangular mesh; cf. Sect. A.1.3 for further insight.

4.2.2 Other Boundary Conditions

The discrete problem (4.14), which was derived in the context of homogeneous
Dirichlet boundary conditions, needs to be slightly modified when dealing with
other boundary conditions. The modifications are designed so as to maintain
consistency when the exact solution satisfies other boundary conditions. For
instance, when (weakly) enforcing the nonhomogeneous Dirichlet boundary con-
dition u = g on 9Q with g € H/?(98), the discrete problem becomes

Find uy, € Vj, s.t. azip(uh,vh) =1P(g;vp,) for all vy, € Vi,
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Fig. 4.1: Example of stencil of an element T' € 7, when 7}, is a matching
triangular mesh; the mesh element T is highlighted in dark grey, and its three
neighbors, which all belong to the stencil, are highlighted in light grey; the other
triangles do not belong to the stencil

with @ still defined by (4.12) and the new right-hand side

1P (g;vn) 1=/fUh—/ gVpopn+ l/ gUh.
! Q a0 Z hr JF

Fer}

As a result, for the exact solution u € Vi, afjp(u,vh) = 1P(g;vp), for all
vp, € Vp,. Furthermore, when (weakly) enforcing the Robin boundary condition
yu+ Vun = g on 0 with g € L2(0Q) and v € L>(99) such that +y is nonneg-
ative a.e. on 0f2, the discrete problem becomes

Find up, € Vi, s.t. ai(up,vn) = 0¥(g; vp,) for all vy, € Vi,

where, for all (v,wp) € Vip X Vi,

al(v,wp) = /ﬂvhv-vhwh— Z /ﬂ({vhv}np[[wh]]—i- [v]{Vrwn}nr)

FeF}

+ Y [l + Y [ v, (416)

FeF} FeF!

and

L (giwn) 1=/fwh+/ gWp,.
Q 20

As a result, for the exact solution u € Vi, al(u,vp,) = (X(g;vy), for all vy, € Vj,.
Moreover, we observe that, unlike in the Dirichlet case, the summations in the
consistency and symmetry terms are restricted to interfaces. Finally, the case
~ = 0 corresponds to the Neumann problem. For this problem, the data must
comply with the compatibility condition [, f = — [,5 g, and the solution is
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determined up to an additive constant. One possibility is to additionally enforce
fQ up, = 0. In practice, the discrete problem can still be formulated using V}, as
trial and test space, and the additional constraint can be enforced by postpro-
cessing. Observing that the rank of the problem matrix is one unit less than its
size, the discrete solution can be obtained (1) using a direct solver with full piv-
oting, so that the zero pivot is encountered when processing the last line of the
matrix and a solution can be obtained by fixing an arbitrary value for the degree
of freedom left or (2) using an iterative solver which only requires matrix-vector
products. The most common linear algebra libraries (e.g., the PETSc library
[26]) offer specific functionalities to handle this case efficiently.

4.2.3 Basic Energy-Error Estimate

Let u solve the weak problem (4.2) and let uy, solve the discrete problem (4.14).
The aim of this section is to estimate the approximation error (v — up). The
convergence analysis is performed in the spirit of Theorem 1.35. We recall that
the space V is specified in Assumption 4.4 and that V;, = V, + V},.

4.2.3.1 Discrete Coercivity

We aim at asserting this property using the following norm: For all v € V,p,

1/2
Wollsip = (IVa0 Iz + 0F) (4.17)

with the jump seminorm

1/2
0]y == (0 sn(v,0))/* = (Z %[[v]]%z(p)) : (4.18)

FeFy

We observe that ||||sip is indeed a norm on Vi, and even on the broken Sobolev
space H'(7;). The only nontrivial property to check is whether, for all v €
HY(Ty), |lv]lsip = 0 implies v = 0. Clearly, [[v]|si, = 0 implies [|[V5v|[12(q)2 =0
and |v|; = 0. The first property yields Vv = 0 so that v is piecewise constant.
The second property implies that the interface and boundary jumps of v vanish.
Hence, v = 0.

Our first step toward establishing discrete coercivity for the SIP bilinear form
is a bound on the consistency term using the jump seminorm |-|;.

Lemma 4.11 (Bound on consistency term). For all (v,wp) € Vip X Vp,

1/2
> /{{th}}nF [wi]| < (Z > hpl|Volr- nFL2(F)> lwnly. (4.19)

FeF, TeT), FeFr
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Proof. For all F € F} with F = 9Ty N 9Tz, and a; = (Vv)|r, np, i € {1,2}, the
Cauchy—Schwarz inequality yields

JATpnefon] = [ 5@+ a)fun)

IN

1/2
1 —1/y
(3helarlacr, + laalary) 1 Il
Moreover, for all F € FP with F = 9T N oS,

ATk bnrln] < BV elnr acey x bl sy

Summing over mesh faces, using the Cauchy—Schwarz inequality, and regrouping
the face contributions for each mesh element yields the assertion. O

We can now turn to the discrete coercivity of the SIP bilinear form. We
recall that Nj, defined by (1.12), denotes the maximum number of mesh faces
composing the boundary of a generic mesh element and that this quantity is
bounded uniformly in h; cf. Lemma 1.41.

Lemma 4.12 (Discrete coercivity). For all n > n = C2 Ny where Cy, results
from the discrete trace inequality (1.37) and the parameter Ny is defined
by (1.12), the SIP bilinear form defined by (4.12) is coercive on Vi, with respect
to the ||-|sip-norm, i.e.,

Yon € Vi, a3"(vnyon) 2 Cyllonllzy,s
with Cy, == (n — CZNp)(1 +n)~ .

Proof. Let v, € V},. Since, for all T € 7j, and all F' € Fr, hp < hr (cf. Defini-
tion 4.5), we obtain using the discrete trace inequality (1.40),

>0 Y hellVunlrngllizgey < Y brllVonlrnre]izon
TeT, FEFT TeT),

< CoNal| Va2 e

whence we infer from (4.19) that

> [ Akl

FeFy

< CtrN(;/zthvhH[L2(Q)]d|Uh‘J-

As a result,
ay® (0n,vn) > [ Vavnlfe e — 204Ny 21V hvnll 22 cype [vnl s + nlvn)2.

We now use the following inequality: Let 3 be a positive real number, let > 32;
then, for all x,y € R,

2? = 2By +ny* > 77_—52(962 +4°)
1479 '
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Applying this inequality with g = CtrN;/Q, r = ||[Vavnll2(q)e, and y = [vp|;
yields the assertion. O

Remark 4.13 (Modifying the local length scale). Recalling Remark 4.6, other
choices for the local length scale hr can be made when defining the stabi-
lization bilinear form sj. The jump seminorm [-|; is still defined by |v|; =
(1™ sn(v,v)) /2, and the proof of Lemma 4.12 can be deployed as above as long
as the chosen length scale is a lower bound for the diameter of both neighboring
elements; otherwise, an additional factor appears in the definition of the minimal
threshold 7.

Remark 4.14 (Discrete stability without penalty). In one space dimension, the
discrete bilinear form a§® enjoys discrete inf-sup stability without adding the
stabilization bilinear form s; for polynomial degrees k > 2; see Burman, Ern,
Mozolevski, and Stamm [67]. Furthermore, in two and three space dimensions
and using piecewise affine discrete functions supplemented by suitable element
bubble functions, discrete inf-sup stability can be proven for the discrete bilinear
form aj® again without adding the stabilization bilinear form s,; see Burman and
Stamm [70]. Finally, it is also possible to devise penalty strategies acting only
on the low-degree part of the jumps; see, e.g., Hansbo and Larson [184] and
Burman and Stamm [71].

Remark 4.15 (Poincaré inequality using the ||-||sip-norm). It can be proven (cf.
Corollary 5.4) that there exists o2, independent of h, such that

Yo, € Vi, ||'UhHL2(Q) < 0'2H|Uhmsip- (4.20)

More generally, on the broken Sobolev space H'(7j,), it is proven by Brenner [51]
(see also Arnold [14]) that, for d € {2,3}, there is o4, independent of h, such
that

we HYT), ol < oblvllp. (421)
4.2.3.2 Boundedness

We define on V,j, the norm

1/2
lvllsip,« == <|||U||§ip+ > hT||VU|T'nT||%2(8T)) : (4.22)

TeTh

Lemma 4.16 (Boundedness). There is Cpna, independent of h, such that

V(v,wr) € Vin X Vi, @ (v, wp) < Cpnal|v]lsip.«

|wh ||sip- (4.23)
Proof. Let (v,wp,) € Vip, X Vj,. We observe that

o) = [ ViV 3 [ (Vobnetol- 3 [ 11T

FeFn FeFy

+ > L / [v][wh] := %1 + T2 + T3 + Za. (4.24)
FeFy hF F
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Using the Cauchy-Schwarz inequality yields |T1] < [[Vavlliz2 e[| Vawnl| 22 )4
and |T4| < n|v|s|wp]y. Moreover, owing to the bound (4.19) and since hp < hp,

wply < Jollsip,« lwnllsip,

1/2
%o < (Z hTVUT'nTiz(aT)> [wnls < Ivllsip,«
TeT,

by definition of the ||||sip «-norm. Finally, still owing to the bound (4.19) and
proceeding as in the proof of Lemma 4.12 leads to

1Ts] < CouNy 0] Vawnll2aye < CorNg*[0llipllwn lsip-

Collecting the above bounds yields (4.23) with Chpna =2+ 1+ C’trN(;/z. O

4.2.3.3 |-|lsip-Norm Error Estimate and Convergence

A straightforward consequence of the above results together with Theorem 1.35
is the following error estimate.

Theorem 4.17 (||-||sip-norm error estimate). Let u € Vi solve (4.2). Let up

solve (4.14) with a}* defined by (4.12) and penalty parameter as in Lemma 4.12.

1

Then, there is C', independent of h, such that

lu = unllsip < C inf Jlu — vplsip,« (4.25)
v EVY

To infer a convergence result from (4.25), we assume that the exact solution
is smooth enough and use Lemmata 1.58 and 1.59. The resulting estimate is
optimal both for the broken gradient and the jump seminorm.

Corollary 4.18 (Convergence rate in ||-||sip-norm). Besides the hypotheses of
Theorem 4.17, assume u € H*1(Q). Then, there holds

‘”’U, — Up ”|sip S Cuhka (426)
with Cy, = C|lul| gr+1(q) and C independent of h.

Remark 4.19 (Bound on the jumps). The contribution of the jump seminorm to
the error ||u—wup||sip can be controlled by the contribution of the broken gradient
under some assumptions. For instance, Lemma 5.30 shows that, on matching
simplicial meshes and for a large enough penalty parameter, there holds, up to
a positive factor independent of h,

lu —unly = unls S IVi(u —un)llz2@)e + Rosc,0s

where the data oscillation term Rosc 0, defined by (5.34), converges to zero at
order h**t1 if f € H*(Q) and at order h**2 if f € HFT1(Q). We also refer
the reader to Bonito and Nochetto [46] for a similar bound on the jumps on
general meshes, and to Ainsworth and Rankin [7,9] for a sharper condition on
the penalty parameter on triangular meshes with hanging nodes.
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4.2.3.4 Analysis Using Only the ||sip «~-Norm

The convergence analysis of elliptic problems is often performed using a single
norm. Such an approach is possible here by working only with the ||-||sip-norm
which turns out to be uniformly equivalent to the ||-||sip,«-norm on Vj.

Lemma 4.20 (Uniform equivalence of ||-[|sip- and |-||sip,«-norms on V4,). The
I-llsip- and ||-|lsip,«-norms are uniformly equivalent on Vy,. Specifically,

Csipllonllsip« < llonllsip < llonllsips  Von € Vi,

with Csip independent of h.

Proof. The upper bound is immediate, while the lower bound results from the
discrete trace inequality (1.40) and the uniform bound on Nj. |

A consequence of Lemma 4.20 is discrete coercivity on V}, in the form
sip ! 2
V’Uh € Vh> ay, (Uh7vh) > CnmthSip,w

with C’T’] independent of h. Moreover, an inspection at the proof of Lemma 4.16
leads to boundedness on V,j, x V}, in the form

V(v,wn) € Vin X Vi, a3 (v,wn) < Chpallollsip,s|

|wh ”|sip,* P

with Cf , independent of h. Using the above results leads to the following
convergence results in the ||||sip, «-norm.

Theorem 4.21 (||-||sip,«-norm error estimate). Under the hypotheses of Theo-
rem 4.17, there is C, independent of h, such that

b — unllspe < C it Ju— onlipee (4.27)
VR E€Vh

Corollary 4.22 (Convergence rate in ||-||sip «-norm). Besides the hypotheses of
Theorem 4.17, assume u € H*1(Q). Then, there holds

lu = unllsip,« < Cuh®, (4.28)
with Cy, = C|lul| gr+1(q) and C independent of h.

Remark 4.23 (Comparison with [|-||sip-norm estimates). The discrete coercivity
of a}® is naturally expressed using the |-||sip-norm, whereas using the [|-|lsip..-
norm leads to the inclusion in the error estimate of the additional factor Cgi,
related to norm equivalence (cf. Lemma 4.20). Therefore, estimates (4.25) and
(4.26) deliver a sharper bound on the broken gradient and the jump seminorm.
However, estimates (4.27) and (4.28) convey additional information regarding

the convergence of the normal gradient at mesh element boundaries.
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4.2.4 [*’-Norm Error Estimate

Using the broken Poincaré inequality (4.21), the ||-[|sip-norm estimate (4.26)
yields the L2-norm estimate

Hu — UhHLZ(Q) S O'IQCuhk.

This estimate is suboptimal by one power in h. To remedy this drawback and
recover optimality, it is possible to resort to a duality argument (the so-called
Aubin-Nitsche argument [17]) under the following assumption.

Definition 4.24 (Elliptic regularity). We say that elliptic regularity holds true
for the model problem (4.2) if there is Cey, only depending on 2, such that, for
all 1 € L?(9), the solution to the problem:

Find ¢ € H3(Q) s.t. a(¢,v) = / Y for all v € HY (),
Q
is in Vi and satisfies

<1172 () < Cenll®llL2 (0

Elliptic regularity can be asserted if, for instance, the polygonal domain €2 is

convex; see Grisvard [177]. To derive an L2-norm error estimate, we extend the

SIP bilinear form to Vip X Vip, so that both arguments of asﬁip can belong to V.

Theorem 4.25 (L?—norm error estimate). Let u € Vi solve (4.2). Let up
solve (4.14) with a;® defined by (4.12). Assume elliptic regularity. Then, there
is C', independent of h, such that

[w—unllz2) < Chllu — uplsip,»- (4.29)

Proof. We consider the auxiliary problem
Find ¢ € H3(Q) s.t. a(¢,v) = / (u —up)v for all v € HY (),
Q

and use elliptic regularity to infer ||C[|2q) < Cenllu — unl|12(q)- Since ¢ € V4,
[V¢{l'nr=0o0nall F € Fj and [(] =0 on all F € Fj,. Hence, (4.13) implies

G (Cu — up) = /Q (—A0)(u — un).

Exploiting the symmetry of @} and since —A{ = u — uy,, we obtain

ay? (u = up, ¢) = [lu = uplF2(q-
Furthermore, since consistency implies Galerkin orthogonality (cf. Remark 1.32)
and letting 7} be the L2-orthogonal projection onto P}(7,) C Vj, (since k > 1),
we infer ‘
ay®(u — up, mh¢) = 0.
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Hence, using the boundedness of asﬁip on V., x Vi which results from the fact
that a}* (v, w) < Jv|lsip,« [|wllsip,« for all v,w € Vi, the approximation properties
of 7} in the ||-||sip,«-norm, and the regularity of ¢, we obtain, up to multiplicative
factors independent of h,

[lu — Uh”%z(ﬂ) = a?f"(u —up, ¢ —730)
IC — W}LC‘”sipy*

S llw —un msip,*hHCHHZ(Th)
S lw = unllsip Pollw — wal

S llv = unllsip,«

L2 (Q)
Simplifying by [|u — up||L2(q) yields (4.29). |

A straightforward consequence of (4.28) and (4.29) is the following conver-
gence result for smooth solutions.

Corollary 4.26 (Convergence rate in L2-norm). Besides the hypotheses of The-
orem 4.17, assume elliptic regularity and v € H**Y(Q). Then, there holds

[u — up | L2) < Cuh™, (4.30)
with Cy = C|ul| gr+1(q) and C independent of h.
Estimate (4.30) is optimal. We emphasize that the symmetry of azip has

been used in the proof of Theorem 4.25.

Remark 4.27 (Adjoint-consistency). Following Arnold, Brezzi, Cockburn, and
Marini [16], the property ay”(u—up,¢) = [o(—=A)(u—up), which results from
symmetry and consistency, can be termed adjoint consistency.

Remark 4.28 (Error estimates in other norms). We refer the reader, e.g., to
Chen and Chen [89] and to Guzman [181] for pointwise error estimates on the
discrete solution and its broken gradient using weighted broken Sobolev norms.

4.2.5 Analysis for Low-Regularity Solutions

This section is devoted to the analysis of the SIP method under a regularity
assumption on the exact solution that is weaker than Assumption 4.4.

Assumption 4.29 (Regularity of exact solution and space V,). We assume that

d > 2 and that there is p € (d2—_;_12, 2] such that, for the exact solution u,

uw eV, :=VNW>P(Q).
In the spirit of Sect. 1.3, we set Vi, := Vi, + Vj.

Assumption 4.29 requires p > 1 for d = 2 and p > g for d = 3. In particular,
we observe that, in two space dimensions, u € W2?(Q) with p > 1 holds true in
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polygonal domains; see, e.g., Dauge [119]. Moreover, using Sobolev embeddings
(see Evans [153, Sect.5.6] or Brézis [55, Sect.IX.3]), Assumption 4.29 implies
u € H' o (Q), ap = dr2 _d > 0. (4.31)
2 P

We still consider the discrete problem (4.14) with the discrete bilinear form
azip defined by (4.12). The convergence analysis under the regularity assump-
tion 4.29 has been performed recently by Wihler and Riviére [308] in two space
dimensions and, using slightly different techniques, by the authors [132] in the
context of heterogeneous diffusion in any space dimension; cf. Sect. 4.5. We follow
here the approach of [132], building up on the analysis presented in Sect. 4.2.3 for
smooth solutions. In the present context of an exact solution with low-regularity,
we assume for simplicity £ = 1. We also assume p < 2 since in the case p = 2,
Assumption 4.29 amounts to Assumption 4.4.

We already know that discrete coercivity holds true provided the penalty
parameter is chosen as in Lemma 4.12. Moreover, owing to Lemma 4.3, the
discrete bilinear form azlp can be extended to Vi, X V}, and consistency can
be asserted as in Lemma 4.8. Thus, it only remains to prove boundedness. To
this purpose, we need to redefine the ||-||sip,«-norm since functions in V; are such
that, for all T € Ty, Vv|pnyp is in LP(OT), but not necessarily in L?(97T). Thus,
we now define on V,;, the norm

l/p
1+,
Follip.e = (mvn;ﬁ SR ||w|T-nT§p(aT)) L (432)
TeTh
where = Ld(p — 2). We observe that, for p = 2, we recover the previous
Tp 5a(p , p » p

definition (4.22) of the |||lsip,«-norm. The value for v, is motivated by the
following boundedness result.

Lemma 4.30 (Boundedness). There is Cyna, independent of h, such that

Y(v,wp) € Vin X Vi, a2 (0,w1) < Conallv]lsip.«

| wnlsip- (4.33)

Proof. Let (v,wp) € Vip X Vi, We need to bound the four terms %i,...,%,4
in (4.24). Proceeding as in the proof of Lemma 4.16, we obtain

%1 + T3 + Tl < Cllollsipllwn llsip,

with C' independent of h, so that it only remains to bound the consistency
term To. To this purpose, we proceed similarly to the proof of (4.19), but use
Holder’s inequality instead of the Cauchy-Schwarz inequality. For all F € F}
with F' = 90Ty N 9T4, and a; = (Vv)|r,-np, i € {1,2}, Holder’s inequality yields

[ ATbarto] = [ 5o+

IN

)14y, s
(505 Qaallgry + laalogey)) A7 sl
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with 3, = “;7? and g = £. Moreover, for all F € F} with F = 0T N dQ,

1/p
1+ i3 _Bp
/F{{th}}"nF[[wh]] < (hp ! IIWIT-HFHZ(F)) hie " lfwnll o r)-

Owing to the inverse inequality (1.43) and since 8, — 3 = (d — 1)(% — 1), we
infer 5 y
—Bp —1
he " Nwn]llzacr) < Cinvig2hp " llwn]llzz (e,
where Cliny,g,2 is independent of h and can be bounded uniformly in g (cf.
Remark 1.51). Combining the above bounds, summing over mesh faces, and
using Holder’s inequality yields

]/p
1+,
< (Z hy'! VUT'HTHZL)p(aT))

TeT,

l/q
% Chawg ( 2 (hﬁnuwhﬂm(m)q) -

FeFy,

3 /F (Vo) npfun]

FeFy,

Since ¢ > 2, we obtain

/q ) 1/2
(Z (h;”znﬂwhﬂllmm)q) s(Z (h;l/ﬂwwh]]nm(m)) = wils.

FeFy, FeFy,
Hence,
1
> /{th}}nF[wh]] < (Z thﬂpVUT'nTip(aT)) Cinv,q.2|wnls,
Fer, ' F TET,
whence we infer (4.33). O

To state a convergence result, we need optimal polynomial approximation
for functions in V, = W?2P(Q). For simplicity, we restricted the presentation
of Sect. 1.4.4 to the Hilbertian setting. In the present non-Hilbertian setting, we
make the following assumption.

Assumption 4.31 (Optimal polynomial approximation in W2P(T')). The mesh
sequence (T )new is such that, for allh € H, all T € T, and all v € W2P(T),
there holds

[v — Thvlwme 1y < Capphi ™ [0lwes (1) m € {0,1,2}, (4.34a)

v — 0| g2y < Cappliy " olwewy  m e {0,1}, (4.34D)

with Capp independent of both T and h, while oy, is defined by (4.31).
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Assumption 4.31 can be asserted for mesh sequences with star-shaped
property or finitely-shaped property; cf. Lemmata 1.61 and 1.62. We can
now turn to our main convergence result.

Theorem 4.32 (||-||sip-norm error estimate and convergence rate). Let u € V,
solve (4.2). Let uy, solve (4.14) with a}® defined by (4.12) and penalty parameter
as in Lemma 4.12. Then, there is C, independent of h, such that

lu = unllsip < € inf flu = vallsip,«, (4.35)
VR E€Vh

where the |||sip,«-norm is defined by (4.32). Moreover, under Assumption 4.31,
there holds
lw = unllsip < Cuh®, (4.36)

with Cy = Clu|w2.r(q) and C independent of h.

Proof. Estimate (4.35) is a direct consequence of Theorem 1.35 since we estab-
lished discrete coercivity, consistency, and boundedness. We now take v, = mpu
in (4.35). We first observe that, for all T' € 7},, using (4.34a) together with the
continuous trace inequality (1.18) yields

IV(u — mpu)|rnr||Leory S h%rfl/p\u\wlv(T),

where a < b means the inequality a < Cb with generic positive C' independent
of h and T. Since H% +1— 1 =y, we infer

1/p
147, N
( Z hp ! IV (u— 7"'hu)|T’nTHZ[),p(aT)) Sh p‘u‘WZ,p(Q).
TETh

Moreover, using (4.34b) together with the continuous trace inequality (1.19)
yields
lw = mhullsip < 2O fulw2e @)-

Combining the two above bounds leads to (4.36). O

The convergence rate in the error estimate (4.36) is optimal both for the
broken gradient and the jump seminorm.

4.3 Liftings and Discrete Gradients

Liftings are operators that map scalar-valued functions defined on mesh faces
to vector-valued functions defined on mesh elements. In the context of dG
methods, liftings act on interface and boundary jumps. They were introduced
by Bassi, Rebay, and coworkers [34,35] in the context of compressible flows
and analyzed by Brezzi, Manzini, Marini, Pietra, and Russo [58, 59| in the
context of the Poisson problem (see also Perugia and Schétzau [257] for the
hp-analysis). Liftings have many useful applications. They can be combined
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with the broken gradient to define discrete gradients. Discrete gradients play
an important role in the design and analysis of dG methods. Indeed, they can
be used to formulate the discrete problem locally on each mesh element using
numerical fluxes. Moreover, as detailed in Sect. 5.1, they are instrumental in the
derivation of discrete functional analysis results, that, in turn, play a central role
in the convergence analysis to minimal regularity solutions (cf. Sect.5.2). Lift-
ings can also be employed to define the stabilization bilinear form [35], yielding
a more convenient lower bound for the penalty parameter n; cf. Sect.5.3.2.

4.3.1 Liftings: Definition and Stability

As before, we assume that the mesh 75 belongs to an admissible mesh sequence.
For any mesh face F' € Fj, and for any integer | > 0, we define the (local) lifting
operator

rp : L(F) — [Py(T)]"
as follows: For all ¢ € L2(F),

/ v () = / {mYnre Vo€ [PL(TH)L (4.37)
Q F

We observe that the support of r’.(¢) consists of the one or two mesh elements
of which F is part of the boundary; using the set 7z defined by (1.13) yields

supp(rh) = U T. (4.38)
TeTr

Moreover, whenever the mesh face F is a portion of a hyperplane (this hap-
pens, for instance, when working with simplicial meshes or with general meshes
consisting of convex elements), 14 (¢) is colinear to the normal vector np.

Lemma 4.33 (Bound on local lifting). Let F € Fp, and let | > 0. For all
¢ € L3(F), there holds
[ I"F(SD)H 2@ < Cuhp H<P||L2(F) (4.39)

Proof. Let ¢ € L?(F). Equation (4.37), the fact that hp < hy for all T € Tp,
and the discrete trace inequality (1.37) yield

I Mo = [ b i) = [ e hnre

< (th Lier) s (e [ stone)”

1/2
||90HL2(F) x Cyr (card (Tr)~ Z / |1"F ‘P)|2> )

TeTr

whence (4.39) follows since card(Z7p)™! < 1 and since Y cr. [r[1h(0)]> =
[ rlF‘(@)H%LZ(Q)]d owing to (4.38). 0O
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For any integer [ > 0 and for any function v € H(7}), we define the (global)
lifting of its interface and boundary jumps as

Ri,([]) = > ri([v]) € [Pu(Tn)]", (4.40)

FeFy,

being implicitly understood that 4 acts on the function [v]z (which is in L2(F)
since v € HY(7y,)).

Lemma 4.34 (Bound on global lifting). Let I > 0. For all v € H(T},), there
holds

/2
IRE (WD)l iz2 (e < Ny? ( > ||rlF(HUH)[2L2(Q)]d) ; (4.41)

FeFy
so that
IR (D) lljz2 0y < CurlNy [0l (4.42)
Proof. Let v € H'Y(T;,). Owing to (4.38), we infer (RiL([v]]))\T = ZFEFT
(% ([v]))|r, so that using the Cauchy—Schwarz inequality, we obtain
2

IRLED e = 3 [ | X wlloD
7et, ’ T |FeFrr
< z card(Fr) Z /|fF [on])I?
TeT, FeFr
< maxcard (Fr) Z Z /‘rF(H:U’L]])|2
TET, FEFr

= max card(Fr) Z e (D 12 0y
FeFy

and the bound (4.41) follows using the definition (1.12) of Ny. Finally, (4.42)
results from (4.41) and the fact that

1/2
(Z |rlF([[U]])[2L2(Q)]d> < Culvly,

FeFn

owing to Lemma 4.33. O

To illustrate in the case [ = 0 (piecewise constant liftings), we obtain, for all
v € HYT;) and all T € Ty,

RNl = 3 W=t oy, (4.43)

FeFr |T|d

where np g is the outward normal to T on F, vy := v|p, and vp = %(UT +v|7)
whenever F = 9T NIT', T # T', while vp := 0 if F € F?. The (opposite of
the) above expression has been used as a gradient reconstruction in the context
of finite volume methods replacing vr by a consistent trace reconstruction (see
Eymard, Gallouét, and Herbin [158]); cf. also formula (5.28).
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4.3.2 Discrete Gradients: Definition and Stability

For any integer | > 0, we define the discrete gradient operator
G), : H'(Tn) — [L*(Q))7,
as follows: For all v € HY(7p,),
G, (v) := Vv — Ry ([v]). (4.44)

Proposition 4.35 (Bound on discrete gradient). Let! > 0. For allv € H'(73,),
there holds

G @)z < (1 + CENo) ~llollsip,
where the ||-||sip-norm is defined by (4.17).

Proof. Let v € H'(7},). Using the triangle inequality together with (4.42) yields

G, )l iz2@ye < VRVl L2 + I RE (WD |22 )
< thU”[LZ(Q)]d + CtrN(;/2|U|J,

whence the assertion. Od

4.3.3 Reformulation of the SIP Bilinear Form

Let | € {k — 1,k} and set, as in Sect.4.2, V}, = [P";(Th) with & > 1 and 73,
belonging to an admissible mesh sequence. Following Brezzi, Manzini, Marini,
Pietra, and Russo [58], it is interesting to observe that the bilinear form a$®
defined by (4.8) can be equivalently written as follows: For all vy, wp, € Vi,

GZS(’U}“wh):/;2thh.v}lwhi/g‘zthh.Ril([[wh]])i‘/ﬂVhwh.Ril([[vh]]). (445)

This results from definitions (4.37) and (4.40) and the fact that Vjvp, and Vywy,
are in [P}(73)]¢ since | > k — 1, so that, for all F € Fp,

/F{thh}-npﬂwh]] :/QV,Lvh-rlF([wh]]).

Starting from (4.45) and using the definition (4.44) of the discrete gradient, we
infer, for all vy, wy, € Vj,

a5 (on, wn) = / Gl (u1)- G, (wn) — / R ([on])- R ([wn]).

As a result, recalling that the SIP bilinear form considered in Sect. 4.2 is such
that a;” = af® + s;, with s;, defined by (4.11), we obtain, for all v, w;, € V4,

azip(vhvwh) = / Glh ('Uh).GiL(wh) + ‘§?Lip(vh’ wh)7 (4'46)
Q
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with

oneon)i= 30 7 [ ollod = [ R@D Ry QD @4)

FeFy

The most natural choice for [ appears to be [ = k—1 since the broken gradient is
in [PX~1(7;,)]¢. The choice I = k can facilitate the implementation of the method
in that it allows one to use the same polynomial basis for computing the liftings
and assembling the matrix.

The interest in using discrete gradients to formulate dG methods has been
recognized recently in various contexts, e.g., by Lew, Neff, Sulsky, and Ortiz
[232] and Ten Eyck and Lew [293] for linear and nonlinear elasticity, Buffa and
Ortner [61] and Burman and Ern [65] for nonlinear variational problems, and
the authors [131] for the Navier—Stokes equations; see also Agélas, Di Pietro,
Eymard, and Masson [6]. The expression (4.46) of the SIP bilinear form plays
a central role in Sect. 5.2 when analyzing the convergence to minimal regularity
solutions. This expression is also useful in Sect. 4.4 in the context of a mixed dG
approximation.

It is interesting to notice the following straightforward consequence of the
bound (4.42).

Proposition 4.36 (Discrete coercivity). For all v, € Vj,

ay® (vn,on) 2 |G (0n) P2 e + (1 — CoNa)lon 3.

In view of this result, the expression (4.46) for azip consists of two terms, both
yielding a nonnegative contribution whenever wy, = v and, as in Lemma 4.12,
n > CZNy. The first term can be seen as the discrete counterpart of the exact
bilinear form a (such that a(v,w) = [, Vv-Vw) and provides a control on the
discrete gradient in [L2(Q2)]?. The role of the second term is to strengthen the
discrete stability of the method.

Remark 4.37 (Extension to broken Sobolev spaces). We emphasize that the def-
inition (4.46) of asﬁip is equivalent to (4.12) only at the discrete level. Differences
occur when extending the definitions (4.12) and (4.46) to larger spaces, e.g.,
broken Sobolev spaces. As discussed in Sect. 4.2.1, the SIP bilinear form defined
by (4.12) cannot be extended to the minimum regularity space H*(£2) because
traces of gradients on mesh faces are used. Instead, the bilinear form defined
by (4.46) can be extended to the broken Sobolev space H'(7;). We denote
this extension by ELS}'SP . Incidentally, dzip is no longer consistent. For convergence
analysis to smooth solutions, Strang’s First Lemma (see [285] or, e.g., Braess [49,
p. 106]) dedicated to nonconsistent finite element methods can be used, whereby
the consistency error is estimated for u € Hk"'l(Q) as follows: For all v, € V},,

dzip(u — Up,vp) = Z /F{Vu — 1 (Vu)ynp[vn] < CuhFlons,
FeFy

where 7, denotes the L2-orthogonal projection onto V3. As a result, the consis-
tency error tends optimally to zero as the meshsize goes to zero.
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4.3.4 Numerical Fluxes

DG methods can be viewed as high-order finite volume methods. The aim of
this section is to identify the local conservation properties associated with dG
methods. Such properties are important when the diffusive flux is to be used as
an advective velocity in a transport problem, as discussed, e.g., by Dawson, Sun,
and Wheeler [121] in the context of coupled porous media flow and contaminant
transport. While most discretization methods possess local conservation prop-
erties, the specificity of dG methods, together with finite volume and mixed
finite element methods, is to achieve local conservation at the element level as
opposed to vertex-centered or face-centered macro-elements; see, e.g., Eymard,
Hilhorst, and Vohralik [161].

Let T € Ty, and let £ € PX(T). Integration by parts shows that, for the exact
solution u,

/T fe=— /T (D) = /T vuve- [ (Vunre

Therefore, defining on each mesh face F' € F}, the exact flux as
Pp(u) := —Vunpg, (4.48)

and recalling the notation er r = nynp introduced in Sect. 2.2.3, we infer

[ vuves ¥ e [ wrte= [ s

FeFr

This is a local conservation property satisfied by the exact solution. Our goal is
to identify a similar relation satisfied by the discrete solution wuy, solving (4.14).
Using vy, = Exr as test function in (4.14) (where xr denotes the characteristic
function of T'), observing that V({xr) = (V&)xr, and recalling the defini-
tion (4.12) of a}®, we obtain

/Tf€=afjp(u;quT)= /TVU;L'Vf— Z /F{thh}nF[[fXT]]

FeFr

-3 [vouurwl+ ¥ i [ i

FeFr FeFr

Let | € {k —1,k}. The first and third terms on the right-hand side sum up to
Jr G (up)-VE since VE € [PE7H(T)]? and | > k — 1, while in the second and
fourth terms, we observe that [Exr] = er,rp€. As a result, for all T € 7;, and all

[ chunves 3 enr [ ontue= [ s (4.49)

FeFr

with the numerical flux ¢p(up) defined as

or(ur) = —{Vaun}nr + 5= [ur]- (4.50)
F
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We notice that the two contributions to ¢ (up) in (4.50) respectively stem from
the consistency term and the penalty term (cf. Definition 4.7). Equation (4.49)
is the local conservation property satisfied by the dG approximation. Interest-
ingly, the expression (4.50) is consistent with (4.48) since, for the exact solution
u, pp(u) = ®p(u). We also observe that the local conservation property (4.49)
is richer than that encountered in finite volume methods, which can be recovered
by just taking £ =1, i.e.,

> err /F or(up) = /T f. (4.51)

FeFr

4.4 Mixed dG Methods

In this section, we discuss mixed dG methods, that is, dG approximations to
the mixed formulation (4.5) with the homogeneous Dirichlet boundary condi-
tion (4.1b). Other boundary conditions can be considered. Such methods pro-
duce an approximation wuy for the potential v and an approximation oj for the
diffusive flux o.

Definition 4.38 (Discrete potential and discrete diffusive flux). Consistently
with Definition 4.1, the scalar-valued function uy, is termed the discrete potential
and the vector-valued function oy, the discrete diffusive flux.

First, we reformulate the SIP method of Sect. 4.2 as a mixed dG method and
show how the discrete diffusive flux can be eliminated locally. Then, we formulate
more general mixed dG methods in terms of local problems using numerical fluxes
for the discrete potential and the discrete diffusive flux following Bassi, Rebay,
and coworkers [34,35]. This leads, in particular, to the LDG methods introduced
by Cockburn and Shu [112]. In these methods, the discrete diffusive flux can
also be eliminated locally. Finally, we discuss hybrid mixed dG methods where
additional degrees of freedom are introduced at interfaces, thereby allowing one
to eliminate locally both the discrete potential and the discrete diffusive flux.

4.4.1 The SIP Method As a Mixed dG Method

One possible weak formulation of the mixed formulation (4.5) with the homo-
geneous Dirichlet boundary condition (4.1b) consists in finding (o,u) € X =
[L2(Q)]? x H3(Q) such that

m(o,7) +b(r,u) =0 Ve [L3(Q)]4,

—b(o,v) = /va Vv € Hi (),

(4.52)

where, for all o, 7 € [L?(Q)]¢ and all v € Hg(f2), we have introduced the bilinear

forms
m(o,T) II/O'-T, b(7,v) ::/T-Vv.
Q Q
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It is easily seen that (o,u) € X solves (4.52) if and only if 0 = —Vu and u solves
the weak problem (4.2).

At the discrete level, a mixed dG approximation can be designed as follows.
We consider a polynomial degree k > 1 for the approximation of the potential
and choose the polynomial degree [ for the approximation of the diffusive flux
such that [ € {k — 1,k}. The relevant discrete spaces are

Eh = [[Pfl(’]'h)]d, Uh = PZ('T;L), Xh = Zh X Uh.
The discrete problem consists in finding (o4, upn) € Xp such that

m(on, Th) 4 ba(Th,un) =0 Y7 € X,

~si 4.53
—bn(oh, vn) + 8,7 (un, vn) = / fon Yo € Uy, (4.53)
Q

with discrete bilinear form
bu(Th,vn) = / 7h-GY (vn),
Q

where the discrete gradient operator G, is defined by (4.44) and the stabilization
bilinear form 8, by (4.47).

Proposition 4.39 (Elimination of discrete diffusive flux). The pair (op,up) €
X}, solves (4.53) if and only if

Op = 7G§1(’U,h), (454)

and up, € Uy, is such that
/QGZ(Uh)-GZ(vh) + 5P (un, vp) = /vah Yoy, € Up,. (4.55)
Proof. The first equation in (4.53) yields
/Q(Uh +Gh(up)Th =0 V7 € Ty

Recalling that G} (up) = Viup — RL([un]) and since I > k — 1, we infer that
Gl (up) € Xp; therefore, (4.54) is satisfied. Substituting this relation into the
second equation of (4.53) yields (4.55). The converse is straightforward. O

Proposition 4.39 shows that the mixed dG method (4.53) is in fact equivalent
to a problem in the sole unknown u. In particular, the above choice for by, and
§,® yields the SIP method of Sect. 4.2; cf. (4.46).

Remark 4.40 (H (div;Q)-conformity of discrete diffusive flux). One drawback
of mixed dG approximations, and in particular (4.53), is that the discrete dif-
fusive flux o), = —G! (up) is not in H(div;{2) because its normal component
is, in general, discontinuous across interfaces. This point is further examined
in Sect.5.5 where we discuss a cost-effective, locally conservative diffusive flux
reconstruction obtained by postprocessing the discrete potential.
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4.4.2 Numerical Fluxes

In what follows, we focus for simplicity on equal-order approximations for the
potential and the diffusive flux, that is, we set | = k so that X, := [P¥(7},)]%,
while, as before, Uy := [P(’}(’]}l) Similarly to Sect.4.3.4, we can derive a local
formulation by localizing test functions to a single mesh element. Let T € 7y,
let ¢ € [PE(T)]4, and let & € PX(T). Integrating by parts in 7', splitting the
boundary integral on 07T as a sum over the mesh faces F' € Fp, and setting
er.r = nr-np, we infer for the exact solution that

/Ta{f/TuVCJr Z €T,F/};UF(C’HF):07

FeFr
*/ o-VE+ Z 6T,F/(UF'DF)§:/ f&
T Ferr F T
since 0 = —Vu and V-0 = f. The traces urp and op-ng are single-valued on

each interface; cf. Lemma 4.3.

At the discrete level, the general form of the mixed dG approximation is
derived by introducing numerical fluxes for the discrete potential and for the
discrete diffusive flux. These two numerical fluxes, which are denoted by 4 and
or for all F € Fp, are single-valued on each F € Fj. The numerical flux up
is scalar-valued and the numerical flux 6 is vector-valued. We obtain, for all
T €Ty, all ¢ € [PE(T)]4, and all € € PE(T),

/TUh'C*/TUhV'CJr Z €T7F/F1lp((j-np):0, (4.56a)

FeFr

. /T Vet S erp /F (Grnp)E = /T se. (4.56)

FeFr

Lemma 4.41 (Numerical fluxes for SIP). For the SIP method, the numerical
fluzes are given by

R {uh}} VF € .7:i,

= 4.57
o {o VF € FP, (4.578)
op = —{Vaun} + nhp' [unlnp  VF € Fi. (4.57b)

Proof. The assertion is obtained by testing the first equation in (4.53) with
Th = (X1, where xr denotes the characteristic function of 7', and testing the
second equation with v, = Exr. O

A first possible variant of the SIP method consists in keeping the defini-
tion (4.57a) for the numerical flux @ir and defining the numerical flux 6 as

o ={on}+ nh}l [ur]ng.
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The resulting dG method belongs to the class of LDG methods. The discrete
diffusive flux oy, can still be eliminated locally (since the numerical flux 4 only
depends on wuy), and the discrete potential up, € Uy, is such that

1d
ap &(up,vp) = / fon Yy € Uy,
Q
with the discrete bilinear form

a}fg(uh,vh): /S;thh-vh’vh— Z /F({{thh}}-npﬂvh]]—I—{thh}-npﬂuh]])

FeFy,

+ [ RiQwDREGoD + 3 7% [ fwlio]

FeFy,

= [ ctuGhw+ 3 7= [ il

FeFy

A nice feature of the discrete bilinear form al,?g is that discrete coercivity
holds on Uj, with respect to the ||-|sip-norm for any n > 0 (a simple choice is
n=1). The drawback is that the elementary stencil associated with the term
Jo RY ([un])- RE ([vn]) consists of a given mesh element, its neighbors, and the
neighbors of its neighbors in the sense of faces; cf. Fig.4.2. Such a stencil is
considerably larger than that associated with the SIP method; cf. Fig.4.1.

More general forms of the LDG method can be designed with the numerical
fluxes

Fig. 4.2: Example of LDG stencil of an element T € 7;, when 7} is a matching
triangular mesh; the mesh element is highlighted in dark grey, and all the nine
other elements, highlighted in light grey, also belong to the stencil (compare with
Fig.4.1)
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Q= {{Uh}}JrTﬂp[[uh]] VFEF;L,
"o VF € Y,

5 — J ok = Ylon]nr + nhptlup]np  VF € Fi,
r on +nhptupn VF € Fp,

where T is vector-valued and n > 0 is scalar-valued (in LDG methods, nh;l is
often denoted by C1; and T by Ci2). Since the numerical flux 4 only depends
on uy, the discrete diffusive flux oy can be eliminated locally. The above form
of the diffusive fluxes ensures symmetry and discrete stability for the resulting
dG method. A simple choice for the penalty parameter is again n = 1, while
the auxiliary vector-parameter Y can be freely chosen. LDG methods for the
Poisson problem have been extensively analyzed by Castillo, Cockburn, Perugia,
and Schotzau [80] (see also Castillo, Cockburn, Schétzau, and Schwab [81] for the
hp-analysis of LDG methods applied to diffusion-advection problems). In [80],
various choices of the penalty parameter Ci; are discussed; the above choice
Ci = nh;l leads to the same energy-norm error estimates as for the SIP method.
A particular choice for the vector-parameter T leading to superconvergence on
Cartesian grids has been studied by Cockburn, Kanschat, Perugia, and Schétzau
[100]. Variants of the LDG method aiming at reducing the stencil have been
discussed by Sherwin, Kirby, Peir6, Taylor, and Zienkiewicz [277], Peraire and
Persson [256], and Castillo [79].

A further variant of the SIP and LDG methods consists in considering the
numerical fluxes

0 VF € Fp,
or = {on} +nulunlnp VF € F.

. _{{{Uh}}+no[[ah]]~np VF € Fi,
Up =

Here, the penalty parameters 7,, and 7, are positive user-dependent real num-
bers, and a simple choice is to set n, = 17, = 1. This method is analyzed
in Sect.7.3 in the more general context of Friedrichs’ systems. Because the
numerical flux 4r depends on oy, (4.56a) can no longer be used to express locally
the discrete diffusive flux o, in terms of the discrete potential uj,. This precludes
the local elimination of o}, and, therefore, enhances the computational cost of the
approximation method. The approach presents, however, some advantages since
it can be used with polynomial degree k = 0 and there is no minimal threshold
on the penalty parameters (apart from being positive). Moreover, the approxi-
mation on the diffusive flux is more accurate yielding convergence rates in the
L?-norm of order h**t'/2 for smooth solutions, as opposed to the convergence
rates of order h* delivered by the SIP method (cf. (4.26)).

Finally, we mention that an even more general presentation can allow for two-
valued numerical fluxes at interfaces; see Arnold, Brezzi, Cockburn, and Marini
[16] for a unified analysis of dG methods. Two-valued numerical fluxes are
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obtained, for instance, when rewriting the nonsymmetric dG methods discussed
in Sect.5.3.1 as mixed dG methods.

4.4.3 Hybrid Mixed dG Methods

The key idea in hybrid mixed dG methods is to introduce additional degrees of
freedom at interfaces, thereby allowing one to eliminate locally both the discrete
potential and the discrete diffusive flux. Herein, we focus on the HDG methods
introduced by Cockburn, Gopalakrishnan, and Lazarov [97]; see also Causin and
Sacco [83] for a different approach based on a discontinuous Petrov—Galerkin
formulation, Droniou and Eymard [135] for similar ideas in the context of hybrid
mixed finite volume schemes, and Ewing, Wang, and Yang for hybrid primal dG
methods [154].

In the HDG method, the additional degrees of freedom are used to enforce
the continuity of the normal component of the discrete diffusive flux. These
additional degrees of freedom act as Lagrange multipliers in the discrete prob-
lem and can be interpreted as single-valued traces of the discrete potential on
interfaces. We introduce the discrete space

= D Pia(F)

FeF}

A function pj, € Ay, is such that, for all F € F}, up|r € PE_,(F). The discrete
unknowns (op, up, Ap) € Xp X Up X Ap, satisfy the following local problems: For
all T € Tp,, all ¢ € [PX(T)]%, and all £ € P5(T),

/UhC /uhVC+ Z GTF/UF(CDF =0, (4.58a)

FeFr

/Uh VE+ Z GTF/ or,pp)§ = /f& (4.58b)

FeFr

while normal diffusive flux continuity is enforced by setting, for all F' € Fr N
and all p € PX_ (F),

/ [[(3"1"7]7]]'11}7[1/ =0. (4.59)
F
Here, the numerical fluxes are such that
A VF € Fi,
i = 4.60a
ur {0 VF € 7P, (4.602)
&T,F = Uh|T + TT(’u,h‘T — ﬁp)nT VF € fh, (460]1))

with penalty parameter 7 defined elementwise. We observe that (4.59) indeed
enforces [67 p]np = 0 for all F € F since [67,r]np € PX | (F). As a result,
the quantity (67 p-np) in (4.58b) is actually single-valued.
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Lemma 4.42 (HDG as mixed dG method). Let (op,up, A\n) € Xp X Up X Ap,
solve (4.58) and (4.59). Then, the pair (on,up) € X X Uy solves the local
problems of the mized dG formulation (4.56) with numerical fluxes such that,
for all F € .7-';; with F = 0T N 0Ty,

Up = {{uh}} -+ C’12~[[uh]]np —+ CQQ[[O'h]]~nF, (4.61&)
6}7‘ = {Jh} =+ C’n[[uh]]np — Clgﬂdh]]-np7 (461b)
with the parameters
T172 T — T2 1
Oy = : I Sk T e
11 T 12 2(7_1 + 7_2) F 22 4+ T

where T; == 71, i € {1,2}. Moreover, for all F € F} with F = 9T N9Q, iip =0
and G = op + TrU.

Proof. Since [67,r]-np =0, we infer from (4.60b) that
[on])nr +2{run}} — 2{r}ar = 0.
Observing that {run} = {7} {un} + [7][un], we obtain

[7]

{{uh}+4{ }[[ h]]+2{ }[[Uh]]nF7

which yields (4.61a). Moreover, since the normal component of p  is single-
valued, we infer

&T7F'HF = {{O’h}}'HF + %[[Tuh]] — %HT}]'&F-
Observing that [rus] = [7][{un} + {7} un], we obtain
orpnr = ok e + SI(Rund — ar) + £ {rHunl

Using (4.61a) to evaluate G in this expression and rearranging terms leads to

6rrpup = {op}np + 17— = [un] — 2(m +; )[[Uh]].np.

Fig. 4.3: Stencil S(F) for HDG methods
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An inspection of (4.61b) shows that 67 p-np = 6p-np, and this concludes the
proof. O

We observe that the numerical flux @ in (4.61a) depends on oy, since Cao # 0.
As a result, the discrete diffusive flux cannot be eliminated locally to derive a dis-
crete problem for the sole discrete potential. Instead, a computationally efficient
implementation of HDG methods consists in using (4.58) to eliminate locally
both the discrete potential and the discrete diffusive flux by static condensation
(similarly to mixed finite element methods; see, e.g., Arnold and Brezzi [15]), so
as to obtain, using (4.59), a discrete problem where the sole unknown is A\, € Ap,.
For a given interface F € fﬁ with F' = 0T, N 9T, the stencil associated with
this interface is (cf. Fig.4.3)

S(F)={F € F} | F' € Fr, UFnp,}.

For matching simplicial meshes, the set S(F') contains five interfaces for d = 2
and seven interfaces for d = 3.

HDG methods for elliptic problems have been analyzed by Cockburn, Dong,
and Guzman [95] and Cockburn, Guzman, and Wang [98] where error estimates
in various norms are derived for various choices of the penalty parameter T.
In particular, L2-norm error estimates of order A**! can be derived both for
the potential and the diffusive flux for smooth solutions and polynomial order
k > 0. Moreover, for £k > 1, a postprocessed potential converging at order
h¥+2 can be derived, similarly to classical mixed finite element methods. The
extension of HDG methods to diffusion-advection methods is investigated by
Cockburn, Dong, Guzman, Restelli, and Sacco [96] and Nguyen, Peraire, and
Cockburn [245].

4.5 Heterogeneous Diffusion

In this section, we consider a model problem with heterogeneous diffusion. To
approximate this problem using dG methods, we revisit the design and analysis
of the SIP method considered in Sect.4.2 for the Poisson problem. Following
Dryja [136], we use diffusion-dependent weights to formulate the consistency
and symmetry terms in the discrete bilinear form and we penalize interface and
boundary jumps using a diffusion-dependent parameter scaling as the harmonic
mean of the diffusion coeflicient. Such a penalty strategy is particularly impor-
tant in heterogeneous diffusion-advection-reaction equations (cf. Sect. 4.6) where
the diffusion coefficient takes locally small values leading to so-called advection-
dominated regimes. In this context, the exact solution exhibits sharp inner layers
which, in practice, are not resolved by the underlying meshes, so that excessive
penalty at such layers triggers spurious oscillations. Using the harmonic mean
of the diffusion coefficient to penalize jumps turns out to tune automatically
the amount of penalty and thereby avoid such oscillations. Incidentally, we also
observe that, in finite volume and mixed finite element schemes, the harmonic
mean of the diffusion coefficient is often considered at interfaces.
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4.5.1 The Continuous Setting

Let k € L*(Q) be the diffusion coeflicient and assume that s is uniformly
bounded from below in 2 by a positive real number. The anisotropic case,
where k is actually R%*%-valued, is examined in Sect.4.5.6. We are interested in
the problem

—V:(kVu) = f inQ,
u=0 on 99,

with source term f € L?(£2). The weak form of this problem is
Find v € V s.t. a(u,v) = / fvoforalwveV, (4.62)
Q
with energy space V = HZ(£2) and bilinear form

a(u,v) ::/anVv.
Q

Owing to the above assumptions on the diffusion coefficient x, the Lax-Milgram
Lemma implies that (4.62) is well-posed. The case where x is constant in Q
yields, up to rescaling, the Poisson problem; the latter can thus be viewed as a
prototype for homogeneous diffusion problems.
Adopting the terminology used for the Poisson problem (cf. Definition 4.1),
the R?-valued function
o :=—kVu

is termed the diffusive fluz. By construction, o € H(div; Q).
In practice, the diffusion coefficient has more regularity than just belonging
to L>®(£2). Henceforth, we make the following assumption.

Assumption 4.43 (Partition of Q). There is a partition Pq = {Q; hi<i<ng of
Q such that

(i) Each Q;, 1 <i < Nq, is a polyhedron;
(ii) The restriction of k to each Q;, 1 <1i < Ngq, is constant.

Remark 4.44 (Motivation for assumption 4.43). In groundwater flow applica-
tions, the partition Pq results for instance from the partitioning of the porous
medium into various geological layers.

From a physical viewpoint, the normal component of the diffusive flux o is
continuous across any interface 9€; NOKY; with positive (d—1)-dimensional Haus-
dorff measure. Assuming |, # [q,, this implies that the normal component of
Vu cannot be continuous across this interface. This fact modifies the regularity
that can be expected for the exact solution in heterogeneous diffusion problems
with respect to the Poisson problem.
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Fig. 4.4: Exact solution with diffusion heterogeneity parameter o = 0.5 (left)
and « = 0.01 (right); the two panels use different vertical scales

4.5.1.1 One-Dimensional Example

Let Q = (—1,1) be partitioned into two subdomains €y = (—1,0) and Q5 = (0, 1)
such that k|o, = a and kg, = 1 with positive parameter a.. The exact solution
of (4.62) with f =1 is

() = ai(l1+2z)2+b(1+z) ifzey,
CNas(z —1)2 4+ by(x—1) if z € Qo,

where a1 = —i, as = —%, by = 2iai“a), —Q(Uij_i).
the exact solutions obtained with @ = 0.5 (mild diffusion heterogeneity) and
a = 0.01 (strong diffusion heterogeneity). As expected, the exact solution is
only continuous at x = 0, but not differentiable, and the jump in the derivative
of the exact solution is more pronounced in the case of strong diffusion hetero-
geneity. Interestingly, the maximum value attained by the exact solution in 2

is substantially affected by the diffusion heterogeneity.

and by = Figure 4.4 presents

4.5.1.2 Two-Dimensional Example

In dimension d > 2, discontinuities in the diffusion coefficient can cause severe
singularities in the exact solution. Exact solutions of two-dimensional heteroge-
neous diffusion problems with zero right-hand side are explicitly constructed by
Kellogg [210]. A typical situation is the case where Q = (—1,1)? is divided into
four quadrants, and the diffusion coefficient takes the value kq in the first and
third quadrants and the value k5 in the second and fourth quadrants. Then,
it is possible to construct an exact solution with zero source term and suitable
nonhomogeneous Dirichlet boundary conditions such that, in polar coordinates,
u(r,0) = r7v(0) with a smooth function v. The exponent v > 0 can be made as
small as desired by taking large values of the ratio #1/x,. Figure 4.5 illustrates
the exact solution for #1/k, = 5 (left) and #1/ks = 100 (right). In dimension 2,
regularity results take the form u € H'*¢(Q) with ¢ > 0 but arbitrary small. In
dimension 3, regularity results have been obtained by Nicaise and Séndig [247]
in some particular situations.
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Fig. 4.5: Exact solution for heterogeneous diffusion problem; Q = (—1,1)? is
divided into four quadrants, and the diffusion coefficient takes the value k1 in
the first and third quadrants and the value k2 in the second and fourth quadrants;
left: ®1/k; = 5; right: %1/k, = 100 (courtesy M. Vohralik)

4.5.2 Discretization

We aim at approximating the exact solution u of (4.62) by a dG method using
the discrete space

Vi, = PE(Th),

where P¥(7},) is defined by (1.15) with polynomial degree k > 1 and 7}, belonging
to an admissible mesh sequence. We consider the discrete problem:

Find uy, € V}, s.t. aZWip(uh,vh) = / fop, for all vy, € Vj, (4.63)
Q

swip

with the discrete bilinear form a, " yet to be designed.

4.5.2.1 Mesh Compatibility

An important assumption on the mesh sequence T3 := (7p,)pep iS its compati-
bility with the partition Pgq.

Assumption 4.45 (Mesh compatibility). We suppose that the admissible mesh
sequence Ty is such that, for each h € H, each T € T}, is a subset of only one set
Q; of the partition Pq. In this situation, the meshes are said to be compatible
with the partition Pq.

An example of compatible mesh is presented in Fig.4.6. The motivation for
the above assumption is to prevent jumps of the diffusion coefficient  to occur
inside mesh elements. Indeed, owing to Assumption 4.43, the diffusion coefficient
is piecewise constant on each mesh 7. This fact is often used in what follows.
The present setting can be enlarged, at the price of additional technicalities,
by assuming that the diffusion coeflicient is piecewise smooth (e.g., piecewise
Lipschitz continuous). However, it is not reasonable to envisage a high-order dG
method to approximate an heterogeneous diffusion problem if the mesh is not
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R\

Fig. 4.6: Partition Pq (left) and compatible mesh (right)

compatible with the singularities of the diffusion coefficient. Indeed, the exact
solution is not expected to be sufficiently smooth across these singularities to
exploit the local degrees of freedom in the polynomial space.

4.5.2.2 Weighted Averages

While we keep Definitions 1.17 and 4.2 for interface and boundary jumps respec-
tively, it is convenient to introduce weighted averages.

Definition 4.46 (Weighted averages). To any interface F' € F} with F =
0Ty N 0T, we assign two nonnegative real numbers wr, g and wr, r such that

wry,F +wr, =1

Then, for any scalar-valued function v defined on ) that is smooth enough to

admit a possibly two-valued trace on all F' € F}, we define its weighted average
on F such that, for a.e. z € F,

{v}o (@) == wr, po|n, (2) + wr,y FV|T, (7).

On boundary faces F € FP with F = 9T N 99, we set {o}o r(z) = v|r(2).
When v is vector-valued, the weighted average operator acts componentwise
on the function v. Whenever no confusion can arise, the subscript F' and the
variable x are omitted and we simply write {v}..

Clearly, the usual (arithmetic) average of Definition 1.17 at interfaces corre-
sponds to the particular choice wp, p = wrp, p = 1/2. Henceforth, we consider
a specific diffusion-dependent choice for the weights, namely, for all F € F},
F =0T, NoTs,

K2 R1

Wy, F = ——— Wy, p = ————
1 Hl+l€27 2 Hl+l€2’

where k; = k|1, i € {1,2}. In particular, the case of homogeneous diffusion
yields the usual (arithmetic) averages.
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4.5.2.3 The SWIP Bilinear Form

In the context of heterogeneous diffusion problems, we modify the SIP bilinear
form defined by (4.12) as follows: For all (vn,yn) € Vi X Vi,

ay"™® (v, yn) = /Q'ivhvh'vhthr > U’Y;L{—’F/F[[Uh]][[yh]] (4.64)
FeFy

B Z /F({{’ivhvh}}w'nFﬂyh]]Jr[[Uh]]{{"ﬂvhyh}w'nF)~

FeFy

The quantity n > 0 denotes a user-dependent penalty parameter which is inde-
pendent of the diffusion coefficient, while the diffusion-dependent penalty param-
eter v, r is such that for all F' € F}, F = 011 N 0715,

2%1&2
Ve, F = .

)
Hl%*ﬁg

where, as above, £; = |z, i € {1,2}, while, for all F € Fp, F = 9T N0,

Ve, F = Ii\:ﬂ

We notice that the above choice for the penalty parameter 7, r on interfaces
corresponds to the harmonic mean of the values of the diffusion coefficient on
either side of the interface. Furthermore, we observe that, for all F' € F},

Ve, < 2min(K1, K2). (4.65)

This property is used in the convergence analysis of Sect. 4.6.3 in the context of
diffusion-advection-reaction problems; cf., in particular, Remark 4.65.

The bilinear form aj;" " defined by (4.64) is termed the Symmetric Weighted
Interior Penalty (SWIP) bilinear form. It has been introduced by Dryja [136] for
heterogeneous diffusion problems and analyzed (in the more general context of
diffusion-advection-reaction problems) by Di Pietro, Ern, and Guermond [133]
and Ern, Stephansen, and Zunino [150]. The two differences with respect to
the more usual SIP bilinear form are the use of (diffusion-dependent) weighted
averages to formulate the consistency and symmetry terms and the presence
of the diffusion-dependent penalty parameter. Whenever  is constant in €,
the usual (arithmetic) averages are recovered in the consistency and symmetry
terms. The possibility of using non-arithmetic averages in dG methods has been
pointed out and used in various contexts, e.g., by Stenberg [282], by Heinrich and
co-workers [188-190], and by Hansbo and Hansbo [182] in the context of unfitted
finite element methods based on Nitsche’s method. The idea of connecting the
actual value of the weights to the diffusion coefficient was also considered by
Burman and Zunino [73] in the context of mortaring techniques for a singularly
perturbed diffusion-advection equation.
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Lemma 4.47 (Reformulation of SWIP bilinear form). There holds, for all
(n,yn) € Vi X Vi,

a5 (v, yn ) Z / (KVoR)yn + Z n%F / Tor]lyn] (4.66)

TeT), FeFy

+ ) / [V hvn]nr{ynts —

FeF;} FeFy

/ [on ]l {£Vryn}onr,

where {yp }z is the skew-weighted average value of yy, defined as

{vn Yo = wn, rynlm, + wr Fynln,-

Proof. Integrating by parts the first term in (4.64) yields

Z/ (kVop)yn + Z/ k(Vopnr)yn.  (4.67)

/ kVpvn-Vyy, =
Q TET, TET,

Rearranging the second term on the right-hand side as a sum over mesh faces
leads to

S [ s = 3 [ levimnine+ 3 [ s(@vm,

TET, FeF] FeF?
We now observe that, for all F € F},

[(«Vron)ynl = {£VronBolyn] + [V ion]{yn bo

y Wi = WT; F, 1 E {1,2},

bi = yn

To prove this identity, we set a; = (kVvp)|1;
so that

[(sVhon)yn] = a1by — azbs
= (w1a1 +w2a2)(b1 — bg) + (a1 — ag)(wgbl + wlbg)
= {xVavnbolynl + [£Vron]{yn b=,

since wy + ws = 1. As a result and accounting for boundary faces,

Z / (Vopnr)y, = /{{thvh}w ngyn]+ Z / [£Vron] nr{yn o

TET, FeF, FeFi

Combining this expression with (4.64) and (4.67) yields the assertion. a

4.5.3 Error Estimates for Smooth Solutions

In this section, we present the convergence analysis for the discrete prob-
lem (4.63) in the case where the exact solution is smooth enough to match the
following assumption.
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Assumption 4.48 (Regularity of exact solution and space V,). We assume that
the exact solution u is such that

uw€V,:=VNH?*Py).
In the spirit of Sect. 1.3, we set Vi, == Vi, + Vj.

Assumption 4.48 implies that, for all T € Tp, letting o := —(kVu)|r and
cor = ornr on IT, the trace oar|r is in L2(F) for all F € Fr. Using
Lemma 1.23 for the jumps of the potential and proceeding as in the proof of
Lemma 1.24 for the jumps of the diffusive flux, we infer that the exact solution
satisfies

[ul] =0  VF € Fp, (4.68a)
[«Vulnp =0  VF e F. (4.68b)

The convergence analysis is performed in the spirit of Theorem 1.35 by estab-
lishing discrete coercivity, consistency, and boundedness for a;"'’. The discrete

bilinear form a;" " is extended to Vip X Vj,.

Lemma 4.49 (Consistency). Assume u € Vi. Then, for all v, € V3,

aZWip(%Uh):/fUh
Q

Proof. The result is a direct consequence of (4.66) and (4.68). a

To formulate discrete stability in the context of heterogeneous diffusion, we
modify the ||||sip-norm considered for the Poisson problem (cf. (4.17)) as follows:
For all v € Vyp,,

15
lvllswip := H“l/2vhUH2L2 Q)¢ T "UG,I{ ) (4.69)
[L2(2)]

with the diffusion-dependent jump seminorm

1/3
Ve, F
= ( > |uv]]%2<p>> . (4.70)

FeFy

lv

Before addressing the discrete coercivity of the SWIP bilinear form, we derive a
bound on the consistency term.

Lemma 4.50 (Bound on consistency term). For all (v,yn) € Vip X Vi,

1/2
< (Z > hF||H1/2VUT'nF||%2(F)> [Yn .-

TeT, FEFr
(4.71)

> [ sTurkoneln]

FeFy
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Proof. For all F € F} with F = 0Ty N 0Ty, w; = wr, r, ki = kl1;, and a; =
K/ (V)

1,.np, i € {1,2}, the Cauchy—Schwarz inequality yields

/{{thv}w'np[[yh]] = /(wll‘ﬁhal + wory *az) [yn]
F F

IN

1 /2
(3helar e + lasle)
1 7
(2o + )Mo )
F
and since 2(wiky + w3kae) = Vs, we infer
1 "
[ eviobonetnl < (ghe il + lalte) )

Yo\
k,F
S C 3 7

Moreover, for all F € FP with F = 9T N oS,

1/2
[ rTiobome i < BN T lenplzeey x (52 ) Do
F

Summing over mesh faces, using the Cauchy—Schwarz inequality, and regrouping
the face contributions for each mesh element yields the assertion. O

We now establish the discrete coercivity of the SWIP bilinear form under the
usual assumption that the penalty parameter 7 is large enough. An important
point is that the minimal threshold on the penalty parameter is independent of
the diffusion coefficient (it is actually the same as for the Poisson problem).

Lemma 4.51 (Discrete coercivity). For alln > n withn defined in Lemma 4.12,
the SWIP bilinear form defined by (4.64) is coercive on Vi, with respect to the
I-llswip-norm, i.e.,

V’Uh € Vh7 a;wip(v}“ Uh) > Cﬂ mvh H|§wip7

with C,, defined in Lemma 4.12.

Proof. Let v, € V. Owing to the discrete trace inequality (1.40), the fact that
hp < hp for all T € 7y, and for all F' € Fr, and since « is piecewise constant on
71, we infer from the bound (4.71) that

< CtrN(;/zHthvh’U;LH[Lz(Q)]d |Uh‘(]’,4.

> | {5Vavnlumelval
FeFy F

We conclude as in the proof of Lemma 4.12. O
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A straightforward consequence of the Lax—Milgram Lemma is that the dis-
crete problem (4.63) is well-posed.

Our last step in the convergence analysis is to prove the boundedness of the
SWIP bilinear form. To formulate this result, we define on V,j the norm

1/2
[ollswip,« := <|"U”|§wip+ > hT||Hl/2VUT'nT|%2(8T)> :
TeTn

Lemma 4.52 (Boundedness). There is Cypna, independent of h and &, such that
V(/Uayh) € V*h X Vh, azWip(U7yh) < Cbndmvmswip,*myh mswip-

Proof. Let (v,yp) € Vin X V3, and observe that

)= [ VoS 3 0% [l

FeFy
SR A D S A CTE A W
Fer, T FeF, I F
=%+ %o+ T3+ %4 (4.72)

Using the Cauchy—Schwarz inequality yields

T1 4+ Tof < (L +n)l|vllswip lynllswip-

Moreover, owing to the bound (4.71),

[Ta] < Nollswip.«

Ynlaw < |||U”|swip,*||yh mswip

by definition of the |- |lswip,«-norm. Finally, still owing to the bound (4.71) and
proceeding as in the proof of Lemma 4.51 leads to

1Ta] < CoNg 2 0]5,xl6 72V gl 22 g < Coe N5 10 llswip 1y lowin-

Collecting the above bounds yields the assertion with Cynq = 2+n+Cy N, (;/ o

A straightforward consequence of Theorem 1.35, together with Lemmata 1.58
and 1.59, is the following convergence result.

Theorem 4.53 (||-||swip-norm error estimate and convergence rate). Let u €
Vi solve (4.62). Let uy, solve (4.63) with a}""" defined by (4.64) and penalty
parameter as in Lemma 4.12. Then, there is C, independent of h and k, such
that

Jo = wnllowip < C 0k T = on i

Moreover, if u € HFT1(Pg),

/2 nE

lw — upflswip < Cu”"JHLoc(Q) ’

with Cy = C|lul| gr+1(p,) and C independent of h and k.
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Since the quantity C' in the error estimates is independent of the diffusion
coefficient x, the approximation method is robust with respect to diffusion het-
erogeneities (observing that the ||-||swip-norm depends on x). The convergence
rate in the ||-||swip-norm is optimal, both for the broken gradient and the jump
seminorm.

4.5.4 Error Estimates for Low-Regularity Solutions

In this section, following [132], we present the convergence analysis for the dis-
crete problem (4.63) for an exact solution with low-regularity.

Assumption 4.54 (Regularity of exact solution and space V..). We assume that
d > 2 and that there is p € (d2—_;_12, 2] such that, for the exact solution u,

u €V, =V NW?P(Py).
In the spirit of Sect. 1.3, we set Vi, := Vi, + V.

Assumption 4.48 implies that, for all T € Tp, letting or := —(kVu)|r and
oor = or-nr on JT, the trace ogr|p is in LP(F) for all F € Fr. We adapt
the analysis of Sect.4.2.5 for the Poisson problem to the present setting with
heterogeneous diffusion.

We already know that discrete coercivity holds true provided the penalty
parameter is chosen as in Lemma 4.12. Moreover, since the jump condi-
tions (4.68) still hold true, consistency can be asserted. Thus, it only remains
to prove boundedness, which we do by redefining on V., the |- |lswip,«-norm as

1/11
. 1+7p
Hollswip.s = <|||v||swip+ S ongt ||n1/2wT-nT§p(6T)) . @m)
TeTh
where v, = %d(p — 2). We observe that, for p = 2, we recover the previous

definition of the ||-||swip,«-norm. The value for 7, is motivated by the following
boundedness result.

Lemma 4.55 (Boundedness). There is Chnd, independent of h and &, such that

V(v,wp) € Vin X Vi, a3V (v,w01) < Conal|v]lswip.«

|lwh lswip-

Proof. Let (v,wp) € Vip X Vi. We need to bound the four terms %4,...,%,
in (4.72). Proceeding as in the proof of Lemma 4.52, we obtain

IT1+ T3+ Tl < CHlvmswip mwhmswip?

with C' independent of h and &, so that it only remains to bound the consistency
term T5. For all F € F} with F = 9T1N0T%, and a; = (K"°V)|r,np, i € {1,2},
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Hoélder’s inequality yields

/F{{thv}}w~np [wn]

/ (wlnihal + wgn;hag)[[wh]]
F

1/11
114,
< (7 os ey + sl
l/q
q q —qp.
2V (W + i )
with 8, = Hp% and g = I—){’—l. Since ¢ > 2, we obtain
/2 a/2
a/ oz (K1k2)" o of (k1K2) os o—ajs )
(Wir)* +wiry ) = [CETS0 fryt) < m("él +hg)"? =27

Hence, since 2"/77"/2 < 2,

l/p
114y,
[ eViobonetond < (GHE Uorllqr + laalogr) )

1 ~Mp
x 29 h 2 | [wn]ll o -

Moreover, for all F € FP with F = 9T N oS,

l/p
1+p 1 1 75;}
/F a9V nobonplonl < (b7 1872V olr e, ) 2L h e ITwonlloey:

We can now conclude as in the proof of Lemma 4.30. O

A straightforward consequence of Theorem 1.35 is the following convergence
result. The achieved convergence rates are optimal, both for the broken gradient
and the jump seminorm.

Theorem 4.56 (||-||swip-norm error estimate and convergence rate). Let u €
V. solve (4.62). Let up, solve (4.63) with a;"" defined by (4.64) and penalty
parameter as in Lemma 4.12. Then, there is C, independent of h and k, such
that

e = unllswip < © 10t flu = vnllswip.s,

where the || |lswip,«-norm is defined by (4.73). Moreover, under Assumption 4.31,
there holds
llw = unllswip < Cub®,

with Cy = Clulw2.r(py), C independent of h and x, and o = “5= — g > 0.
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4.5.5 Numerical Fluxes

As for the Poisson problem in Sect.4.3.4, it is possible to derive a local formula-
tion of the discrete problem (4.63) by localizing test functions to mesh elements.
To this purpose, we first modify the definition of the lifting operators and discrete
gradients (cf. Sects. 4.3.1 and 4.3.2) to account for diffusion heterogeneities. For
any face F' € Fp, and for any integer | > 0, we define the (local) lifting operator
rh .+ L*(F) — [P4(73)]* as follows: For all ¢ € L*(F),

/ kv (0)Th = / {amn}onre YV € [PL(T)]% (4.74)
Q F

Clearly, if x does not jump across F (so that s is constant in the support
of r%’ﬁ(go)), definitions (4.37) and (4.74) produce the same result, but this is
no longer the case in the presence of diffusion heterogeneities. Then, for any
function v € H'(7},), we define the (global) lifting of its interface and boundary
jumps as

Ri, o ([0]) == > 1% ([v]) € [P4(T0)]", (4.75)

FeFy

being implicitly understood that r,, acts on the function [v]p (which is in
L?(F) since v € HY(73,)). If k is constant in (2, definitions (4.40) and (4.75)
produce the same result. Finally, the definition (4.44) of the discrete gradient is
extended to the heterogeneous diffusion case by setting, for all v € H'(7p,),

Gh H( ) = th - RiL,K,([[/U]]) € [LZ(Q)]d

Let T € T;, and let £ € PX(T). Then, using v, = &xr as test function in (4.63)
where yr is the characteristic function of T, proceeding as in Sect.4.3.4, and

using the above definitions, we infer
6TF/¢F up)§ = /f&

with [ € {k — 1,k}, e, p = np-np, and the numerical flux ¢p(up) defined as

/ KG} . (up)-VE +
T

FeFr

or(un) == —f{KVpupfonp +77h—[[ up].

Remark 4.57 (Harmonic means). For all F € F} with F = 9T} N 0T and
+, 4 € {1,2}, we observe that

K2 K1
7{Iﬂ‘/vhuh}w~np = 7/{ T PR Hl(vuh)h“l-np — P T PR ng(Vuh)|T2~np
2%1/’12
= \Y%
R ——{Vaur}-np.

Thus, recalling that the jump seminorm of uj, tends to zero as h — 0, the leading-
order term in the numerical flux ¢ (uy) uses the harmonic mean of the diffusion
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coefficient. A motivation for using harmonic means can be given in the context
of heat transfer where x represents the thermal conductivity, v the temperature,
and —kVu the heat flux. Consider an interface between a poorly conductive
medium (where x is relatively small) and a highly conductive medium (where &
is much larger), so that, at this interface, the harmonic mean of « is close to the
value in the poorly conductive medium. Then, the heat transfer through this
interface is essentially governed by the poorly conductive medium.

4.5.6 Anisotropy

The above developments can be extended to the anisotropic case, that is, when
for a.e. z € Q, K(x) is a symmetric tensor in R%?. Assuming that the lowest
eigenvalue of x is uniformly bounded from below in 2 by a positive real number,
the model problem (4.62) is well-posed.

The SWIP bilinear form defined by (4.64) can be used to approximate hetero-
geneous anisotropic diffusion problems. Specifically, the weights {wr, r,wr, r}
and the penalty parameter v, r are evaluated on any interface F' € F; by using
the normal component of the diffusion tensor on both sides of that interface,
that is, for all F € F}, F = 0Ty N 0Ts, we now let k; := n’ (k|7 )np, i € {1,2},
and we set as before

%) K1 2%1&2
U WTyF =~ —_—
9 N 3
K1+ K2 ? K1+ K2 K1+ K2

wry F = Ve, F =
Moreover, for all F € F?, F = 9T N 0%, we set v, p := n'(k|r)n. With these
modifications, the convergence analysis proceeds as in the isotropic case. Since
K takes symmetric positive definite values, it is in particular possible to define
k'/? as the symmetric positive definite matrix such that x'/2k"> = k. We refer
the reader to [133,150] for a detailed presentation of the convergence analysis.

4.6 Diffusion-Advection-Reaction

In this section, we consider a model diffusion-advection-reaction problem. The
design and analysis of the dG approximation combine the ideas of Sect.4.5 to
handle the diffusion part and those of Sect. 2.3 to handle the advection-reaction
part. One issue of particular interest is the robustness of the approximation in
the singularly perturbed regime where advection-reaction effects dominate over
diffusion effects. In particular, we address at the end of this section the situation
where the diffusion coefficient can actually vanish locally, so that a first-order
PDE in some part of the domain is coupled to an elliptic PDE in the remaining
part.

4.6.1 The Continuous Setting

Let k € L*(Q) and assume that « is uniformly bounded from below in Q by a
positive real number; the singular limit where s can actually vanish locally in
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some parts of €2 is addressed in Sect. 4.6.4. Moreover, we keep Assumption 4.43
so as to localize possible jumps in the diffusion coefficient. Let 3 € [Lip(£)]?
be the advective velocity and let i € L*°(€) be the reaction coefficient. We are
interested in the problem:

V- (=kVu+pu)+pu=f inQ,
u=0 on 09,

with source term f € L?(£2). The weak form of this problem reads
Find v € V s.t. a(u,v) = / fvoforalwveV, (4.76)
Q

with energy space V = H{(£2) and bilinear form

a(u,v) ZZ/HVU-V'U—/Uﬂ-VU-‘r/[LU’U.
Q Q Q

We observe that the advective term is written in conservative form. The R?-
valued function

®(u) = —kVu+ fu

is termed the diffusive-advective flux. By construction, ®(u) is in H(div;Q).
The diffusion-advection-reaction can be rewritten as

—V-®(u) + jiu = f,

and the bilinear form a as
a(u,v) = / —®(u)-Vo + / fiuv. (4.77)
Q Q

Since u € H*(Q) and 3 is smooth, it is equivalent to consider the advective
term in its non-conservative form, i.e.,

—V-(kVu) + 3-Vu + pu = f,

with p = i1+ V-6. However, if k vanishes locally, the exact solution can feature
discontinuities, and the two forms are no longer equivalent. The conservative
form is more natural from a physical viewpoint since it expresses a basic conser-
vation principle. Indeed, integrating the diffusion-advection-reaction equation
over a control volume V' C €2, we obtain formally

/6V<1><u>~nv+/vfwzfvf,

where ny denotes the outward normal to V. This equation expresses the fact
that the variation of u in the control volume V' due to the diffusive and advective
exchanges through 0V plus the quantity of u generated/depleted by reaction over
V' is equal to the integral of the source term f over V.
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As in Sect. 2.1, we assume that there is a real number pg > 0 such that
o1 1 .
A=pn+ §V~ﬁ = — §V~ﬁ > o a.e. in .
Hence, using integration by parts, the bilinear form a is coercive on V,
Vo eV,  a(v,0) = |Vl g + [IA?0]| 72 )

Owing to the Lax-Milgram Lemma, (4.76) is therefore well-posed.

4.6.2 Discretization

We aim at approximating the exact solution u of (4.76) by a dG method using
the discrete space
Vi 1= Pa(Th),

where P¥(7},) is defined by (1.15) with polynomial degree k > 1 and 7}, belonging
to an admissible mesh sequence. We keep Assumption 4.45 on the compatibil-
ity of the meshes with the partition P associated with the diffusion coeffi-
cient k. Moreover, concerning the regularity of the exact solution, we assume
that (cf. Assumption 4.48)

ueV, =VnHX(Py),

and we set, as before, Vi, = V., + V4. It is also possible to analyze the
dG approximation in the case of low-regularity exact solutions matching only
Assumption 4.54.

The dG method considered herein combines the SWIP bilinear form of
Sect. 4.5 to handle the diffusion term and the upwind dG method of Sect. 2.3 to
handle the advection-reaction terms. Thus, we let, for all (v,wp) € Vip X Vi,

swip

ader (v, wy,) = ay (v, wp) + ap™ (v, wp), (4.78)

where (cf. (4.64))

GZWip(Uywh) = /thv'vhthr Z nv}’:f/[[vﬂ[[wh]]
Q P

FeFy

- Z /F({{/ivhv}}wnp[[wh]] + {EVrwr}onr),

FeFy

and (cf. (2.34))
ap™ (v, wp) = /Q [fowy, + Vi (Bv)wp] + /m(ﬁ-n)evwh

- ¥ [Gnoblud+ 3 [ el

FerF) FerF)
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or equivalently, after integrating by parts the advective derivative (cf. (2.35)),
ap™ (v, wp) = / [fvwy, — v(B-Vwp)] +/ (8-n)%Pvwy,
Q o0
+ 2 [Eutotul+ 5 [ vorlollod.

FeF} FeF}

In what follows, we set
1
8.F = 5|00F|.

It is also possible to multiply vg 7 by a positive user-dependent parameter as
in Sect.2.3 (cf., e.g., (2.33)), but the present choice is needed for consistency
reasons in Sect.4.6.4 in the singular limit of locally vanishing diffusion; cf.
Remark 4.69. We also observe that the penalty terms can be grouped to obtain

> (w4 Jiome) [ peltond

FeF]

In the diffusion-dominated regime where hp|G-np| < 75, F, the amount of penalty
introduced by the SWIP bilinear form suffices for discrete stability, and it is
possible to drop upwinding for the advective terms (that is, to approximate
the advective term using centered fluxes). The ratio hp|G-np|/vs,F is termed a
local Péclet number. In practice, local Péclet numbers are often large, generally
because the diffusion coefficient is (locally) small, so that upwinding is necessary.
In this situation, the exact solution features inner and outflow layers where it
varies quite sharply, and practical meshes may not be fine enough to resolve
these layers; we refer the reader, e.g., to Roos, Stynes, and Tobiska [274] for a
general overview on singularly perturbed diffusion-advection-reaction problems
and stabilized finite element approximations.

4.6.3 Error Estimates

To approximate the model problem (4.76), we consider the discrete problem:

Find uy, € V, s.t. af® (up,vp) = / foy, for all vy, € Vj, (4.79)
Q

where a{®" is the discrete bilinear form defined by (4.78). The convergence anal-

ysis is performed by establishing discrete stability, consistency, and boundedness

for ader. We begin with consistency.

Lemma 4.58 (Consistency). Assume u € V.. Then, for all w, € Vj,

a%ar(u,wh):/fwh.
Q
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Proof. The proof of Lemma 4.49 yields, for all w, € V4,
a™P (u, wp,) = Z / —kVu)w
TeTh
Moreover, adapting the proof of Lemma 2.27, we infer
ap™ (u,wy) = Z / V-(Bu)wy, + /[mwh.
TET, Q

Summing up and observing that V-(—skVu + fu) + fiu = f in all T € T;, yields
the assertion. O

4.6.3.1 Analysis Based on Discrete Coercivity

The convergence analysis is performed in the spirit of Theorem 2.31 by com-
bining consistency (cf. Lemma 4.58) with discrete coercivity and boundedness
on orthogonal subscales for the discrete bilinear form a;ll"". We recall that in
the context of the advection-reaction equation, we introduced in Sect.2.1 the
reference time 7. and the reference velocity . such that

7o i= {max(||pll =) L)} ' Be = 1Bl @y
where Lg is the Lipschitz module of 8 (cf. (2.5)). We define on V,j, the norm

1/2
lellaas = (Woll2usp + 1013 + 7 ol3ecey) s (4.80)

where the [|-|lswip-norm is defined by (4.69) and (4.70) while the |-|g-seminorm
is defined as

1/2

v o= | [ gak+ X [ Fioacipp

FeF;

The two rightmost terms in (4.80) form the stability norm (cf. (2.37)) considered
in Sect. 2.3.2 for the advection-reaction equation.

Lemma 4.59 (Discrete coercivity). For alln > n withn defined in Lemma 4.12,
the discrete bilinear form a®* defined by (4.78) is coercive on Vj,, i.e.,

v’Uh S WL7 aiar(vhvvh) 2 min(la Tc o, CT])‘”U’L ”|c21ab7
with C,, defined in Lemma 4.12.
Proof. Let vy, € Vj,. Lemma 4.51 yields
aZWIP(vh7 Uh) > C mvh H|sw1p

Moreover, owing to Lemma 2.27,

apy™ (vp,vp,) > min(1, 7ep) (|1}h\% +7—C—1quh||%2(m) .

Combining these lower bounds yields the assertion. O
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A straightforward consequence of the Lax—Milgram Lemma is that the dis-
crete problem (4.79) is well-posed.

The last ingredient is boundedness on orthogonal subscales for the discrete
bilinear form a‘;}m. To this purpose, we define on V,j, the norm

1/2
lollaas, = (IIvllﬁab + Y BellollZaory + D hT”Hl/zvv'nTQL?(aT)) :

TeTn TeTn

Lemma 4.60 (Boundedness on orthogonal subscales). There is Cpna, indepen-
dent of h and the data k, B, and [, such that

V(v,wp) € Vi X Vg, af® (v — mpv,wh) < Conallv — Thollaap . 1wn | aass

where 7y, denotes the L?-orthogonal projection onto Vj,.

Proof. Combine Lemma 4.52 with Lemma 2.30. (The fact that the first argument

in a‘;ar is L%-orthogonal to V}, is only needed to apply Lemma 2.30.) O
Proceeding as in the proof of Theorem 2.31 leads to the following error esti-
mate.

Theorem 4.61 (Error estimate). Let u € V. solve (4.76). Let uy, solve (4.79)
with af® defined by (4.78) and penalty parameter as in Lemma 4.12. Then, there
is C, independent of h and the data k, B, and fi, such that

”|u — Un mdab < Cmax(lnglualv 0,71)\”“ - 7Thu‘|‘dab7*' (4'81)

A convergence rate can be inferred from (4.81) using Lemmata 1.58 and 1.59
if the exact solution is smooth enough. Namely, if u € H*+1(Q), (4.81) yields

v = unllass < Clmax(1, 75 gt Cy Y RY + BLR + 77 0)h*, (4.82)

with % := ||kl (@), Co = C'||ul| gr+1(q), and C” independent of i and the data
K, B, and fi. The estimate can be simplified by dropping the last term under
the reasonable assumption that h < f§.7¢; cf. (2.41). Moreover, observing that
hpB. /% represents a Péclet number and recalling the definition (4.80) of the ||-||qas-
norm, we conclude that in the advection-dominated regime, the convergence rate
of [u—uplg+ 7o P u - up||p2(0) is of order K*+"/2 (as for the pure advection-
reaction problem; cf. Sect.2.3.2), while in the diffusion-dominated regime, the
convergence rate of ||u—up ||swip is of order h¥ (as for the purely diffusive problem;
cf. Sect.4.5.3).

4.6.3.2 Analysis Based on Discrete Inf-Sup Condition

As shown in [133,150], the above convergence analysis can be improved by includ-
ing a bound on the advective derivative of the error. To this purpose, we need to
tighten the discrete stability norm. Indeed, using the ||-||swip-norm contribution
to the ||-[lqap-norm to bound the advective derivative leads to an error bound
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that scales unfavorably with the Péclet number. Instead, we define on V,j the
norm

1/2
Ivllaa = (lllvlllﬁab + 551thlﬁ~W||%2<T)) :

TeT,

As in Sect. 2.3.3, asserting discrete stability in the ||-||qag-norm requires proving
a discrete inf-sup condition.

Lemma 4.62 (Discrete inf-sup stability). There is Cysa, independent of h and
the data K, B, and [, such that
af® (v, wy)

Yoy, € Vi, Cistamin(1, 7epio, Cp)[lvnllaag < sup
wrevi\{0}  llwnlldag

Proof. The proof is similar to that of Lemma 2.35. Let v, € V}, and set S =

dar
SUDy,, €V, \ {0} ﬂ“"u}(:l’lll—;:’;h) Lemma 4.59 implies that

min(1L, 7e 0, Co)lonllZas < a5 (0n,vn) < Sllon llaag-
To bound the contribution of the advective derivative in the expression for
llvnlldag, we consider the function wy, € Vj, such that, for all T € Ty, wp|r =
B hr(B)r-Vup, where (8)r denotes the mean value of 8 over T. To alleviate
the notation, we abbreviate as a < b the inequality a < Cb with positive C
independent of h and the data «, 3, and fi.

(i) Let us bound ||wp||aag by ||valldag- As in the proof of Lemma 2.35, we obtain
Jwnlf + 7 Hlwnlge ) + Y B hrllB-VwnlZa iy < lonlag-
TeT,

Moreover, owing to the inverse inequality (1.36) and the fact that x|y and (8)r
are constant in any mesh element T € 73,

157N hwn | e = > KlrBPhE IV (B)r-Vou)1F ey
TeT,

S Z H\THVUhH[Qm(T)]d = ||"01/2thh”[2L2(Q)]d'
TeT,

In addition, for all F' € F} with F = 9Ty N 9Tx,

Vi, F Ve, F ,H—
IlwnlliZery < 25262 D W BT -(Von) 2 ry
hp hF .
1€{1,2}
S 2 AnlVonlis iy
i€{1,2}

where we have used the discrete trace inequality (1.37), the mesh regularity, and
the bound (4.65) on v, r. Hence,

lwilse S 1162V honllp2 a)e,
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and collecting the above bounds yields ||wp |ldag S [|vn lldas-
(ii) Proceeding as in step (ii) of the proof of Lemma 2.35, we observe that

> B hr|B-VonlF e ) = ah™ (vn,wn) — P (va, wp) — / puRwr
TET Q

+ 3 8 [ (3Vu)(6 - ()T,

TET, T

*/ (B-n)vpwy, + Z /(ﬁ~np)[[vh]]{{wh}}
o rer; ' F

1

- / 3 |Bmelfva]lwn] = To+ ..+ Tr.

FeF} F
Clealy, 1] < Slwn s S Slvn laas and
1Za| = lay"™ (vh, wn)| < llvnllaas lwnllass S lonllaas llonlldas-

Finally, the terms %3,...,%7 are those already bounded in the proof of
Lemma 2.35. As a result,

Y B hrllB-VorlZaery S Sllonllaas + lonllaas llonllaag + Bonli3as-
TET,

We conclude as in the proof of Lemma 2.35. O
To formulate a boundedness result, we define on V,;, the norm

Folboas,s = (nvnﬁau + 3 6 (I lery + Il om) )

TeT,
1/2
+ Z hT|/<cl/2VU~nT|2L2(3T)> .
TeT),

Lemma 4.63 (Boundedness). There is Cuona, independent of h and the data K,
0B, and [i, such that

V(v,wp) € Vi, X Vg, af® (v, w) < Conallvlldag,«

[wh llaag-
Proof. Combine Lemma 4.52 with Lemma 2.36. O

A straightforward consequence of Theorem 1.35 is the following error
estimate.

Theorem 4.64 (Error estimate). Under the hypotheses of Theorem 4.61, there
is C, independent of h and the data k, 3, and fi, such that

”|U — Up mdaﬁ < CmaX(L Tglual7 0771) v}h’el%/; ”|U — Un ”|da}j,*- (483)
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Finally, a convergence rate can be inferred from (4.83) using Lemmata 1.58
and 1.59 if u € H**1(Q) since (4.83) yields an error estimate with the same
upper bound as in (4.82), namely

lu — unllaag < €l max(1, 7 g, C )R + B RY2 + 772 h)hE.

Thus, in the advection-dominated regime, the convergence rate of |u — up|g +
e P lu — unllL2@) + (Creg, B ThrllB-Vol7z (1)) is of order hF+'/2 (as for
the pure advection-reaction problem; cf. Sect.2.3.3), while in the diffusion-
dominated regime, the convergence rate of [|u — up[|swip is of order h* (as for the
purely diffusive problem; cf. Sect. 4.5.3).

Remark 4.65 (Harmonic means in the penalty term). The bound (4.65) plays
an important role in the proof of Lemma 4.62 since it allows one to bound the
jump seminorm |wp|y,. We observe that this bound results from the fact that
the harmonic mean of the diffusion coefficient is used to penalize jumps across
interfaces in the SWIP bilinear form.

Remark 4.66 (Numerical fluxes). A local formulation using numerical fluxes can
be derived for the discrete problem (4.79) by combining the results of Sect. 4.5.5
for the diffusion terms and those of Sect. 2.3.4 for the advection-reaction terms.
Specifically, letting T' € 7j, and £ € PX(T), we infer (compare with (4.77))

/ (KGh (un) — unB) VE + / fung + Y err / o (un )€ = / 1,
T T FeFr F T
with [ € {k — 1,k}, er,p = np-np, and the numerical flux ¢ (uy,) defined as

(—frVrunto + Bun}) ne + (0t + 5100p)un] if F e F,
—kVpupn + (81)%uy, + 777;:; up, if Fe .7:,2.

or(un) == {

Remark 4.67 (Anisotropic diffusion). In the case of anisotropic diffusion, the
SWIP bilinear form is modified as discussed in Sect.4.5.6. The convergence
analysis based on discrete coercivity can be extended to this case. However,
it is not clear how to extend the proof of Lemma 4.62 since the bound on
||f<61/ZVh’LUh||[L2(Q)]d uses the assumption that s is scalar-valued; see [150] for
further discussion.

4.6.4 Locally Vanishing Diffusion

In this section, we are interested in the case where k only takes nonnegative
values in the domain €2, a typical example being that x vanishes in some parts
of €. In the anisotropic case, a more complex situation is that where x only
takes symmetric semidefinite values, for instance because different eigenvalues
of k vanish in different parts of €.
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4.6.4.1 The Continuous Setting

As before, we keep Assumption 4.43 so as to localize the jumps of x, and we
consider the resulting partition Po. We say that I is a partition interface if:

(a) I has positive (d — 1)-dimensional Hausdorff measure.
(b) I is part of a hyperplane, say H;.
(c) There are distinct €2; and Q; belonging to Py such that I = HyNo$Y; NoKY;.

Partition interfaces are collected into the set I and points in 2 belonging to
partition interfaces are collected into the set Z. Of particular interest are
those partition interfaces for which the normal component of the diffusion tensor
becomes singular on one of its sides, say §2;. Specifically, we set

Ioq:={I €lq|n}(k

,)nr > ni(klo;)n; = 0},

where n; denotes a unit normal vector to I, and without loss of generality we
assume that ny points from §2; toward ;. On a (partition) interface I € Iy o,
we loosely say that the subdomain 2; is the diffusive side and the subdomain
Q; the nondiffusive side. Points in € belonging to (partition) interfaces in Iy o
are collected into the set Zp o. It is important to identify those points in 7y o
where the advective field flows from the diffusive side to the nondiffusive side
and to distinguish them from the remaining points, namely

I(J{)Q ={z €Zyq | (Bnr)(z) >0},
Tog = {z € Ty, | (B-nr)(z) <0},
and we assume that (5-ny)(x) # 0 for a.e. z € Zy . Following Di Pietro, Ern, and
Guermond [133], we consider the following diffusion-advection-reaction problem
with locally vanishing diffusion
V- (=cVu+pu)+pu=f inQ\Zyq, (4.84a)
u=0 on 09Qg, (4.84b)
where
0Ny 5= {r € 9Q | n'kn > 0 or f-n < 0},

and supplemented with the following conditions on Zy q:

[—kVu+ fu]lny =0 on Zjq, (4.85a)
[ul =0 on I, (4.85b)

We observe that (4.84b) enforces a homogeneous Dirichlet condition if n*kn > 0
(as for pure diffusion problems) or if G-n < 0 (as for advection-reaction prob-
lems). Moreover, (4.85a) enforces the continuity of the normal component of the
diffusive-advective flux on the whole partition interface Zy o, whereas (4.85b)
enforces the continuity of the exact solution only on I()+7 o that is, where the
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advection field flows from the diffusive side toward the nondiffusive side, while
the exact solution can jump across Z; . We also notice that combining (4.85a)
and (4.85b) yields [kVu]-n; = 0 across I()+,Q (recall that § is smooth so that its
normal component is continuous across partition interfaces). Since lo, ny =0
on the nondiffusive side, this yields the homogeneous Neumann condition
(kVu)|q, ny = 0 on the diffusive side.

The mathematical analysis of the model problem (4.84) with conditions (4.85)
can be found in [133]. We only give here a brief motivation for condition (4.85b).
In one space dimension, these conditions were derived by Gastaldi and Quar-
teroni [165], where it is proven that the solution u. of the following regularized
problem with suitable boundary conditions:

(—kug + Bue) + fiue — eu! = f, (4.86)

converges in L2(Q), as € — 0, to the so-called viscosity solution of (4.84a) which
satisfies conditions (4.85). As an example, let @ = (0,1) be partitioned into
Q= (0,3), % = (3.2), and Q3 = (3,1) and set f =0, p =0, 8 =1,
klo,ue, = 1, and klg, = 0. Then, Zoo = {3, 2} with IS:Q = {3} and Iy =
{2}. The viscosity solution to (4.86) with the boundary conditions u(0) = 1
and u(1) = 0 is (cf. Fig. 4.7)

ul, = ulg, =1, ulg, =1 —e@1),

This solution satisfies (4.85).

4.6.4.2 Discretization

Weset V}, = P’Cj (7p) with k& > 1 and 7}, belonging to an admissible mesh sequence
satisfying Assumption 4.45. In addition, we assume that each (mesh) interface

1.4}
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Fig. 4.7: Exact solution with vanishing diffusion
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F € Fj such that FNZy g has positive (d — 1)-dimensional Hausdorff measure is
either a subset of Z; ¢, or of Igf o- We define F}* as the set of (mesh) interfaces

such that F'NZo q is a subset of 7, ,. Without loss of generality, we assume that

the normal np to each F € F}* points from the diffusive side, say 1, to the
nondiffusive side, say Q3. As a result, the weights at F' are such that wp, 7 =0
and wp, p = 1. We also assume that each boundary face F' € ]—“}; is either a
subset of 9 5 or of 9N\ 09, 5, and we define F2* as the set of boundary faces
that are a subset of 9Q \ 09, 3. With these definitions, we obtain

[ul =0  VF € F,\ (Fir UFP). (4.87)

The key property is that the discrete bilinear form a%ar defined by (4.78)
remains consistent even in the singular limit of vanishing diffusion.

Lemma 4.68 (Consistency). For all v, € Vj,

aﬂar(u,vh):/ffuh.
Q

Proof. Let v, € V},. Consider first the contribution of the SWIP bilinear form.
Owing to (4.66) and (4.87),

aZWip(U,’Uh) — _ Z /V'(HVU)’U}L—F Z n,);;{—’F/HUHHUh]]

TeT T FEFn e

i Z /[[nvhu]]-np{{vh}w* Z /[[u]]{{nvhvh}w~nF
FeFi F FeFy F

SR O I DT Sy T
. , hrp Jp

TET, FeFiruFy

+ Z /[[Hth]]’nF{{vh}wi Z /[UH{{thvh}}wnFy
reFi=’F reFjrurs

where we have used the fact that [kVu]ng = 0 on all F € F}. \ F* owing
to (4.85). Moreover, for all F € F*, v, r = 0 and {£V,vp, }onr = 0 owing to
the definition of the penalty parameter and the weights. Similarly, owing to the
boundary condition (4.84b), n'kn = 0 for all F € FP*. As a result,

azwip(u7’uh):— Z AV-(/{VU)U;L—I— Z LHHV’LUH'HFUh‘le

TeTh FeFj*

where we have used the fact that {vy, }z = vi|q, since wr, p =0 and wp, p = 1.
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Consider now the contribution of the upwind bilinear form, namely

Z /T[[Luvh-i-v-(ﬂu)vh]—i-/ (B-n) uwvy,

ay,™ (u, vn)

TET, o0
1
- (Bnp)[ulfont + 518nr|[u] [vn]
Fgﬂi /F ’ Fgg /F 2 '
= TeZT,L/T[[Mwh + V-(Bu)vp] —Fg;;” /F(ﬂ-np)[u]]vh\gl,

where we have used (4.87), (8n)° =0 on all F € FP*, and that the upwind side
is the nondiffusive side on all F' € F}* so that

~(pur)d (1} + 500
—(Bnp)[ulvnlo,-

~ (B0l ond + 515l Tl on]

Summing up yields

afleT (u,vp) = Z / (V-(=6Vu+ Bu) + jiu)vy, + Z / [kVu — fu]-npup|a,
T F

TET, FeF

Z /T(V-(f/iVquﬁu)Jr,&u)vh,

TeTn

owing to (4.85a). The assertion follows. a

Remark 4.69 (Amount of upwinding). The choice v3,p = %\ Bnp|, corresponding
to the usual amount of upwinding, is instrumental in the above proof so as to
combine the two terms multiplying vp|q, and recover the jump of the total
diffusive-advective flux.

The rest of the convergence analysis proceeds as in Sect.4.6.3 yielding the
error estimates (4.81) and (4.83). We observe that the approximate solution
exhibits, like the exact solution, a finite jump across Z; . The approximation
error on this jump is controlled via the |-|g-seminorm present in the error esti-
mates.

To illustrate with a two-dimensional example, we consider 2 = (0,1)? par-
titioned into the two subdomains depicted in the left panel of Fig.4.8. The
subdomain §2; is a trapezoidal inclusion. The diffusion is anisotropic and such

that
1 0 00
=19 05| Hfle={o 1]

The advection field is horizontal and uniform with 8 = (—5,0), and the reaction
coefficient is uniform with i = 1. The partition interface Zy o consists of the two
vertical sides of 2, with I(J{ o equal to the left side and Z;, to the right side.
The approximate solution obtained with the above dG method and polynomial
degree k = 1 is shown in the right panel of Fig. 4.8, showing that the expected
behavior of the exact solution is captured accurately. In particular, the jump
across 7, is clearly visible.
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Fig. 4.8: Two-dimensional example of heterogeneous and anisotropic diffusion-
advection-reaction problem: problem setting (left) and approximate dG solution
(right)

4.7 An Unsteady Example: The Heat Equation

To illustrate the approximation of unsteady scalar PDEs with diffusion, we con-
sider the heat equation, which we approximate in space using the SIP scheme
of Sect.4.2 and in time using (implicit) A-stable finite difference schemes, e.g.,
the backward Euler and BDF2 schemes. Implicit time-marching is usually pre-
ferred for parabolic problems because explicit schemes lead to the stringent
parabolic CFL condition 6t < Ch? where 6t is the time step and h the meshsize.

4.7.1 The Continuous Setting

For given finite time tp > 0, source term f, and initial datum wug, we consider
the unsteady version of the Poisson problem (4.1), namely,

Ou—Au=f inQx(0,tr), (4.88a)
u=0 on N x (0,tr), (4.88b)
u(-,t =0)=up in . (4.88c)

Problem (4.88) is termed the heat equation.

We recall (cf. Sect.3.1.1) that, for a function 1 defined on the space-time
cylinder Q x (0,tr), we consider v as a function of the time variable with values
in a Hilbert space, say V, spanned by functions of the space variable, in such a
way that

P:(0,tp) Dt —— (t) = ¢Y(-,t) € V.

We also recall that, for an integer I > 0, C!(V') denotes the space of V-valued
functions that are [ times continuously differentiable in the interval [0, ¢p].
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We take the source term f in C°(L2(Q)). Moreover, we are interested in
smooth solutions such that

u e CO(HY(Q) NCL(LA(R)).

This implies, in particular, that the initial datum wug is in the energy space
H(Q). In addition, since u € CO(HZ(Q)) N CHLA(Q)), diu € L*(Q) for all
t € (0,tr), so that we consider the following weak formulation of (4.88): For all
te [Oa tF]7

(dyw,v) 20y + a(u,v) = (f,v)r2¢) Vv € Hy(R), (4.89)

where, as in the steady case, a(u,v) = [, Vu-Vo.
We now establish the basic stability result for (4.89).

Lemma 4.70 (Stability). Let u € CO°(H}(Q)) N CY(L3(2)) solve (4.89). Then,
for all t € [0,tr],

t t
)20 + / I9(5) [ e s < lltollZe(gy + C3 / 1F5)12s o ds,

where Cq results from the Poincaré inequality (4.4).

Proof. For a fixed t € (0,tr), selecting u(t) as a test function in (4.89) and
using the Cauchy—Schwarz inequality followed by the Poincaré inequality (4.4),
we infer
1
Al Z2(0) + IVa@Ir2 e = (F), u) 2 (@)
< Callf )2 o IVut) |22 ()e

ng 2 1 2
< 5 I Olz2@) + 5IVu®)lize e

Rearranging terms and integrating in time yields the assertion. O

4.7.2 Discretization

As in Chap. 3, we focus on the method of lines in which the time evolution prob-
lem (4.89) is first semidiscretized in space yielding a system of coupled ODEs
which is then discretized in time. Specifically, we consider space semidiscretiza-
tion by the SIP dG method of Sect.4.2 together with a backward (also called
implicit) Fuler scheme for time discretization. The BDF2 scheme to discretize
in time is addressed in Sect.4.7.4.

4.7.2.1 Space Semidiscretization

Let V}, = P’;(Th) with polynomial degree k > 1 and 7, belonging to an admissible
mesh sequence. The spaces V, and V. are defined in Assumption 4.4.
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The discrete problem is formulated as follows: For all ¢ € [0, tr],
(dyun,vn) Q) + azip(uh,vh) = (f,vn) Yoy, € Vi,
with bilinea.r form azip defined by (4.10). We introduce the discrete differential
operator A" : Vi, — Vj, such that, for all (v,wp) € Vi, X Vp,
(Azip'l},wh)LZ(ﬂ) = azip(v,wh).

The discrete operator Azip can be used to formulate the space semidiscrete prob-
lem in the following form: For all ¢ € [0, tr],

deun (t) + APup (t) = fa(t), (4.90)
with initial condition uy(0) = m,ue and source term

fu(t) =mnf(t)  Vte[0,tr],

where 7, denotes, as usual, the L2-orthogonal projection onto Vj,. Choosing a
basis for V},, the space semidiscrete evolution problem (4.90) can be transformed
into a system of coupled ODEs for the time-dependent components of uy(t) on
the selected basis. Written in component form, (4.90) leads to the appearance
of the mass matrix in front of the time derivative. In the context of dG methods,
the mass matrix is block-diagonal; cf. Sect. A.1.2. _

We now state the important properties of the discrete operator A;". These
properties result from the consistency, discrete coercivity, and boundedness of
the SIP bilinear form.

Lemma 4.71 (Properties of Azip). The discrete operator Azip satisfies the fol-
lowing properties:

(i) Consistency: For the exact solution u, assuming u € C°(V,),
mhdeu(t) + ASPu(t) = fr(t) Yt € [0,tx].
(i1) Discrete coercivity: For all vy, € Vy,
(A3 vn, o) 2(0) = CotallonllZp-

(iii) Boundedness: For all (v,wp) € Vip X Vp,

(A3, wn)r2(0) < CondllVllsip,sllwn lsip-

Here, Csta and Cpna are independent of h and dt, the |-|sip-norm is defined
by (4.17), and the ||-||sip,«-norm by (4.22).
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4.7.2.2 Time Discretization

To discretize in time the space semidiscrete problem (4.90), we introduce a
partition of (0, ¢r) into N intervals of length dt (the time step) so that Nt = tp;
more generally, a variable time step can be considered. For n € {0,...,N}, a
superscript n indicates the value of a function at the discrete time t™ := ndt.
For a function v € C'(V) with some function space V of the space variable,

we introduce the backward Euler operator (5§1) such that, for alln € {1,..., N},

-1
ev, (4.91)

o™ — "
ot

thereby providing a first-order finite difference approximation of the time deriva-
tive dyv™. The discrete solution is obtained from the backward Euler scheme,

551)1)” =

S uptt 4 APt = ot (4.92)

with the 1n1t1a1 condition u? = mpup and the source term f"+1 = fH for all
n € {0,.. — 1}. Problem (4.92) can be equivalently rewritten as

n+1 + 5tAsxp n+1 _ uz —|—5tfn+1,

thus highlighting the fact that u"+1 is obtained from uj by solving a linear
problem. In what follows, we abbreviate as a < b the inequality a < Cb with
positive C independent of h, dt, and f.

4.7.3 Error Estimates

The analysis follows a path similar to that deployed in Sect. 3.1 for the unsteady
advection-reaction equation. We first derive the error equation, then establish
an energy estimate and finally infer the convergence result. The analysis is
much simpler than in Sect. 3.1 since we use an implicit scheme to march in time.
Indeed, contrary to explicit schemes, implicit schemes are dissipative.
Letting
& = up — mpu” & i=u" — mpu”, (4.93)

the approximation error at the discrete time ¢t" is decomposed as
= 6 g
Lemma 4.72 (Error equation). Assume u € C°(V.) N C%(L*(Q)). Then,

1) #n sip #n n
Sgntl — _gsipentl | gntl (4.94)

. nt1
with a1 = ASPentl g gntl gpd 7 = gt L (#7 — ¢)d2u(t) dt

Proof. A Taylor expansion in time yields

gt

tn
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ie.,
5(1)un+1 _ dtun+1 + 9n+1
h = .

Projecting this equation onto Vj, and replacing mjdu™! by frtl — A5Pyntl
owing to consistency, we obtain

S mpuntl 4 APyt = gl o gt (4.96)
Subtracting (4.96) from (4.92) yields the assertion. O

We now derive an energy estimate for the discrete scheme.
Lemma 4.73 (Energy estimate). Assume u € C°(V.) N C?(L3(2)). Then, for
alln € {0,...,N — 1}, there holds

L e L e [ 44 AP e [ M
S ot 2. + C26t%),  (4.97)

sip,*
with Cy = ||d7ul|co(r2(q)) -

Proof. Testing (4.94) with 575{”“ we obtain

HﬁnHHLz(Q) + St(ATPER T, o)
= (&G e + St(AGPEntL T e) — 60" & 2 ),

smce (mp0™t1 f”“)Lz(Q) = (0n+17§;:+1)[/2(ﬂ). Using the algebraic relation ab =
24 2b2 2( —b)? for the first term on the right-hand side, the above energy
equality becomes
1€ T2 () + 60T = 71122 () + 26H(ARPET 67 ) L2 @)
= [IER 172 () + 20t(APENHY ) 12 ) — 264(0" T, € ) L2 (.
Using discrete coercivity and boundedness of Azip together with the Cauchy—
Schwarz inequality, we obtain
&R 122 ) + 1607 — €l T (@) + 20tCualléy ™ I3,
< |I& ||L2(Q) + 2CnaSt)E5 lsip« IR lsip + 26¢110™ T | L2 167 I 22 () -

Owing to the discrete Poincaré inequality (4.20),

16 gy + 0 = €822 o) + 206CuallEg 12
< 16715 @) + 2Chmat 17 i 65 i + 2028107+ 20 U5 i

Using Young’s inequality for the two rightmost terms yields

168 1220y + 160 = &R T2 0) + 0tCutall 5 12,
<ER1F 20y + COtUIERT 120 « + 167 172(q))-
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Finally, proceeding as in the proof of Lemma 3.20, we infer
167 L2 (0) S Cudt,
whence the assertion. O

Remark 4.74 (Dissipation in backward Euler scheme). The dissipative nature of
the backward Euler scheme is reflected by the presence of the time increment
[&ntt —¢n HLQ(Q) on the left-hand side of the energy estimate (4.97). We observe

that, up to a factor §t, the increment EZ“ i can be interpreted as a first-order
finite difference approximation of the time derivative of the error component

in Vj,.

Finally, we arrive at our main convergence result.

Theorem 4.75 (Convergence). Let u € C°(V,) N C%(L%(Y)) solve (4.89) and
let (ul)1<n<n solve (4.92) with u) = mpug. Assume u € CO(H*T1(Q)). Then,
there holds

n=1

1/2
||U — Up HL2 () + (Cbta Z 5“”“ — Up ||51p> 5 Xlét + XQhk? (498)

. 1
with x1 = t* [ d2ul] ooz and X2 = [ulloo s @)

Proof. Summing (4.97) for n € {0,...,N — 1}, dropping the nonnegative con-
tribution || — §,7j||%2(9), and observing that &) = 0, we obtain

||§h HL2 () + (StCSta Z mfh H|51p ~ ot Z mf H|51p « T tFCZ(Stz

Recalling the results of Sect.4.2.3, we infer that, for all n € {1,...,N},
€7 Nsip,« S P*lu™ || w1 (). Hence,

167" 172 () + 0tCita Z &Rz < (x10t + x2h*)2.

n=1

Using the triangle inequality [|u’ —uf || 120y < 1€ |12(0) + 1€ || 12 () together
with

Z 6t”|u —Uup ‘”blp = 2 Z 6t ”|€h ‘”blp + ‘”gn ‘”blp)

and observing that

&7 11720 + 6 Csta Z lexzs S Oeh®)?,

yields the assertion. O
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4.7.4 BDF2 Time Discretization

To improve the convergence rate in time, we can consider higher-order backward
approximations of the time derivative d;u. In this section, we briefly examine
time discretization using the second-order backward difference formula (BDF2).
We show, in particular, that, also in this case, stability is related to the dissipa-
tive nature of the scheme. We proceed as in Sect.4.7.3, whereby we derive the
error equation, establish an energy estimate, and finally infer the convergence
result.

For a function v € C*(V), we introduce the BDF2 operator 5t(2) such that,
foralln € {2,...,N},

3™ — 4,Un—1 + ,Un—2
26t

thereby providing a second-order finite difference approximation of the time
derivative d;v™. Then, the discrete solution is obtained from

up +uy  fr+ S
2 2
SPuntl p APyt =t for e {1,...,N =1}, (4.99b)

552)1)" =

ev,

sVl 4 Az (4.99a)

with u) = mpup. The operator 552) cannot be used for the first time step n = 1,
since only the initial value is available. In (4.99a), the value u} is computed
from u) using the Crank-Nicolson scheme which is also second-order accurate
in time.

We first derive the error equation, recalling that the components & and &7
of the approximation errors are defined by (4.93).

Lemma 4.76 (Error equation). Assume u € CO(V.) N C3(L*(Q)). Then,

Vel + Ap Si ;E’L = aj, (4.100)
where o, = Azip% —mpft, 01 = — L6t foét t(8t — t)d3u(t) dt, and, for all
nef{l,...,N—1},

SRt 4 APt = apt, (4.101)

where OLZ+1 APentt — mp6n Tt and

¢t ¢t

ontl = (St‘l/ (t" — )2 du(t) dt — iat—l/ 1 ("t — ) d3u(t) dt
i

Proof. We observe that
st
sPut = dyut — 5t—1/ td?u(t) dt
0

ot
st = dyul + 5t! / (5t — t)d2u(t) dt,
0
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so that, integrating by parts in time,

0 1
u’ +u +01.

0 1 1 ot
sMut = dt% + 507! / (6t — 2t)d2u(t) dt =
0

Proceeding as in the proof of Lemma 4.72 yields (4.100). Furthermore, for all
n € {2,...,N}, a direct calculation shows that

5t(2)un+1 = dyu" o

and proceeding again as in the proof of Lemma 4.72 yields (4.101). |
We can now derive the energy estimate.

Lemma 4.77 (Energy estimate). Assumeu € CO(V,)NC3(L?(Y)). Then, there
holds

||£h||L2(Q) + 5tCStaH|§h Hlsxp S ot (|||€ Hlsxp7 + mfo H|51p, + Cg(st4) ’ (4102)

and, for alln e {1,...,N — 1},

1€ T2 ) — €720 + 1260 = ERlIT2 ) — 1267 — &0 Iy
+10&h T 1720y + 0t Catall&y 12, S Ot (|||§n+1|\|s1p7 +Ch6tY), (4.103)

sip ~
with Cy, == ||d3ul|co(r2(q)) and 0u&t! = & — 260 4+ €71

Proof. Testing (4.100) with 6t¢}, observing that &) = 0, rearranging terms,
and using (|0 p2(q) < Cu6t? yields (4.102). Furthermore, testing (4.101) with

45155;}“7 we infer
45t(5(2)fn+1, +1)L2(Q) + 45t(Ah n+1, +1)L2(Q) = 46t(oz"+1 }7;+1 L2(Q)-
We observe that

2 n n n n
46t € et )r2@) = 16 172 0) — €0 1720
+ 12657 — &7 20) — 11268 — & 220
+ 1608 172 (-

Finally, we bound (oz”“7 5;}+1)L2(Q) by proceeding as in the proof of Lemma 4.73
using [|0" ]| 2(q) S Cudt? for all n € {1,...,N —1}. O

Remark 4.78 (Dissipation in BDF2 scheme) The dissipative nature of the BDF2
scheme is reflected by the term [|d,&) " HLQ(Q) on the left-hand side of (4.103).

We observe that, up to a factor 52, (5tt§”+1 can be interpreted as a second-order
finite difference approximation of the second-order time derivative of the error
component in Vj.
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Finally, we arrive at our main convergence result. The proof is skipped since
it is similar to that of Theorem 4.75.

Theorem 4.79 (Convergence). Let u € C°(V,) N C3(L%(Y)) solve (4.89) and
let (ul)1<n<n solve (4.99) with u) = mpug. Assume u € CO(H*T1(Q)). Then,
there holds

N /2
|ﬂﬁwm+GmZMwﬁ@)sMW+wﬂ

n=1

. 1
with x1 = 1|l oo z2(ay) and x2 = ullco e o).

4.7.5 Improved C°(L?*(Q2))-Error Estimate

The error estimate (4.98) is suboptimal for the term [[u’¥ —u} || 2(q) by one power
in h. Following the ideas of Wheeler [305], a sharper result can be obtained by
replacing the L2-orthogonal projector in (4.93) by the so-called elliptic projector
Tenn € L(Vi, Vi) such that, for all w € Vi, mqw € Vj, solves

S1

a P (menw, vp) = azip(w,vh) Yoy € Vi,

or, equivalently,
AP reanw = AP w.

If elliptic regularity holds (cf. Definition 4.24), there is C, independent of h, such
that, for all w € V, N H*1(Q),

Jw — Tenwl| 2y < Ch¥H|Jw]| et (gy- (4.104)
Redefining the components of the approximation error as
G =" —menu”, Q= menu — g,
the approximation error at the discrete time t" is now decomposed as
Wt - = G
We consider again the backward Euler operator (5§1) defined by (4.91).
Lemma 4.80 (Error equation). Assume u € CO(V,) N C?(L?(Y)). Then,

o 4 AP = gt (4.105)
with o)t = 7rh5t(1)C7TTL+1 — 0"t and 0" defined in Lemma 4.72.

Proof. Recalling that 5t(1)u”+1 = dyu™t! 4 0"t and observing that 5t(1)u”+1 =
5 requntl 4 68 ¢+ we obtain

S et = dyunt 4 0 — gDt
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Projecting this equation onto V},, replacing md;u™*t by fit! — A3Pyn+1, and
observing that A} renutt = A7 u"t! we infer

1 1
5t( ) renutt = L AP T o, 6 7rh5t( )C;:H.

Subtracting this relation from (4.92) yields the assertion. a

The difference between (4.105) and (4.94) lies in the residual o} **. When

using the elliptic projector, the term A3P¢2+! in af ™ is replaced 7Th5t( )C;H'l.
This is a key point, since the latter scales in space as h**! (cf. the proof of
Theorem 4.82 below), while the former only scales as h*.

The next step is to derive an energy estimate. The proof is skipped since it
is similar to that of Lemma 4.73.

Lemma 4.81 (Energy estimate). For alln € {0,...,N — 1}, there holds

G 13 200) — NSH T2 ) + IS = CRlIZ 20 + 6tCstall G 112,
1) »n
< 08161 G o) + CESE), (4.106)
with Cu = Hd%UHC“(LZ(Q))'
Finally, we arrive at our improved convergence result.

Theorem 4.82 (Convergence). Let u € C°(V,) N C%(L%(Y)) solve (4.89) and
additionally assume that u € CY(H**(Q)). Then,

™ —up |20y S X160t + x2hF,

. 1 1
with x1 = tF{2Hd%UHC"(L2(Q)) and xs = tF{2|‘UHC'1(Hk+1(Q)).
Proof. We first observe that

BIGH = mandy V= g,
so that, owing to (4.104),

1687 ¢ oy S RO u i .

Moreover,

g+l 2

/ 0%dyu(s)ds

t’

1), n
||5t( )u +1H%Ik+l(ﬂ) = Z / t2

|| <k+1

tn+1

Z / / |0“dyu(s)|? ds
tn

|a\<k+1
tnt
1

[ e s

< ||dtUH%O(Hk+1(Q)) < HUH%‘l(H’f“(Q))'



186 Chapter 4. PDEs with Diffusion

Then, summing (4.106) for n € {0,...,N — 1}, dropping the nonnegative

contribution HC,?H - (QH%Q(Q), and observing that ¢ = 0 we obtain
N
16N 1720 + 0tCuta Y IR I3 < (xa8t + x2h" )%, (4.107)

n=1

Owing to the triangle inequality, [[u™ —uf||r2(q) < ¢ Ir2@) + 1€ | 12(0) and
we conclude using (4.104).

Remark 4.83 (Superconvergence of ¢ Zgil i I%,). The error decomposition
based on ¢}’ and (' can also be used to derive an energy-error estimate of

1/2
order h* in space. The bound (4.107) shows that (Zﬁf:l St¢rI2 ) scales as

sip
h¥+1 and, therefore, superconverges. The leading order term in the energy-error

1/2
estimate is the projection term <Zg:1 S| |\|Sip> which scales as h¥.



Chapter 5

Additional Topics on Pure
Diffusion

In this chapter, we discuss some advanced topics focusing on the Poisson problem
with homogeneous Dirichlet boundary conditions (4.1). Most of the results can
be extended to more general scalar PDEs with diffusion. In Sect.5.1, using
basic properties of the space of functions with bounded variation (the so-called
BV space), we derive discrete Sobolev embeddings for broken polynomial spaces
equipped with the |- ||ag p—norms (5.1), and a discrete Rellich-Kondrachov com-
pactness theorem for sequences bounded in the ||-||ag p-norm. We also prove an
important result concerning the (weak) asymptotic consistency of the discrete
gradients introduced in Sect.4.3.2. In Sect.5.2, we revisit the approximation
of the Poisson problem by the SIP method (cf. Sect.4.2) and use the results of
Sect. 5.1 to prove the convergence of the sequence of discrete solutions to minimal
regularity solutions. The results of Sects. 5.1 and 5.2 lay the basis for the conver-
gence analysis of the dG method for the Navier—Stokes equations presented in
Chap. 6. In Sect. 5.3, we briefly review some possible variations on penalty and
symmetry that can be envisaged for the SIP bilinear form. A different exten-
sion is considered in Sect.5.4, where we introduce a consistent discretization
featuring one degree of freedom per cell in the spirit of cell-centered Galerkin
methods. Such methods bridge somewhat the gap between dG and finite vol-
ume methods, while at the same time reducing computational costs with respect
to the standard dG approach of Chap.4 that requires at least piecewise affine
polynomials.

In Sect.5.5, we return to the SIP method (variations on symmetry and
penalty can be easily accommodated). Referring to Definition 4.1, our goal is to
postprocess the discrete solution so as to reconstruct a discrete potential that is
H()-conforming and a diffusive flux that is H(div;{2)-conforming. Finally, in
Sect. 5.6, we present a posteriori error estimates for the Poisson problem. Such
estimates deliver upper and lower bounds on the approximation error. The upper
bound is fully computable and, as such, can be used to certify the accuracy of
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the discrete solution. Moreover, the estimates can be decomposed as element-
wise sums of error indicators that, in turn, can be used to adapt the mesh by
concentrating degrees of freedom where they are actually needed to reduce the
error most substantially.

5.1 Discrete Functional Analysis

This section contains important results of discrete functional analysis. These
results are used in Sect.5.2 (and in Chap.6) to analyze the convergence, as the
meshsize goes to zero, of dG approximations when the exact solution only sat-
isfies minimal regularity assumptions. The results presented in this section are
discrete Sobolev embeddings and a discrete Rellich—-Kondrachov compactness
theorem in broken polynomial spaces, together with the (weak) asymptotic con-
sistency of discrete gradients. Such results, which hinge on BV-norm estimates,
have been derived by the authors [131] in the context of dG methods, taking
inspiration from the penetrating work of Eymard, Gallouét, and Herbin [159] in
the context of finite volume methods. These results have also been obtained in
a similar form independently by Buffa and Ortner [61].

Let 7, be a mesh of Q belonging to an admissible mesh sequence with
mesh regularity parameters denoted by ¢. As in Chap.4 (cf. Definition 4.5),
in dimension d > 2, hr denotes the diameter of the face F' (other local length
scales can be chosen as discussed in Remark 4.6), while, in dimension 1, we set
hp = min(hy,, hy,) if F € Fi with F = 0Ty N 9T and hp = hy if F € FP
with F' = 0T N oN.

5.1.1 The BV Space and the ||-|4g,-Norms

For v € L'(R?), we introduce its ||-||py-norm

d
lollBy = Zsup{ / 00ip | p € G (RY, llpllzn(me) < 1},
i=1 R

and we define the space of integrable functions with bounded variation in R? as
BV(R?) := {v € LY(RY) | ||v||zv < oo}.

For a real number 1 < p < oo, let WP(7},) be the broken Sobolev space
defined by (1.17). We introduce the following norms: For all v € WP (7y,),

1/p
1
HUHdG,p = <||thfm(g)]d+ Z FHHUHHIEP(F))

FeFy I3

p
p 1 .
(TEZQ’,L~/7"VU|ZP+ Z h%1LHUH> , (51)

FeFy
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where we recall that |Vol|m = (Z?Zl |0;v|P)/7. As the case p = 2 is particularly
important in the context of linear diffusive PDEs, we omit the subscript in this
case and simply write, for all v € H(7},),

]/2
1
(th||[2L2(ﬂ)]d+ Z EHHUHH%Z(F))

[vllag =
FeFy,
1 ”
= (> [ IvoP+ > —/ MQ) ; (5.2)
(TETh/T FeFn hr Jr

where |Vv| denotes the Euclidean norm of Vu. We observe that the ||-||ag-norm
coincides with the ||-||sip-norm defined by (4.17) and extensively used in Chap. 4.
Our first preliminary result concerns the comparison of ||-||aq,p-norms.

Lemma 5.1 (Comparison of ||-||ag p-norms). Let 1 < s <t < co. Then,
Vo € WHH(T), lvllag,s < Cacllvllac,t
with Cyg := max(1,d|Q|a(1 + (1 + d)(0102) "' Np)).

Proof. Let v € WY4(7;,). Observing that, for all x € RY, |z[ps < d7*~*|x|p
and using Holder’s inequality with A = ¢/s > 1 and A’ = A/(XA — 1) so that
/x+1/x =1, we infer

M@:ZLM

1
SS + y S
i Y e I

TE€Tn FeFy
11—t
<> /d%|vmzt+ > /h}’hlﬁ ]l
TeT, ' T Fer, ' F

IN

(Tezﬁbd/TF/)lN X (TEZT}L/TVM@)%
+<XNWLF>%x<§2éjwayﬂ

FeFn FeFn
1/>\/
< <d|Q|d+ > hFF|d—1) Ivllac, -
FeFn

For all F' € Fy, we pick T' € 73, such that F' € Fr so that hp < hy. Using the
continuous trace inequality (1.41) with v =1 on T leads to

|Flg—1 < dCeyih'|T|a < dCeihin' | T)a,

with Ceti = (14d)(0102) 7", so that 3 pc - hp|Fla—1 < dCeiNg|Qa, since each
mesh element is counted at most Ny times. Hence,

s /27 s
[v]l5g.s < (d2a(l + CetiNa)) ™ [oll3g.e,



190 Chapter 5. Additional Topics on Pure Diffusion

1 — 1 <1 so that, for any positive

< max(1, z). a

and we conclude observing that 0 < ﬁ =

1/3/
real number z, z7/>'*

Our second preliminary result allows us to bound the ||-||gy-norm by the
Illag,p-norms. The observation that, for p = 2, the ||-|[ag-norm controls the BV
norm can also be found in the work of Lew, Neff, Sulsky, and Ortiz [232].

Lemma 5.2 (Bound on ||-||[gy-norm). Let 1 < p < co. Let v € WH(T,) and
extend v by zero outside Q. Then, v € BV(R?) and there holds

[vlBv < Crvllvllac,p, (5.3)
with Cgy = d'/? max(1,Cqyc) and Cqc defined in Lemma 5.1.

Proof. Let v € W(7;,) and extend v by zero outside Q. It is clear that v €
LY(RY). Let now ¢ € C5°(RY) with llollLoe(rey < 1. Integrating by parts yields

/Rd v8i<p:*/ﬂ(vhv.el—)go+ > /I;[[U]](ei’nF)@ viel,....d,

FeFy,
where (eq,...,eq) denotes the Cartesian basis of R?. Using ¢z« (re) < 1 and
summing over ¢ € {1,...,d}, we obtain

[vllBy < IVavlliL e +d? Z vl e 7y
FeFy

This yields the assertion for p = 1. The assertion for p > 1 then follows from
Lemma 5.1. O

5.1.2 Discrete Sobolev Embeddings

The usual Sobolev embeddings allow one to control the L%-norm of a function
in WH?(Q) by the LP-norm of its gradient (the maximum value of ¢ for which
control is achieved depends on both p and the space dimension d); see Evans [153,
Sect. 5.6] or Breézis [55, Sect.IX.3]. The aim of this section is to establish the
counterpart of these embeddings for functions in the broken polynomial space
P%(7;) with polynomial degree & > 0 (other broken polynomial spaces can be
considered), so as to achieve control, uniformly in A, of the L%-norm of a function
in P%(7,) by its ||-|lagp-norm with the same maximal value for g as in the
continuous case. Obviously, the difficulty is that the broken polynomial space
P%(73) is nonconforming in WP(£2). As mentioned above, the control of the
[Illsv-norm by the ||-||agp-norm (cf. Lemma 5.2) plays a central role in the
proof.

Theorem 5.3 (Discrete Sobolev embeddings). Let 1 < p < oo. Let k > 0.
Then, for all q satisfying

(i) 1<g<p =L if1<p<d;
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(i) 1<g<oifd<p<oo (and1<g< oo ifd=1);

there is o 4 such that

Y, € [PZ(Th), ||UhHLQ(Q) < opqllvnllac,p- (5.4)

The quantity oy, 4 additionally depends on |Qq4, k, and .

Proof. For brevity of notation, we abbreviate as a < b the inequality a < Cb
with positive C' having the same dependencies as o), 4.
(i) The case p = 1. Set 1* := - (conventionally, 1* = oo if d = 1). A
classical result (see, e.g., Eymard, Gallouét, and Herbin [159]) states that, for
all v € BV(R?),
1

loll e ey < 5o l10llBv- (5.5)
Let now v, € P%(7},) and extend vy, by zero outside 2. Then, owing to (5.5) and
Lemma 5.2, we infer

vl @) S lvnllac.ts
yielding (5.4) for p = 1 and ¢ = 1* (and, hence, for all 1 < ¢ < 1* since  is
bounded). This also proves (5.4) for d = 1.
(ii) The case 1 < p < d. It is sufficient to establish (5.4) for ¢ = p* since 2

is bounded. Set A := p(ddT;U > 1 and notice that p* = A1*. Let v, € P5(7},).
Considering the function ¢ := |v;|* (extended by zero outside ) and using (5.5)
yields

d—1

()

1€l L2 ) = lI€ll L2 (rey S €llBY S IEllac

S [ 19l + 3 [ Pl =T+ 5
T F

TeT), FeFy

We observe that, a.e. in each T € 7y, |9;lvn|}| = Awp|*~10;vn| for all i €
{1,...,d}, so that |V|vy[*pa = Nva[} 1 [Vup|e. Using Holder’s inequality with
pand r = p%l, the term %7 is then bounded as

|g1|§)\<z / ,Uh|7-(>\—1)> (Z / |V’Uh|§1>
reT;, /T TeT, * T
< </ |uhp*>"' (Z / vvhfjp) ,
Q TeTh T

since r(A — 1) = p%ldg’:pl) = % = p* and |Vup|pn < d"|Vop|e. Further-

more, concerning T, we observe that [[|vn [*]| < 2A{|va|* "1 }|[vn]]. Using again
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Hoélder’s inequality, we then infer

|S2|§)\Z Z /Fh;

[vn]]

_1
onlr M T

TeT, FEFr
AT ) »
(X X i) (25 o L)
TeT, FeFr ' T TeT, Ferp 'F T

To bound the first factor on the right-hand side, we use the discrete trace inequal-
ity (1.44) in LP"(F) for all F € Fr and the fact that Ny is uniformly bounded

in h. We obtain
mls (f1or) (S o fear)

Q e Jr
Collecting the above bounds for ¥; and %5, we infer

FeFy

1
d r
(/ |Uh|p) S </ vhlp) v llacps
Q Q

whence (5.4) for ¢ = p* since 451 — 1 = 1%'

(iii) The case d < p < oco. Let 1 > d and set p; = d—‘iq’]—] so that 1 < p; < d and

p; = q1. Then, owing to point (ii) in this proof, we infer for all v;, € P%(73),

vnllzar @) < 0py g lvnllac,p,s

and the conclusion follows from Lemma 5.1 since p; < d < p and the fact that

) is bounded. O

Because of its importance in the context of linear diffusive PDEs, we state
explicitly Theorem 5.3 in the special case ¢ = p = 2 yielding the well-known
discrete Poincaré inequality (already stated in Chap.4; cf. (4.20)).

Corollary 5.4 (Discrete Poincaré inequality). Let k > 0. There is o2, only
depending on |Q|q, k, and o, such that

Yoy, € Pi(Th), lvnllz2(0) < o2llvnllac- (5.6)

Remark 5.5 (Embeddings in broken Sobolev spaces). We established Theo-
rem 5.3 in broken polynomial spaces since this result is sufficient for our pur-
poses, that is, to analyze the convergence of dG methods for exact solutions
with minimal regularity. Incidentally, we notice that the above proof cannot be
extended to broken Sobolev spaces since we used a discrete trace inequality. Yet,
by proceeding differently, it is sometimes possible to extend these embeddings to
broken Sobolev spaces; we refer the reader to Brenner [51] for the case p = ¢ = 2
and to Lasis and Siili [221] for the general case in a Hilbertian setting (p = 2).
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5.1.3 Discrete Compactness

The Rellich—Kondrachov Theorem (see, e.g., Evans [153, p. 272] or Brézis [55,
p. 169]) states that bounded sequences in WP(Q) are relatively compact in
L%(Q) for suitable ¢ depending on both p and the space dimension d. The aim
of this section is to establish the counterpart of this result for sequences

vy = (Un)hen

that are bounded in the ||-||ag p-norm and such that, for all h € H, vy, is in the
broken polynomial space [Pf}(’]}l) for a fixed k > 0. Moreover, we identify the
regularity of the limit and prove a weak asymptotic consistency result for the dis-
crete gradients introduced in Sect.4.3.2. In what follows, to alleviate the nota-
tion, subsequences are not renumbered.

We begin with the discrete Rellich—Kondrachov theorem. As in the previous
section, the difficulty is that the broken polynomial space P’;(Th) is noncon-
forming in WP (). Also in this case, the control of the [|-|[gy-norm by the
[Illag p-norm (cf. Lemma 5.2) plays a central role in the proof. We mention
the early work of Stummel [286] in the case of nonconforming finite element
methods, and in the context of Maxwell’s equations, the work of Kikuchi [211],
Boffi [44], and Monk and Demkowicz [237] on edge elements and that of Creusé
and Nicaise [116] on dG approximations.

Theorem 5.6 (Discrete Rellich-Kondrachov theorem). Let 1 < p < oco. Let
k> 0. Let vy be a sequence in PE(T3) := (PX(71,))hen bounded in the ||-||ac p-
norm. Then, for all q such that 1 < g < p* if l <p<dorl <qg< o if
d < p < oo, the sequence vy is relatively compact in LI()).

Proof. Let vy be a sequence in P%(73) bounded in the [|-|lag p-norm. As above,
functions are extended by zero outside €2, and we use the symbol < as in the proof
of Theorem 5.3. Following Eymard, Gallouét, and Herbin [159, Lemma 5.4], we
observe that, for all £ € R,

lon(- + &) = vnllpywey S 1EleJvnllBy-

As a result, using Lemma 5.2,

v (- + &) = vnllLrray S L€l llvnllacy S 1o,

owing to the boundedness of the sequence vy in the ||-||ag p-norm. Hence, owing
to Kolmogorov’s Compactness Criterion, the sequence vy is relatively compact
in LY(R?), and thus in L!(2). Let now ¢ be such that 1 < ¢ < p*if 1 <p <d
orl < g< ooifd<p<oo. Then, owing to Theorem 5.3, there is r > ¢ such
that the sequence vy is bounded in L"(£2). We now make use of the following
interpolation inequality between L'(Q) and L"(f2) (see Evans [153, p. 623] or
Brezis [55, p. 57]): For all w € L"(Q),

||w||Lq(Q) S ||w||%1(Q)H’LU| ij?ﬂ)’



194 Chapter 5. Additional Topics on Pure Diffusion

where 6 = ( 1) € (0,1). Hence, vy is a Cauchy sequence in L7(Q) since, for
all h,h' € H, taking w = v, — vpr € L"(Q) in the above inequality yields

lvn = vnrllzag) < llon = varl| T oy llon = varll () S lon = owll 72 (q)-
This completes the proof. O

For simplicity, we now specialize the setting to the Hilbertian case p = 2;
cf. Remark 5.8 for the general case p # 2. The compactness property stated
in Theorem 5.6 allows us to infer, in particular, the existence of a function
v € L?(2) such that, up to a subsequence, v, — v in L*(Q2). However, the
regularity of the limit is still insufficient for use in second-order elliptic problems
where the natural space for the solution is H}(€2). We now prove that indeed
v € HE(Q). The tool to prove this result is the weak asymptotic consistency for
the discrete gradients, and this property turns out to be of independent interest.

Theorem 5.7 (Regularity of the limit and weak asymptotic consistency of dis-
crete gradients). Let k > 0. Let vy be a sequence in PX(Z3) bounded in the
|- llag-norm. Then, there is a function v € H(Q) such that as h — 0, up to a
subsequence,
vp — v strongly in L?(Q),
and, for alll > 0, the discrete gradients defined by (4.44) are such that
Gl (vy) = Vo weakly in [L(Q)]4. (5.7)

Proof. Let vy be a sequence in P%(73,) bounded in the ||-||qg-norm. The exis-
tence of v € L?(Q) such that, up to a subsequence, v, — v strongly in L?(Q)
is a direct consequence of Theorem 5.6. To prove that v € H}(2), we first
establish (5.7). Let I > 0. We extend functions by zero outside 2. Owing to
Proposition 4.35,

G (i)l iz2aye = 1G5 (i)l iz2e S lvwllsip = lvallac,

so that the sequence (G (v3))nhen is bounded in [L?(R%)]4. Hence, up to a
subsequence, there is w € [L?(R?)]¢ such that G} (v,) — w weakly in [L2(R?)]%.
To prove that w = Vv, let ® € [C§°(R?)]¢ and observe that

/Rd G (vp)-® :/R thh.q)—/ R ([o])-7l @

:7/R Vo + /{{@—wh¢>}np[[vh]] =T + %y

FeFy

where 7!, denotes the L?-orthogonal projection onto P4(7},). Letting h — 0, we
observe that T — — [, v(V-®) since v, — v strongly in L?(Q). Furthermore,
using the Cauchy—Schwarz inequality and recalling the definition (4.18) of the
|-|s-seminorm, we infer

/2
|Ta| < (Z hel{® - WiL(I)}”LZ(F)) [onls S BH1®| s oy lonls-
FeFy,
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Since |vp|y is uniformly bounded, we infer that T3 — 0 as h — 0. Collecting the
above limits yields

/ w® = lim | G (vy)® = —/ v(V-®),

R4 h—0 JRd R4

implying that w = Vv. This yields (5.7) as well as v € H'(R?). Moreover, since
v is zero outside €2, we conclude that v € Hg (). O

Remark 5.8 (The non-Hilbertian case). Let 1 < p < co. Let k > 0. Let vy
be a sequence in PX(73) bounded in the ||-|lag -norm. Theorem 5.6 allows
us to infer, in particular, the existence of a function v € LP(Q2) such that, up
to a subsequence, v, — v in LP(2). Moreover, it can be shown (see [131])
that v € VVO1 P(Q). The proof follows a similar path to that deployed above by
establishing preliminarily that G (v,) — Vv weakly in [LP(£2)]9.

5.2 Convergence to Minimal Regularity Solutions

The aim of this section is to investigate the convergence, as the meshsize goes
to zero, of the sequence of solutions to the discrete Poisson problem

Find uy, € Vj, s.t. azip(uh,vh) = / fop, for all vy, € Vp, (5.8)
Q

when the exact solution u has only the minimal regularity « € H}(2). For the
Poisson problem, the regularity theory for the Laplace operator can in general
be invoked to infer stronger regularity for the exact solution. However, this is
no longer the case when working with more complex problems, such as diffusion
problems with rough coefficients or nonlinear problems. In particular, the results
presented in this section constitute the first stone upon which the convergence
analysis of dG approximations for the incompressible Navier—Stokes equations
is built in Chap. 6.

The key idea is to revisit the concept of consistency and introduce a new point
of view based on asymptotic consistency. This new form of consistency, together
with the usual stability of the discrete bilinear form, are the two main ingredients
for asserting convergence to minimal regularity solutions. In what follows, we
consider sequences in the discrete spaces Vi := (Vi)nen where V3, 1= P’;(Th)
with fixed polynomial degree k¥ > 1 and 7, belonging to an admissible mesh
sequence.

5.2.1 Consistency Revisited

The convergence analysis to minimal regularity solutions does not require to plug
in the exact solution into the first argument of the discrete bilinear form. In fact,
the latter is only employed using discrete functions as arguments. This leads us
to redefine the concept of consistency. We first present a general definition and
then verify it on the SIP bilinear form.
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Definition 5.9 (Asymptotic consistency). We say that the discrete bilinear
form ay, is asymptotically consistent on Vi with the exact bilinear form a defined
by (4.3) if, for any sequence vy in V3 bounded in the |-||qg-norm and for any
smooth function ¢ € C§°(R), there is a sequence ¢ in V3 converging to ¢ in
the ||-[[ag-norm and such that, up to a subsequence,

lim ap (v, on) = a(v,p) = / Vu-V,
h—0 Q

where v € H}(Q) is the limit of the subsequence identified in Theorem 5.7.

We now focus on the SIP bilinear form asﬁip defined by (4.12) or, equivalently
at the discrete level, by (4.46). Here, it is more convenient to consider the latter
expression, namely

a3 (on, wn) = / Gh(vn)-Gl(wn) + 8" (vn, wn), (5.9)
Q

with [ € {k —1,k} and the stabilization bilinear form

s7nvwn) i= 3 7= [ fonllund = [ RA(Qenl)- R (fun))
FeF, TIF @
h
We stress that, in this section, the SIP bilinear form is not extended to larger
(e.g., broken Sobolev) spaces and that its arguments are always discrete func-
tions.

Lemma 5.10 (Asymptotic consistency of the SIP bilinear form). Let k > 1.
The SIP bilinear form is asymptotically consistent with the exact bilinear form
a on V.

Proof. Let vy be a sequence in V3 bounded in the ||-||aqg-norm and let ¢ €
C§°(9). For all h € H, we set ¢, = 7 where 7, denotes the L?-orthogonal
projection onto Vj,. Since k > 1, we infer ||¢ — mhe|lac — 0 as h — 0. Owing to
Proposition 4.35 and since G (¢) = V¢, we obtain, for all [ > 0,

G (mhe) — Vo strongly in [L%(Q)]%. (5.10)

We now observe that
azip(vh,ﬂ'hgo) = / Gﬁl(vh)Gﬁl(ﬂh(p) + §Zip(vh,7rhgp) =% +%s.
Q

Clearly, as h — 0, T1 — [, Vu-Vy owing to the weak convergence of G (vp) to
Vu (cf. (5.7)) and to the strong convergence of GY (m,p) to V. Furthermore,
using the Cauchy-Schwarz inequality together with (4.42) yields

|To| = |8 (i, ma )| < (0 + CENo)|vnls|mnels.

Since |vp|y is bounded by assumption and since |mpp|; = |¢@ — Tl tends to
zero as h — 0, we infer T3 — 0. The proof is complete. O

Remark 5.11 (Strong asymptotic consistency). Property (5.10) can be inter-
preted as a strong asymptotic consistency of discrete gradients for approxima-
tions of smooth functions. It has to be compared with the weaker property (5.7).
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5.2.2 Convergence

This section contains our main convergence result. The ideas in the proof can
be summarized as follows:

(a) An a priori estimate on the discrete solution is proven using discrete coer-
civity in V}, with respect to the ||-||lag-norm.

(b) Discrete compactness (Theorem 5.7) yields the existence of a function v €
H}(2) such that, up to a subsequence, the discrete solutions strongly con-

verge to v in L?(2), while the discrete gradients weakly converge to Vv in
(L2 ().

(c¢) Using asymptotic consistency and a density argument allows us to conclude
that the limit function v solves the exact problem.

(d) Finally, additional properties of the exact problem (uniqueness of the exact
solution and an energy estimate) are used to tighten the convergence result
by showing that the whole sequence of discrete solutions converges and that
the discrete gradients (as well as the broken gradients) strongly converge in
[L2(22)]¢ to the correct limit, while the jump seminorm converges to zero.

As in Chap. 4, we assume that the penalty parameter is such that n > C2 Ny so
that (cf. Lemma 4.12), for all vy, € Vj,

a3 (v, vn) > Cyllvnlida,

with C,, = (n — CZNp)(1 +n)~'. We also recall the result of Proposition 4.36,
namely, for all v, € Vp,,

ap”(wn,vn) 2 (|Gl (o) [FL2 @yja + (7 = CENp) on 3. (5.11)

Theorem 5.12 (Convergence to minimal regularity solutions). Let k > 1. Let
up be the sequence of approximate solutions generated by solving the discrete
problems (5.8) with discrete bilinear form a}* defined on Vi, x Vi, by (5.9). Then,
as h — 0,

Up — U strongly in L?(Q),
Vaup, — Vu strongly in [L?(Q)]4,
lunly — 0,

where uw € H(Q) is the unique solution of (4.2).

Proof. We follow the four steps outlined above.
(i) Owing to discrete coercivity and to the discrete Poincaré inequality (5.6),

CollunlBe < a5® (un, un) = / Fun
Q

<l llunllce @) < o2l fll2 @ llun llac-



198 Chapter 5. Additional Topics on Pure Diffusion

Hence, the sequence of discrete solutions uy is bounded in the [|-||qg-norm.

(ii) Owing to Theorem 5.7, there exists v € H}(Q2) such that, as h — 0, up to a
subsequence, uj, — v strongly in L?(§2) and, for all [ > 0, G, (up) — Vv weakly
in [L2(Q)]4.

(iii) Owing to asymptotic consistency (cf. Lemma 5.10), for all ¢ € C§°(Q),

/f‘P‘_/fﬂ—h(P:azip(Uh,ﬂ'hQD)H/VUV(p,
Q Q Q

i.e., v solves the Poisson problem by density of C§°(£2) in Hg ().

(iv) Since the solution u to the Poisson problem is unique, the whole sequence
ug¢ strongly converges to u in L2(€2) and, for all I > 0, the sequence (G} (un))nen
weakly converges to Vu in [L?(Q)]%. Let I € {k — 1,k}. Owing to (5.11) and to
weak convergence,

ligl_i{)lfaffp(umuh) 2 lim inf G (un)|Frz e = 1Vulf2 qya-
Furthermore, still owing to (5.11),

IGh ) By < i) = [ o
yielding

lim sup ||G§l(uh)||[2L2(Q)]d < liril sup a;® (up, up)
—0

h—0
= limsup/ fup = / Ju= HVU||[2L2(Q)]d~
h—0 JQ Q

Thus, ||Glh(uh)H[L2(Q)]d — |[Vull[z2(qye, classically yielding the strong con-

vergence of the discrete gradient in [L2(£2)]%.

||VuH[2L2(Q)]d. Owing to (5.11), we infer

Moreover, a} " (up,up) —

(n = CENo)unl3 < @ (un, un) = (|G, (un) |72 0ypas

and, since 1 > C2 Ny and the right-hand side tends to zero, |us|y — 0. Finally,
using the triangle inequality yields

IV nun = Vull 2@y < G (un) = Vullz2 @ye + | RE ([un]) 2@ — 0,

as h — 0, concluding the proof. O

5.3 Variations on Symmetry and Penalty

This section reviews variations on symmetry and penalty that can be envisaged
to modify the SIP method analyzed in Sects. 4.2 and 5.2.
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5.3.1 Variations on Symmetry

The interest in nonsymmetric dG approximations for the Poisson problem was
prompted by the work of Oden, Babugka, and Baumann [250] who considered
the discrete bilinear form

aSPP (v, wp) —/ Vivn-Vywp— Z / {Vror}nplwn] — [val{Vrwr }nr) .

FeFy

There are two important differences with respect to the SIP bilinear form: the
contribution of mesh faces is skew-symmetric and there is no penalty term. The
skew-symmetry of the face contribution has the consequence that

V'Uh S WU Obb(vluvh) - ||V}L'Uh|| [L2(Q)]4 > 0.

Various numerical results were presented in [250] indicating that despite the
absence of a penalty term, the method behaves fairly well for quadratic and
higher-order polynomial orders in one and two space dimensions. Further theo-
retical insight was gained by Larson and Niklasson [220] who showed discrete inf-
sup stability for such polynomials on unstructured triangulations in two space
dimensions. Alternatively, a penalty term of a form similar to (4.11) can be
added to the OBB bilinear form leading to the Nonsymmetric Interior Penalty
(NIP) method analyzed by Riviére, Wheeler, and Girault [271,272]. The result-
ing discrete bilinear form is

azip(vh,wh) = a‘ﬁbb(vh,wh / [vr][wr]- (5.12)
FE.’F

Taking 8 =1 and 1 > 0 leads to optimal ||-||qg-norm error estimates, as for the
SIP method. Because of the lack of symmetry, the duality argument deployed
in Sect.4.2.4 for the SIP method cannot be used for the NIP method. Optimal
L?-norm error estimates can be derived by resorting to overpenalty, that is, by
taking the exponent 3 larger than one; specifically, 3 > 3 for d = 2 and 8 > 3/2
for d = 3. A variant called Weakly Overpenalized NIP has been analyzed recently
by Brenner and Owens [53], the idea being to overpenalize the jumps of the mean
values only.

Finally, we mention the Incomplete Interior Penalty (ITP) method introduced
by Dawson, Sun, and Wheeler [121] in the context of coupled porous media flow
and contaminant transport. The discrete bilinear form reads

ay® (vp, wy,) Vyop-Vpwp— Vo Fnplwn]+ [on]lwn],
n (Un, W) /hhth;:/ hVh FhF; /hh

the difference with SIP being that the symmetry term has been dropped.
In all cases, letting V;, = P%(7,) with polynomial degree k& > 1 and 7,
belonging to an admissible mesh sequence, the discrete problem takes the form:

Find up € Vi, s.t. af, (up,vp) = / fop, for all vy, € Vp, (5.13)
Q
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where aj can be the OBB, NIP, or IIP discrete bilinear form. For NIP (with
B = 1), discrete coercivity is achieved in the ||-|lag-norm as soon as n > 0,
while for IIP, proceeding as in the proof of Lemma 4.12 shows that discrete
coercivity is achieved in the ||[|ag-norm as soon as 7 > $C&Ns. Once discrete
coercivity is asserted, the convergence analysis to smooth solutions in the ||-|lag-
norm proceeds similarly to Sect. 4.2.3; details are omitted for brevity.

5.3.1.1 Local Conservation

Similarly to the SIP method (cf. Sect.4.3.4), the OBB, NIP, and IIP methods
satisfy a local conservation property. Specifically, for all T € 7} and for all
¢ € PE(T), there holds

[ @ —a R QD) Ve+ 3 enr [ detu= [ fe.

FeFr

where o = —1 for OBB and NIP, while a = 0 for IIP; furthermore, ¢p(up) =
or(un) = —{Vpup}np + nhp'[up] for NIP (with 8 = 1) and IIP, while for
OBB7 ¢F(uh) = _{V}LU}L}'HF.

5.3.1.2 Convergence to Minimal Regularity Solutions

The NIP and IIP bilinear forms can be cast into the form (compare with (5.9))
ai(wnvwn) = [ Gh(un)-Gh(wn) + i (on wn), (514)
Q

with [ € {k — 1,k} and where for NIP (with 8 = 1),

G}, (vn) = Vion + Ry, ([on]), (5.15)
S0P (o, wp) = FX; = /F [onl[eon] + /ﬂ RL(n]) R (Twnl), (5.16)
while for IIP,
Gl (vn) = Vion, (5.17)
P (v, wp,) = F;h % /F [vn][wn]. (5.18)

We assume that the penalty parameter 7 is chosen such that n > 0 for NIP
and n > $1CZNp for IIP; this implies discrete coercivity in the [|-|lqg-norm, and
hence well-posedness of the discrete problem (5.13). Specifically, there is Csya,
independent of h, such that

Yy, € Vh, CstaHUhHglG < CLZ(’Uh,’Uh). (5.19)

To analyze the convergence to minimal regularity solutions of the seq-
uence of discrete solutions uy solving (5.13), we adapt the ideas of Sect.5.2.
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The difficulty is that the discrete bilinear form a} defined by (5.14) does not
match Definition 5.9 regarding asymptotic consistency. Instead, we consider
asymptotic adjoint consistency.

Definition 5.13 (Asymptotic adjoint consistency). We say that the discrete
bilinear form aj, is asymptotically adjoint consistent with the exact bilinear form
a on Vi if for any sequence vy in V3 bounded in the ||-||aqg-norm and for any
smooth function ¢ € C§°(R), there is a sequence ¢ in V3 converging to ¢ in
the ||-[[ag-norm and such that, up to a subsequence,

lim ap(¢n,vn) = alp,v) = / V-V,
h—0 Q

where v € H}(Q) is the limit of the subsequence identified in Theorem 5.7.

Lemma 5.14 (Asymptotic adjoint consistency of NIP and IIP bilinear forms).
The discrete bilinear form aj, defined by (5.14) is asymptotically adjoint consis-
tent with the exact bilinear form a on Viy.

Proof. We proceed as in the proof of Lemma 5.10 observing that, for both NIP
and IIP, G} (my¢) strongly converges to Ve in [L?(2)]¢ where 7}, denotes the
L?-orthogonal projection onto V3. O

We can now state our convergence result to minimal regularity solutions.
The general idea of the proof is inspired from Agé¢las, Di Pietro, Eymard, and
Masson [6, Lemma 2.3 and Theorem 2.2].

Theorem 5.15 (Convergence to minimal regularity solutions). Let k > 1. Let
up be the sequence of approximate solutions generated by solving the discrete
problems (5.13) with a}, defined by (5.14) and with penalty parameter ensuring
coercivity. Then, as h — 0,

Up — U strongly in L?(Q),
Vyup — Vu strongly in [L?(Q)]%,
|U’L|J - 07

where uw € H(Q) is the unique solution of (4.2).

Proof. Owing to the discrete coercivity of aj, the sequence uy is bounded in
the ||-||ag-norm. Theorem 5.7 implies that there is v € H}(£2) such that, up to
a subsequence, u, — v in L*(Q) and, for all | > 0, G} (uy) — Vv weakly in
[L2(Q)]4 as h — 0. Let p € C§°(Q2). Owing to Lemma 5.14, a} (mnp,un) —
a(p,v) as h — 0. Since uy, solves the discrete problem (5.13), we infer, as h — 0,

ap,(up — T, up — Th) — / flv—¢) —/ Ve-V(v— ).
Q Q
Hence, using (5.19)

Ostalir}?sup llun —mrell3e < lil}?supaﬁ(uh*m%uh*m@) < Crollv=ollm (@),
—0 —0
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with Cre = ([[fll72 (0 + |\V¢|\[2L2(Q)]d)1/2. As a consequence,
limsup [lun —mupllic < CaaCrollv = el @)-
We now observe that both of the choices (5.15) and (5.17) for éﬁl satisfy the
stability property:
Yoy, € Vi, G, (i) |2 2 < Cllvallac,

for C independent of h (the assertion is straightforward for IIP, whereas the
bound (4.42) is used for NIP). As a result,

liI’?S(l)lp G (un) = Gl (T[T 0yja < CCaCrollo — ollm (@),

and since éﬁl(whgo) strongly converges to Vi in [L?(Q)]¢, this yields

lifilsblp G (un) = Velfraiape < COgaCrpllv — @l mi()-

Since ¢ is arbitrary in C§°(£2), and since this space is dense in H} (), the term
on the right-hand side can be made as small as desired. Hence, we infer

Gl (un) — Vv strongly in [L?(Q)]%.

As a result, taking again ¢ arbitrary in C§°(Q2) yields

/f<p<—/foLso=a}i(Uh,WfL<p)—>/ V-V
Q Q Q

The proof can now be concluded as in the symmetric case. O

Remark 5.16 (Further variation on symmetry (with crime)). It is also possible
to consider the discrete bilinear form (compare with (5.14))

aﬁ*(vhawh):/G%(Uh)'@ﬁ(wh)%?ﬁ(vmwh),
Q

with corresponding sequence of discrete solutions uz. The asymptotic consis-
tency of a;* is an immediate consequence of the discrete Rellich-Kondrachov
theorem and the strong consistency of @Zh for smooth functions, so that prov-
ing the strong convergence in L? of the discrete solutions uy is straightforward.
However, the present techniques do not provide a convergence proof for the dis-
crete gradients. This difficulty is also reflected by the lack of the consistency
term (cf. Definition 4.7).
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5.3.2 Variations on Penalty

Following an idea originally proposed by Bassi, Rebay, Mariotti, Pedinotti, and
Savini [35], we analyze in this section a modification of the penalty strategy
whereby the liftings of the interface and boundary jumps are penalized instead
of the actual values of these quantities. Specifically, we define the so-called
BRMPS discrete bilinear form

brmps(vh,wh) = af’(vp,wp) + Sbrmps(vh, W), (5.20)

with af® defined by (4.8) and with the new stabilization bilinear form

S ) = S / o ([on]) e (Leon]),

FeFy

where 17 > 0 is a user-dependent parameter and ! € {k — 1,k}. The main
advantage of this new penalty strategy is that coercivity holds provided n >
Ny, thereby circumventing the presence of Cy, in the minimal threshold for the
penalty parameter.

The natural norm to assert the discrete coercivity of abrmps is

1/2
o T—— (nvhvhn&z(m]d - ||riv<uvhﬂ>%mm]d> .

FeFy

We observe that ||-||brmps is @ norm on H'(7,). Indeed, if v € H'(7},) is such
that ||v|lbrmps = 0, then Vv = 0 and 'l ([v]) = 0 for all F € Fj,. The first
property implies that v is piecewise constant, and the second property yields
that [v] = 0 across all F' € F; hence, v = 0.

Lemma 5.17 (Discrete coercivity). Assumen > Ny. Then, the discrete bilinear

form ;"™ defined by (5.20) is coercive on Vi, with respect to the ||-[|brmps-norm,

i.e.,
VUh € Vh’ azrmps(vh7 Uh) > Cﬂ mvh H|12)rmps7

with Cy, == (n — Np)(1 +n)~L.
Proof. Let vy, € V},. Observing that (cf. (4.45))

ay®(vp,vp) / IV hon|? *2/ Vavn: R}, ([vn]),

and using (4.41) to bound || Rﬁl([[vh]])H[Lz(Q)]d, we obtain

ap™™ (on, o) 2 IVavallfppe +1 Y IIve([onD) IFz (e
FeFy

1/5
— 2NV hvnllize e (Z I (ToaD) L2(9)1d> :

FeFy
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The right-hand side takes the form 22 — 28zy+ny? with = ||V, vn |12 (0)« and
v =T per, Itk([onl) H[2L2(Q)]d )'/2. Proceeding as in Lemma 4.12 then yields the
assertion. O

We now establish the discrete coercivity of ay™P* on Vj, using the ||-||ac-

norm defined by (5.2) (or, equivalently, the ||-||sip-norm defined by (4.17)). This
results from Lemma 5.17 and the following uniform equivalence of the |- ||brmps-
and ||-|lag-norms on V.

Lemma 5.18 (Uniform norm equivalence). Let k > 1 and let | > 0. There is
C; > 0, independent of h, such that, for all v, € Vi, and all F € Fy,

: e
Cep Iondllz2ry < (I (@D Bs e + I900nliacze) + (5:21)

where Tr is defined by (1.13) and ||liz2(zp)e = Qrer Il LZ(T)]d)1/2, As a

result, the ||||ag- and |- |lbrmps-norms are uniformly equivalent on Vy,: For all
vy € Vp,

(142677 " lonllac < Nonllbmmps < max(1,C8) " onllac- (5.22)

Proof. To alleviate the notation, we abbreviate as a < b the inequality a < Cb
with positive C independent of h. Let F' € Fj, and let vy, € V. Let yp, := ([un]) r
denote the mean value of [u,] on F. The triangle inequality yields

ITvnlll2 7y < llynllzcry + Tva] = ynll2ey- (5.23)

Owing to the generalized Friedrichs inequality (see, e.g., Vohralik [300]), there
holds

ITon] = yallz2cry S BNV Ronll w2 (2o (5.24)

To bound the first term on the right-hand side of (5.23), let npo denote the
mean value of np on F (we recall that mesh faces can be composed of several
portions of hyperplanes). Then, since np-ngp =1 on F and since yj, is constant

on F,
H?Jh”%qp) =/ \yh|2=/yhnF-nFth/yhnF-nF,oyh-
F F F

Therefore, setting ®;, = ypnr o, extending @, by its constant value on the ele-
ments in 7 so that ® € [PY(7;,)]¢ and {®,,} = ), on F, and using the defini-
tion (4.37) of rl. yields, for all [ > 0,

lynll72(ry = /FyhnF"I)h :/ﬂrlF(yh)'q)h < e (ym) ez (e a2 (7

and since ||y ||(L2 (7,y)2 S h¥2||yh|\Lz(F), we conclude that

1/2

lynllzzcry S b e ()l p2 (e
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Using the linearity of rk, the triangle inequality, the bound (4.39) on rl.(-),
and (5.24) leads to

1/2 1/2
||yh||L2(F) N h/ [ TF(HUh]])H [L2(Q)]d T h/ I r%(yh - [[Uh]])H[m(n)]d

S L (oD llizz e + lyn — [oadll 2 ey
<h v ([val) 22y + hi, IV honl L2 (7

This yields (5.21). Finally, the lower bound in (5.22) results from (5.21) after a
summation over F' € Fy, while the upper bound results from the bound (4.39)
on each 1t (+) for all F' € F,. |

We can now reformulate Lemma 5.17.

Lemma 5.19 (Discrete coercivity). Assumen > Ny. Then, the discrete bilinear

form azrmps defined by (5.20) is coercive on Vi, with respect to the ||-|lag-norm,

i.e.,
Yo, € V, azrmps(vhvvh) > CstaHUh”czle
with Cyg = Cn(1+2C’r_2)_1, C,, defined in Lemma 5.17, and Cy in Lemma 5.18.

We consider the discrete problem
Find uy € V}, s.t. abrmps(uh,vh) = / fop for all v, € V. (5.25)
Q

For smooth solutions, the error analysis proceeds as in Sects. 4.2.3 and 4.2.4, lead-
ing to optimal error estimates in the ||-|qq- and L?-norms respectively; details
are omitted for brevity.

5.3.2.1 Local Formulation and Stencil

It is easily verified that the local formulation of the discrete problem (5.25) has
the same form as (4.49) for the SIP method, except that the numerical flux
¢r(up) is now given by

op(un) = —{Vnun}nr + nfre([ua]) } np.

Furthermore, the elementary stencil of the BRMPS bilinear form is the same as
that of the SIP bilinear form; cf. Fig.4.1.

5.3.2.2 Convergence to Minimal Regularity Solutions

In the spirit of Sect. 4.3.3, the discrete bilinear form azrmps can be equivalently

reformulated on V}, x V}, as
ay™ vy, wy) = / G}, (0n)-G, (wn) + 577 (v, wh,),

with [ € {k — 1,k} and the stabilization bilinear form

S () = 3 /rF [vn])- rF(Hwh]])—/Rl (lvn]): Ry, ([wn]).-

FeFy



206 Chapter 5. Additional Topics on Pure Diffusion

Theorem 5.20 (Convergence to minimal regularity solutions). Let k > 1. Let
up be the sequence of approximate solutions generated by solving the discrete
problems (5.25) with abrmps defined by (5.20). Then, as h — 0,

Up — U strongly in L?(Q),
Vaup, — Vu strongly in [L?(Q)]4,
lunls — 0,

where uw € H(Q) is the unique solution of (4.2).

Proof. Owing to discrete coercivity and symmetry, we can proceed as in the proof
of Theorem 5.12 to infer that uj, — u in L2(Q) and, for all [ > 0, G (uy) — Vu

in [L2(Q)]? where u € H3 () is the unique solution of (4.2). Moreover, we obtain

azrmps(uh,uh) — HVu||[2L2(Q)]d, and since

(= No) > e (unD) Fzqaye < ap™ (unyun) = G (un) 2 ayjas
FeFn

we infer that } pc z || rF([uh]])H[LQ(Q) « — 0. It remains to prove that |uy|; — 0.
To this purpose, let ¢ € C§°(2) and set ¢, = . Using Lemma 5.19 yields

b
WS (ugy, — @, un — ).

Cotalun = onli < Cstallun — enllic < a
Letting h — 0 yields
111;1 sup lunl3 < CoallV(u = @)1z e
and the upper bound can be made as small as desired owing to the density of

C3(9) in HY(Q). O

5.3.3 Synopsis

All the variants considered in this section (including the SIP method of Sect. 4.2
and LDG method of Sect.4.4.2) can be recast in the general form

an(vn, wp) = / G (0n)-Gl (wn) + 357 (on, wn),
Q

with | € {k — 1,k}, the discrete gradient G', (wy,) defined as usual by (4.44),
Gl o(vp) == Vyo, —aRL([on]) € {-1,0,1},

and the stabilization bilinear form

57 (onywn) = —ﬂ/Rh [vn])- Ra([wa]) + Z /[[Uthh]]

FeFy

ta-n Y / o (L] e (Lon]),

FeFy
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Table 5.1: Some common dG methods for the Poisson problem

a B Cup Stencil Name

1 1 1 N SIP (y =1)/BRMPS (y =0)
1 0 0 NN LDG-type

0 0 1 N 1P

-1 -1 0 N NIP

for parameters § € {0,a} and v € {0,1} (taking S = « yields a more compact
stencil, while the parameter v serves to modify the penalty strategy). For given
values of a, (3, and -, discrete coercivity is achieved for n > N fm where

[=g]

Moy = Cas N[+ 7(Cr = 1)),

for some positive parameter (, g. A synopsis is presented in Table 5.1.

5.4 Cell-Centered Galerkin

The convergence analysis of Sects.4.2.3 and 5.2 breaks down when using the
SIP bilinear form with piecewise constant functions. In this section, we outline
a different approach to derive a cost-effective, low-order dG method for the
Poisson problem (4.2) with one degree of freedom per mesh cell. More details
can be found in Di Pietro [128-130] and Eymard, Gallouét, and Herbin [159];
see also Agélas, Di Pietro, Eymard, and Masson [6].

Let Vj, := PY(75,) where 7, belongs to an admissible mesh sequence, so that
the space V}, is spanned by piecewise constant functions. Our first ingredient is
a discrete gradient reconstruction, i.e., a linear operator

GV, 30— GO (vy) € PYTH)

This operator is defined by (5.28) below. We can then consider the linear recon-
struction operator Ag) mapping piecewise constant functions onto piecewise
affine functions,

AV Vi3 o AV (o) € PY(TR),
such that, for all v, € Vj, and all T € 73,
AL )lr = vr + G w)lr-(x —ar), vr =il
where z7 denotes the center of gravity of T' (in short, the cell center). We set
Viee .= AN (V) € PY(T).

The space V¢ has dimension equal to the number of mesh elements in 7}, since
the map .Agll) is injective. The key property required for the discrete gradient
operator G;lo) is strong consistency on smooth functions in the following sense.
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Definition 5.21 (Strong consistency on smooth functions). We say that the

discrete gradient operator GELO ) is strongly consistent on smooth functions if, for
all ¢ € C§°(Q), letting

Mhe:= Y p(ar)xr € PY(Th), (5.26)
TeT,

where yr denotes the characteristic function of T', there holds

lim [l — AL () ag = 0. (5.27)

A practical means to construct a discrete gradient operator G;lo) matching
property (5.27) has been proposed recently by Eymard, Gallouét, and Herbin
[159] in the context of finite volume methods using the so-called barycentric
trace interpolator. To use this construction, we make the following assumption
on the mesh.

Assumption 5.22 (Assumption on the mesh). We assume that, for each mesh
face F € F}., there exists a set BY C 7T;, with card(BE) = (d + 1) and such that
the cell centers {IT}Ter form a non-degenerate simplex Sp of R%. Moreover,
for all T € Ty, and for all F € Fp, we also assume that dp p = dist(zp, F) is
uniformly comparable with the local length scale hr (cf. Definition 4.5).

The barycentric trace interpolator is conveniently defined using barycentric
coordinates.

Definition 5.23 (Barycentric coordinates). On a non-degenerate simplex S
with vertices {ao,...,aq}, the barycentric coordinate X; is defined, for all ¢ €
{0,...,d}, as the unique affine function in P}(S) such that X\;(a;) = d;; for all
j €10,...,d}, where §;; is the Kronecker symbol.

For a point z belonging to a simplex S, the barycentric coordinate \;(x),
i €{0,...,d}, is equal to the ratio between the d-dimensional Hausdorf{f measure
of the simplex obtained by joining the face of S opposite to the vertex a; with
the point x and the d-dimensional Hausdorff measure of S. The discrete gradient
operator Ggo) is then defined as follows (compare with the definition (4.43) of
RY([v])|z on broken polynomial spaces with k& > 1): For all v, € Vj, and all
T €Ty,

Flg_
GO (vp)|r = > “;j L (Ip(vn) — vr) nrp, (5.28)
FeFr d

where
A pur if F e Fi,
Ip(un) s= o 2B AT
0 if I e .7:,2,
while Az 7 is the barycentric coordinate in the simplex Sr of Assumption 5.22

such that Ar r is equal to one at the vertex xr and to zero at the other vertices,
while nr g denotes the outward normal to 7" on F'; cf. Fig. 5.1.
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Fig. 5.1: Barycentric trace interpolator; here, Bﬁ ={T,T»,T5}

Lemma 5.24 (Strong consistency on smooth functions). The discrete gradient
operator G;lo) defined by (5.28) is strongly consistent on smooth functions.

Proof. Let p € C§°(£2). We need to prove (5.27), and, to this purpose, we treat
separately the two terms composing the ||-|lag-norm. To alleviate the notation,
we abbreviate as a < b the inequality a < Cb with positive C' that can depend on
the derivatives of ¢ and mesh regularity, but not on the meshsize h. We observe
preliminarily that it is proven in [159, Theorem 4.1] that, for all F' € F},

lp(er) — Ir(Mhe)| < b, (5.29)

where zp denotes the center of gravity of F.
(i) Let us prove that

IV ALY (W) — Vool e e S h. (5.30)

For all T € 7;,, there holds, by construction, VFLAS)(HFMNT = GEIO) (T ep).
Moreover, for all x € T, we observe that

| Fla—1
T4

Y (Ip) — Velz) = >
FeFr

+ (Ve(zr) = Ve(z))

+ ( Z ‘F}d; (p(zr) — @(zr))nrF — V@@T)) :

FeFr ‘ ‘

(Ir(np) — o(or)) 07 P

Let T1, T2, and T3 denote the three terms on the right-hand side. Property
(5.29), the geometric relation ) pcr Elaydrr

71, = @, and Assumption 5.22 on
dT,F yield

< Y |Fla—1dr r [Ir(pp) — p(zr)| < hp

ez, Tl dr,F
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As a consequence, [|T1||jp2(rye S IT|/>hr. For the second term, since ¢ is
smooth, we obtain [|Ta[2(r)e S \T\;/zh;r. Finally, owing to [159, Lemma 4.3],
13l L2 (e S |T|:l/2hT. Summing the above estimates over T' € 7}, yields (5.30).

(ii) Let us now show that T4 := |p — A;ll)(l__[h@)‘J < h. Using the continuous
trace inequality (1.41) and mesh regularity, we infer

TS Y Y (hle — AL W) ey + 196 = VAl (o) ey
FeFn, TeTr

_ 1 1
< N Pl = AP W) 13y + IV — VALY (W) 2 0y
TeT),

To estimate || — AELI) (ITh¢)| 2 (1), We expand ¢ to second-order at z7 and use
AS)(HW)(IT) = ¢(x) to obtain
1 1
o — A (@) |2y S bl Ve — ViAD (a2 (e + B2l 0l22 -

Combined with the above bound on ¥%, this yields

o — AP (W) s S IV = VAL (W) 122 ayja + Rllellaz0)-
Using (5.30) to bound the first term finally leads to
o — AV ()5 < h,

whence the convergence result (5.27). |

We consider the discrete problem

Find up € V°© s.t. azip(uh,vh) = / fup, for all vy, € V°, (5.31)
Q

with the SIP bilinear form azip defined by (4.46). An important consequence of
Lemma 5.24 is the asymptotic consistency of the SIP bilinear form a;* with the
exact bilinear form a on V3.

Lemma 5.25 (Asymptotic consistency of SIP bilinear form). The SIP bilinear
form is asymptotically consistent with the exact bilinear form a on ViF.

Proof. We proceed as in Lemma 5.10 using the sequence (A;ll)(nh@))he’}—[ with
converges to ¢ in the ||-||ag-norm owing to Lemma 5.24. O

We can now state our convergence result to minimal regularity solutions.
The proof, which proceeds exactly as that of Theorem 5.12 replacing the L2-
orthogonal projector 7, by the interpolator II;, defined by (5.26), is omitted.
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Theorem 5.26 (Convergence to minimal regularity solutions). Let uy be
the sequence of approrimate solutions generated by solving the discrete prob-
lems (5.31). Then, as h — 0,

Up — U strongly in L?(Q),
Vaup, — Vu strongly in [L?(Q)]4,
lunly — 0,

where uw € H(Q) is the unique solution of (4.2).

5.5 Local Postprocessing

In this section, we consider the discrete Poisson problem (5.8) (variations in sym-
metry and penalty can be easily accommodated). We recall that the solution up,
isin Vj, = [PZ(Th) with polynomial degree & > 1 and 7, belonging to an admis-
sible mesh sequence. Recalling Definition 4.38, the scalar-valued function uy, is
termed the discrete potential. The aim of this section is to postprocess locally
the discrete potential u; so as to reconstruct an Hg($2)-conforming potential
uj, and an H (div; )-conforming diffusive flux o} that accurately approximate
the exact potential u and the exact diffusive flux ¢ = —Vu. Incidentally, we
notice that the discrete diffusive flux o), € [P4(73,)]9, | € {k — 1,k}, delivered
by the mixed dG approximation of Sect.4.4 is not appropriate for our purposes,
since generally [o,]-np # 0 across interfaces, while, owing to Lemma 1.24, we
require [o}]-np = 0.

The reconstructed quantities uj € Hg(Q) and o} € H(div;Q) are used
in Sect. 5.6 in the context of a posteriori error estimates. The reconstructed dif-
fusive flux can be relevant in other applications; it can be used, for instance, as
advective velocity when modeling contaminant transport through porous media.
An application to two-phase porous media flows has been investigated by Ern,
Mozolevski, and Schuh [146].

In what follows, we abbreviate as a < b the inequality a < Cb with positive
C that can depend on the space dimension d, the polynomial degree k, and the
mesh regularity parameters g, but not on the meshsize h (and the dG penalty
parameter 7). For any subset 7 C 75, we also use the notation ||-||z2(7) =

/2
(Srer M)

5.5.1 Local Residuals

We introduce the local residuals

VT € 7;“ dee7T = hTHf + AuhHL2(T)7 (5.32&)
VEEF,  Riarr = hl|[Vaur]nrl e, (5.32b)

VE € Fry,  Ripor = hpl[unlllzz(m)- (5.32¢)
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The residual Rpqe,r is associated with the elementwise PDE residual. The
residual Rjq¢, 7 contains the jump of the normal component of the broken gradi-
ent across interfaces, and results from the nonconformity of the broken gradient
in H(div;Q). Finally, the residual Rjp p, which contains the interface and
boundary jumps of the discrete potential, results from the nonconformity of the
discrete potential in Hg ().

For all T € 7}, we also define the local data oscillation residual

7?/osc,T = hTHf - 71—thL2(T)a (533)

where 7, is the L2-orthogonal projection onto P%(7}). For any subset 7 C 7y,

we set
1/2
Rose.T = (Z R?)SC)T> . (5.34)
TeT
If, locally in some T' € Tp,, flr € PE(T), then Reser = 0, and if, globally,
fe P’;(Th), then Rosc,7;, = 0.

The following bound on the local residuals Rpqe,r and R4, F in terms of the
approximation error (u — up) and the data oscillation plays an important role
in Sects. 5.5 and 5.6. We observe that the proof of this result does not use the
fact that uy solves a specific discrete problem, but just that u, € Vj and that
u € HH(Q).

Lemma 5.27 (Bound on local residuals). There holds
VT € Ty, Rpde,r S IV (u—un)|r2(rya + Rose,r, (5.35a)
VF € Fi, Riar,r S IVa(u — wn)llp2(7p)e + Rose, T (5.35b)
where Tg collects the two mesh elements sharing F.

Proof. The proof uses the element and face bubble functions considered by Ver-
fiirth [298] in the context of a posteriori error estimates for conforming finite
element methods. We present the proof on matching simplicial meshes. The
bounds on general meshes are proven by combining the corresponding bounds
on the matching simplicial submesh and using mesh regularity.

(i) Bound on Rpge,r- Let T € T, and let by be the element bubble function in
H}(T) equal on F to the product of barycentric coordinates in T rescaled so as
to take the value 1 at the center of gravity of T. Set rr := (mnf + Anupn)|T,
where A\, denotes the broken Laplacian acting elementwise, and ¥ = bprr.
Owing to the properties of bubble functions and mesh regularity,

e 22y S /TTTbTTT> lYrllLzry < rrllee ()

Since the bubble function by vanishes on 9T, integration by parts yields
el 2z S / rrbrry = / rer = /(th + Aup)r
T T T

:/TV(u—uh)-VzZJT+/T(7Thf—f)1/)T-
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Fig. 5.2: Set wp associated with an interface F € F}.

Since 97 is a polynomial, the inverse inequality (1.36) implies that
IVYrlreerye S b lWrllceary S bt lrellz -
Therefore, owing to the Cauchy—Schwarz inequality and the definition of Rosc, T,
IrellZz iy S bt IV (@ = un) | p2eryje + Roser) el L2z

Hence, [|[rr||rzry S byt ([|V(u — up)||(z2(1y¢ + Rose,r), and using the triangle
inequality yields (5.35a).
(ii) Bound on Rjar,r. Let F € F}, let (cf. Fig.5.2)
wp = int (UTGTFT),

and let b be the face bubble function in H}(wr) equal on F to the product of
barycentric coordinates in F' rescaled so as to take the value 1 at the center of
gravity of F. Set rp := [Vpup]np, extend rr to wr by constant values along
ng, and set ¥p := bprrp. Owing to the properties of bubble functions and mesh
regularity,

w2 < / rebpre, el zn S R rel e
F

Since the bubble function bg vanishes on Jwp, integration by parts yields

||7"F||%2(F)S/FV”FbFV”FZ/Frpi/JF:/F[[Vh(uh—u)]]-npr
:/ (f + Apup)r — Vi(u—up) Vg,

WF

Using the inverse inequality (1.36) to bound ||[V¢r||[12 ()« leads to

IrelZecm S (IF + Anunllzzr +ha V0w — wn) g2 czpa) 10 |22 )
S (LN + Lnunllizry + b1V A (= wn)lip2 (o) Il 2 ey-
Therefore,

—1/ 2|

lrellce ey S BENIF + Ontnllzzr + hE 7 I1Vh (= wn) g2 ()0

Using (5.35a) for the two mesh elements in 7p together with mesh regularity
leads to (5.35D). |
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5.5.2 Potential Reconstruction

We first assume that 7 is a matching simplicial mesh. In this case, we can con-
sider the averaging operator (sometimes called Oswald interpolation operator)

Iy - PG(Th) — Pa(Th) N Hg (Q)

such that, for all v, € PX(73,), the value of ZZ» (vy,) is prescribed at the Lagrange
interpolation nodes of the conforming finite element space PX(7,) N H(Q) by
setting at each interpolation node V located inside €2,

1
I (on)(V) = W(Tv) Z oplr(V),

TeTy

where 7y, C 7}, collects the simplices to which V belongs (see Fig.5.3), while
ZZn(vp,) is set to zero at the interpolation nodes located on 2. The averaging
operator ZZ» has been considered in the context of a posteriori error estimates
for nonconforming finite element methods by Achdou, Bernardi, and Coquel [3]
and Ern, Nicaise, and Vohralik [140] and for dG methods by Karakashian and
Pascal [207]. The following result is proven in [207] (see also Burman and Ern [64]
for further discussion on the polynomial degree): For all v, € P’;(Th) and all

T €Ty,
1/a

lon = Z2 wn)llzery S | D2 pellloalliem | (5.36)
FeFr

where Fr collects the mesh faces having a nonempty intersection with d7%; see
Fig.5.4. In what follows, we define, for any subset F C Fj and for all v €
HY(Th),

1/
1
[v|3,7 = (Z h_[[v]]%2(F)> ) (5.37)
rer F

so that |v|y 7, coincides with the jump seminorm |v|y defined by (4.18).

Fig. 5.3: Set 7y used for potential reconstruction
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Fig. 5.4: Set Fr (thick lines)

Lemma 5.28 (Potential reconstruction, matching simplicial meshes). Assume
that Ty, is a matching simplicial mesh. Then, the reconstructed potential

ujy = T2 (up) € Hy (9),
is such that, for all T € Ty,
IV(u—up)llizzye S NV (w—up)llip2rye + v —unly z, (5.38)

where Fr collects the mesh faces having a nonempty intersection with dT. As a
result,

IVa(u = up)lliz2 @ S llu = unllsip, (5.39)
where the ||-||sip-norm is defined by (4.17).

Proof. Combining (5.36) with an inverse inequality and mesh regularity, we infer
that, for all v, € P’Cj (7p) and all T € Ty,

IV (vn = ZZ (o) lliz2 (e < lonly 2,

so that ||V (un — up)|p2(rye < [unly z,- We then infer the bound (5.38) using
the triangle inequality and the fact that for the exact solution, [u] = 0 for all
F € Fy. Finally, (5.39) is obtained by summing (5.38) over mesh elements and
using the fact that the number of faces collected in each set Frp is uniformly
bounded owing to mesh regularity. O

On general meshes, we can consider the matching simplicial submesh &, (cf.
Definition 1.37) together with the averaging operator ZS* mapping P%(&),) onto
the conforming finite element space PX(&;) N H3(£2). On each element T € 7j,
a discrete function vy, € P’;(Th) can jump only across those faces of the submesh
located on the boundary 0T, while vy, is continuous at the remaining faces located
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inside T. Applying (5.36) for all 7/ € &, regrouping the contributions of the
submesh elements, and observing that card(§r) is uniformly bounded for all
F € Fj, we again obtain the following bound: For all v, € Ps(Th) and all

T €Ty,
1/2

lon = T (on)llz2ery S | D hellvalllizce
FeFr

Proceeding as in the proof of Lemma 5.28, we then arrive at the following result.

Lemma 5.29 (Potential reconstruction, general meshes). The reconstructed
potential u} := IS (up) € HE(Q) satisfies the bounds (5.38) and (5.39).

An interesting application of potential reconstruction is to prove that the
jump seminorm |up |y = |u — up|; defined by (4.18) is controlled globally in
by the approximation error plus a data oscillation term, provided the penalty
parameter in the SIP method is large enough. This result has been established
by Karakashian and Pascal [208], yet using a different proof as that presented
below. An extension to nonmatching simplicial meshes has been derived by
Bonito and Nochetto [46]. A sharper result for a first-order dG approximation
on matching triangular meshes is derived by Ainsworth [7], showing that, in this
case, the threshold on the penalty coefficient is the same as that required for
discrete coercivity; see also Ainsworth and Rankin [9] for triangular meshes with
hanging nodes.

Lemma 5.30 (Bound on the jumps). Let 73, be a matching simplicial mesh.
Let uj, € Vi, = PX(T3,) solve the discrete Poisson problem (5.8). Then, there is
Nav > 0 such that for n > n,y,

(1 = nav)|unly S IVa(w—un)lz2@)¢ + Rose,0- (5.40)

The threshold nay, which is independent of h, but can depend on the space dimen-
sion d, the polynomial degree k, and the mesh regularity parameters o, is such
that, for all vy, € PS(’T;L),

/2
( > hell§Valon —IaTv”(vh))}}lliz(FJ < Nav|vnls, (5.41)

FeFy

resulting from the bound (5.36), the inverse inequality (1.36), the discrete trace
inequality (1.37), and mesh regularity.

Proof. Since uy, solves (5.8), using the expression (4.13) for the SIP bilinear form
yields, for all v, € P%(73,),

3 %/};[[uh]][[vh]] = > /T(f+Auh)vhf > /F[[thh]]ﬂp{{vh}

FeFy, TeTh FG}';

+ ) /F[uh]]{vhvh}-nF.

FeFy
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Using the definitions (5.32a) and (5.32b) of the local residuals Rpde,r and Riat, r,
together with the Cauchy—Schwarz inequality, leads to

U _ _1/s
> o /F [undlon] < D" Rpaerhz lvnllezery+ Y. Riaerhir 2 1vn 2 )

FeF, TET) FeF;

+ Z /F[[uh]]{{vhvh}np.

FeFy

Taking vj, = up, — u} with the potential reconstruction u} = ZZ (uy) € PX(7,)
yields, since [uj] = 0,

_ « _1/g «
lunld < 3" Ropaerh lun —ujllzzry + Y Riarrhp |1 §un — ui iz

TeT, FeF}
+ Z /{{Vh(uh —up)}npup].
FeFy, F

Denote by 1, T2, and T3 the three terms on the right-hand side. Using (5.36),
together with the discrete trace inequality (1.37) to estimate (up — u}), and
Lemma 5.27 to estimate Rpqe,r and Rjqr,p, we infer

11| + T2 S (IVa(u — un)lliz2 ()¢ + Rose,a)lunls-

Moreover, the Cauchy—Schwarz inequality combined with (5.41) yields |T5| <

naV‘uhG- As a result, (7 — 77aV)|uh|§ S (IVa(u — Uh)H[L2(Q)]d + Rosc,o)|unls,
yielding (5.40).

Remark 5.31 (General meshes). The present proof cannot be extended to general
meshes since ZS (up) € PX(73,), so that it is no longer possible to use v, =
up, — ISk (uy) as a test function in the discrete problem.

5.5.3 Diffusive Flux Reconstruction by Prescription

Our aim is to reconstruct a diffusive flux o} € H(div; ) such that o}, accurately
approximates the exact diffusive flux o in H(div; Q). In particular, we want that,
locally on each mesh element, the divergence of o} be close to that of . In the
spirit of F'V schemes, a minimal requirement is

/v-a;;zfv-a:/f VT € Ty (5.42)
T T T

In the context of high-order dG methods with polynomial degree k > 1, we show
that a tighter relationship can be achieved between V.o and f than just having
the same mean value on each mesh element.

In this section, we focus on matching simplicial meshes, where the con-
struction of o} can be achieved simply by prescribing degrees of freedom in
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Fig. 5.5: Local degrees of freedom in RTN(7;,) for I = 0 (left) and | = 1 (right);
a single mesh element is represented

Raviart—-Thomas—Nédélec finite element spaces. General meshes are considered
in Sect.5.5.4. Let I > 0 be an integer. We define

RTNY(T;) = {Th € H(div; Q) | VT € Ty, m|r € RWQ(T)},
where
RTNY(T) := [PL(T)]¢ + zPL(T).

For a detailed presentation of Raviart—Thomas—Nédélec finite element spaces,
we refer the reader to Brezzi and Fortin [57, p. 116], Ern and Guermond [141,
Sect. 1.4.7] (see also Nédélec [242], Raviart and Thomas [267], and Roberts and
Thomas [273, p. 550]). In what follows, we need two important facts. Firstly, a
function 7, in RTN(7;,) satisfies:

(a) For all T € Ty, V-1, € PY(T).
(b) For all F € Fp,, Tonp € PL,_|(F), and 75, np is single-valued at all F' € Fj.

The last property in (b) ensures the H(div;Q)-conformity of the discrete space

[RWTINZ(’]}I); cf. Lemma 1.24. Secondly, the degrees of freedom that allow one to

uniquely define a function 7, € RTNZ(T;L) are:

(a) For all F € F},, the moments / (thnp)q of the normal component of 7,
F

against scalar-valued polynomials ¢ € P, (F).

(b) For all T' € 7, the moments / 71 of the function 75, against vector-valued
T
polynomials € [P'(T)]¢ (by convention, nothing is prescribed if I = 0).
A symbolic representation of these degrees of freedom on a single mesh element
is presented in Fig.5.5 for [ € {0,1}.
5.5.3.1 Prescription of the Degrees of Freedom

Following Kim [212] and Ern, Nicaise, and Vohralik [147], we construct

op € RINY(T,),  le{k—1,k}.
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The choice | = k — 1 is somewhat more natural since u, € P%(7},) and o}
approximates the gradient of u,. However, the choice [ = k is also interesting
since the divergence of o}, is more accurate; cf. Theorem 5.34. Our starting point
is the local formulation (4.49) derived in Sect. 4.3.4 for the discrete problem: For
all T € 7;, and for all £ € P5(T),

[ . € U = .
/T G, (un) V£+F€ZH TF /F or(up)é /T 1€, (5.43)

with [ € {k — 1,k}, er p = np-np, and the numerical flux

or(un) == —fVhup}np + %[[uh]]. (5.44)

Definition 5.32 (Diffusive flux reconstruction by prescription). The degrees of
freedom of o € RTNY(73,), I € {k — 1,k}, are prescribed as follows:

(i) For all F € F,, and all ¢ € P}, (F),

/F(UZ'DF)Q 1:/F¢F(uh)q (5.45)

(If 1 =k, ¢pp(un) € P, (F) so that (5.45) yields o7 np = ¢p(up).)

(ii) For all T € 75, and all r € [P, H(T)]4,

/T ot = — /T G (un)-r. (5.46)

Remark 5.33 (Other construction). A different construction has been proposed
by Bastian and Riviére [37] using Brezzi-Douglas—Marini finite element spaces.
The advantage of the present construction is that the degrees of freedom of o
are more directly linked to the dG scheme, thereby achieving an optimal approx-
imation result on the divergence of o} (cf. Theorem 5.34 below). In addition,
the error (¢ — o) in the L?-norm can be bounded locally by the approximation
error (u —uy) measured in a suitable norm plus a so-called data oscillation term
related to the subgrid fluctuations of the source term (cf. Theorem 5.36 below).

5.5.3.2 Evaluation of V.o}

The key motivation for the prescription of o} using (5.45) and (5.46) is the fol-
lowing result. Notice that V-o} € L?(f2) since, by construction, o} € H(div; ).

Theorem 5.34 (Evaluation of V-0}). Let of € RTNY(T3), | € {k — 1,k}, be
prescribed using (5.45) and (5.46). Then,

V-o; =7 f, (5.47)



220 Chapter 5. Additional Topics on Pure Diffusion

where wl, denotes the L%-orthogonal projector onto P4(7y,). In other words (com-
pare with (5.42)),

/(v-a;;)g = / f& YT €Ty, V¢ € PY(Ty).
T T

Proof. Let T € Ty, and let £ € PL(T). Integration by parts yields

| aie== [ aive+ [ @i
:*/TU;:'Ver > €T7F/I;(U;'HF)€

FeFr

- [ Ghw)ver ¥ enn [ ortune= [ 16

FeFr

where we have used the fact that V¢ € [P, H(T)]? and &|p € Py (F) to
exploit (5.45) and (5.46) and the local formulation (5.43). O

Remark 5.35 (Optimality of Theorem 5.34). Theorem 5.34 delivers an optimal
approximation result in L?(Q) for the divergence of the diffusive flux. Indeed,
since the exact diffusive flux satisfies V-0 = f, estimate (5.47) yields V-o} =
7t (V-0). Observing that V-o} € PL(7},), this result is optimal.

5.5.3.3 L2-Norm Estimate

We now bound the error (o — o) in the L?-norm. To simplify the notation, we
set m1 := max(1,7).

Theorem 5.36 (L>-cstimate). Let o} € RTNY(T3,), | € {k—1,k}, be prescribed
using (5.45) and (5.46). Let o = —Vu be the exact diffusive flur. Then, for all
T €Ty,

lon, = allizzmye S NVa(w —un)lliz2 vy + Roseny +mlunlsz,  (5.48)

where N C Ty, collects T and its neighbors in the sense of faces, while the data
oscillation term Rose Ny 45 defined by (5.34). Moreover,

HU; - UH[L2 ()4 5 m ”|U — Up ”|sip + Rosc,Th- (549)

Proof. Let o} be prescribed using (5.45) and (5.46) and set o}, := o} + Viup.
Let T € 7;,. We first observe that o}, |r € RTNY(T) since of|r € RTNY(T) by
construction and Vuy|r € RTN&(T) since [ > k — 1. Then, we use the fact that,
for all 7 € RTNY(T),

2 T-Tr
Irlgeae S BN raplmon +  swp 9T
re[P1(T))9\{0} 17l 2y
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This estimate is classically proven using the Piola transformation onto the refer-
ence simplex, norm equivalence in finite dimension, and transforming back onto
the current simplex T. For all F € Fr and all ¢ € P!, (F), (5.44) and (5.45)
yield

/F(U?L-HF)q = /F (ohnp + (Vun)lrnr) g
:/F(qsp(uh)ﬂwh)\rnp)q
- /F(WF[[thh]]'nT +nhy [un])a,

where wp = 1/2if F € F} and wp :=0 if F € FP. Since o) np € P}, (F), we
obtain o} np|r = wp[Vaup]-nr + nh;lﬂ% [ur], where H% denotes the L?(F)-
orthogonal projection onto P}, | (F). Using the triangle inequality, mesh regu-
larity, and the fact that HHlF [['U/h]]HLZ(F) < H[[uh]]HLz(F), we infer

1/2
]/2
hq{ZHUZ’nTHH(aT) < Z Rir,r +n ( Z Rjth,F) 5

FeFrnFi FeFr

recalling the local residuals (cf. (5.32b) and (5.32¢)) Rjar,r = h}/ZHHV;Luh]]-
npllr2p) and Riper = h]_I‘l/ZHHuh]]HL2(F)' Moreover, since | < k, it is easily
seen that, for all r € [PL,1(T)]?, (5.46) yields

[ eter= [ R Q) =3 | a==r)ene)u)

so that, using the Cauchy—Schwarz inequality, the fact that hrp < hp for all
F € Fr, the discrete trace inequality (1.40), and the uniform bound on Ny, we

obtain
1/2
/Uh TS ( Z ijt F) HTH[U(T)]d-

FeFr

Combining the two above inequalities yields
1/2

1/2
o, + Vunllip2 (e S Z RdfF ( Z ijt F> .

FE]:TIW]”L FeFr

Using the bound (5.35b) on Rjq¢,r and the definition (5.37) for the jump semi-
norm, we obtain

o, + Vunlliz2 e S NVa(w = un)llizz (vpye + Roseny +m1lunls,zr-

The local bound (5.48) then follows from the triangle inequality, while the global
bound (5.49) is obtained by summing (5.48) over mesh elements. |
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Remark 5.37 (Optimality). If | = k, estimate (5.49) is suboptimal since the
upper bound converges as h*, while the Raviart-Thomas-Nédélec interpolate in
RTN.(73) of the exact diffusive flux converges as A1 in the [L2(Q)]%-norm if
the exact solution is smooth enough. Optimality is recovered if [ = k — 1.

5.5.4 Diffusive Flux Reconstruction by Solving Local
Problems

A simple and cost-effective approach recently proposed by Ern and Vohralik [151]
to reconstruct the diffusive flux on general meshes consists in solving, on each
mesh element, a local Neumann problem approximated by mixed finite elements.
The present methodology can also be applied within matching simplicial meshes;
cf. Remark 5.42.

5.5.4.1 The Local Neumann Problem

Let 73, be a general mesh and let T € 7;,. We define the local PDE residual
ppde,r € L*(T) such that, for all T € 7Ty,

Ppde,r = (f + Dup)|r
We also define the local jump residual pncr € L?(8T) such that, for all T € Ty,
Pue,7|F = wp[Vyup]nr + nh;l [un] VF € Fr,
where, as before, wp := 1/2 if F € F} and wp = 0 if F € F?. We observe that
puer|r = Oor(un) + (Vup)|rnp  YF € Fr, (5.50)
where ¢p(up,) is the numerical flux defined by (5.44). We recall that (cf. (4.51))
> eT,F/ br(up) = / f, (5.51)
FeFr F T

with €T, Fp = NrNp.
We consider the following local Neumann problem: Find p : T — R such that

7Ap = Ppde, T in T7
7VP’DT = Pne,T on aTy
() =0,

where (-)7 denotes the mean value over T. Letting H}(T) = {qg € H(T) | {¢)r =
0}, this problem amounts to finding p € H}(T) such that

/ Vp-Vq= / GPpde, T — / gpne,7 for all g € HX(T). (5.52)
T T ar

Lemma 5.38 (Well-posedness). The local Neumann problem (5.52) is well-
posed.
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Proof. Tt is well-known that (5.52) is well-posed if and only if the data satisfy

the compatibility condition
/ Ppde, T = / Pnc,T-
T or

Using (5.51) and integrating by parts Auy, in T yields

/Tppde,TI/T(f—l-Auh): Z ET,F/FQbF(Uh)-i- Z /F(VU;L)\T'HT-

FeFr FeFr

We conclude using (5.50). O

5.5.4.2 Approximation of Local Neumann Problem by Mixed
Finite Elements

Let &5 be the matching simplicial submesh of 7;,. For all T' € 7, we approxi-
mate the local Neumann problem (5.52) using mixed finite elements in Raviart—
Thomas—Nédélec finite element spaces based on the simplicial submesh &. In
what follows, the subfaces in §}, included in T are split into the set S%« collecting
the subfaces located inside 7' and the set §5 collecting the subfaces located on
OT; cf. Fig.5.6.

Let [ € {k — 1,k}. We consider the following spaces for the potential

P4(&7) = {gn € L*(T) | VT" € &1, qulr € PL(T")},
Pl (67) == {an € P4(&7) | (an)r = 0},

together with the following spaces for the diffusive flux

RTNY(&7) := {m, € H(div;T) | VI € &1, |1 € RINY(T")},
RTNY ,(&7) := {m, € RIN}(&r) | VF' € §5, V€ € Pl (F),

/ (Th'nT - pnc,T)f = 0}7
F/

Fig. 5.6: Example of matching simplicial submesh G of a mesh element T
consisting of eight subelements; there are eight faces belonging to §% (dashed
lines) and eight faces belonging to §4. (solid lines)
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RTNY o(&7) := {m € RIN}(&r) | VF' € §4, V€ € Py (F),
| (i = 0).
F/

The local discrete problem (with nonhomogeneous Neumann boundary condi-
tions) consists in finding (o7}, pr) € [RTTD\IZW(GT) X [PZ,*(GT) such that

/ 0';1~Th + / (V) =0 V7, € RTN27O(GT), (5.53a)
T T

/(V'U;L)Qh I/dee,TfIh Vg € Pl (&7). (5.53b)
T T

Solving the local Neumann problem (5.53) for all T' € 7}, yields a vector-valued
field o}, € [L?(Q)]? defined by its restrictions to mesh elements. This field is
used as a correction to the broken gradient Vjuy,.

Definition 5.39 (Diffusive flux reconstruction by solving local problems). We
set
O’Z = —Vyup + O';L. (554)

A crucial point to verify is that o} € H(div;€).
Lemma 5.40 (H (div; Q)-conformity of ¢}). There holds

of € RINY(Sp,).

Proof. Tt is clear that, for all T" € &, o}|r € RTNY(T") since | > k — 1. Tt
remains to verify that oj € H(div;). By construction, for all T € 7p,,

oplr € H(div;T),

and, therefore, owing to Lemma 1.24, it suffices to check that the normal com-
ponent of o is single-valued on the boundaries of the mesh elements in 7j,. Let
T €Ty, let F' €35, and let ¢ € P4, (F”). Then, using (5.50),

(opnr)é = / (pre,r — (Vup)|lrnr)é = [ erpdp(un), (5.55)
F’ F’ F’
where F is the mesh face of Fp to which the subface F’ belongs. This shows
that the moments on F” of the normal component of o} against polynomials in
P!, _,(F') are single-valued, and since o} nr|p € P4, (F'), this concludes the
proof. O
5.5.4.3 Evaluation of V.07

Let PL(&) := {qn € L2(Q) | VT’ € G, qu|r € P4(T")}. We observe that

V.o € PL(G).
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Theorem 5.41 (Evaluation of V-0}). Let of € RINY(&,), 1 € {k —1,k}, be
defined by (5.54) where o}, € RTNY(&,) is obtained on each mesh element by
solving the local problem (5.53). Then,

* _ ~l
V'O-h - ﬂ—hfa

where T denotes the L%-orthogonal projection onto PY(&y,). In other words,
/ (V-0})€ =/ &, YT € &y, VE € PL(T). (5.56)
T T/

Proof. Let T € T, and let 77 € Sp. Let ¢ € P4(T”) and extend ¢ to T by zero
outside T”. We first observe that

/T,W:/szﬁ:/Tf(zﬂf<¢>T)+/Tf<¢>T.
Since ¢ — (¢)r € [Pfi,*(GT), (5.53b) implies

/T (f + L)W — ()r) = /T oot — (B)r)
- /T (Vo) — (¥)r)
- /T (V-0f, + L) — (7).

so that

/T 16 = @) = [ (F-o)w = wir).

Moreover, using (5.55) with ¢ = 1, summing over all subfaces in %, and
using (5.51) yields

[voi= ¥ [ @i = 3 enr [ ortw)= [ 1

Fregh FeFr

As a result, since (¢)r is constant in T, [. f(¥)r = [(V-07){1)r. Collecting
the above identities yields, for all ¢ € PL(T"),

| ro= [ o,

whence the assertion. Od

Remark 5.42 (Link with the reconstruction by prescription). Whenever 7; is
a matching simplicial mesh, the same result is obtained for I € {0,1} when
using the reconstruction by the prescription (5.45) and (5.46) and the recon-
struction of this section based on solving the local Neumann problems (5.53).
The two reconstructions differ for [ > 2. Furthermore, on general meshes, the
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reconstruction by prescription can still be performed on the matching simplicial
submesh &, yielding, say, 0;* € [RWTINZ(G;L). Then, proceeding as in the proof
of Theorem 5.34 leads to

/ (Voop)e = / J&, VT €T, Ve e PY(T).
T T

This is a less stringent conservation property than (5.56).

5.5.4.4 L?-Norm Estimate

We now bound the error (o — o) in the L?-norm.

Theorem 5.43 (L*-estimate). Let of € RTNY(Gy), | € {k — 1,k}, be defined
by (5.54) where o, € RTNY(&),) is obtained on each mesh element by solving
the local problem (5.53). Let 0 = —Vu be the exact diffusive flux. Then, the
estimates (5.48) and (5.49) hold true.

Proof. We focus on the local estimate, since the global estimate is a direct con-
sequence of the local one. Let o} € RTN, (&) be defined by (5.54). Let T € 7j,.
Similarly to the proof of Theorem 5.36, it is sufficient to prove that

1/2

]/2
o, + Vunlliz2 (e S Rpder + Z RdeﬁF +n ( Z RjmeF) .
FEFrNFi FeFr

Recall that o}, = of 4+ Viup. The idea is to postprocess the mixed finite element
solution (pp, o},) of (5.53) following the ideas of Arnold and Brezzi [15], Chen [88],
Arbogast and Chen [13], and, more recently, Vohralik [301,302]. In particular,
there is a space W(Sr) of piecewise polynomials on &1 supplemented with
bubble functions and a function p, € W (&) such that, for all 7" € &,

/ (=Vpn)-mh = / ohmh Vn € RTNY(T), (5.57a)
/ Dhan = / phan  Van € PY(T). (5.57b)
T T
Moreover, for all F’ € §&. and all £ € P, (F),
/ [pr]€ =0, (5.58)
F/

where [-] denotes the jump across F’ and Py, satisfies the stability estimate

1/5
( > ||V25h||[2L2(T/)]d) S ok llzeya- (5.59)

T'e6r
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Equations (5.57) mean that (—Vp,) and py, are close approximations of o}, and
pn, while (5.58) means that py, is close to being conforming in H'(T). Moreover,
since (pp)r = 0, (5.57b) implies

<ﬁh>T =0.
Now, we observe using (5.57a) and integration by parts that

||Uh||L2(T)d— Z /( Vipn)-op, = Z /ph V-ay,) — Z / Pr(o}, 7).

T'€&T T'€GT Fregh,

The contribution of the subfaces F’ € §%. has been discarded in the integra—
tion by parts owing to (5.58) and the fact that the normal component of o},
on each F/ € % is continuous and in Py_,(F’). Let 75 _ denote the L*-

orthogonal projection onto P!, (&) and let %ZS% denote the L2-orthogonal pro-
jection onto HF,eng PL_(F'). Since V-0}, = &5 ppde,r owing to (5.53b) and
since o} -nrlor = %%prnC)T because o}, € [RTTD\IQW(GT), this yields, using the
Cauchy—Schwarz inequality,
loh Pz (e < 76 pppder | L2y llBnll 2y + ”%lngpIIC,THH(BT)”ﬁh”Lz(BT)
< lppaerllzz ) lPrll2 () + lone,7 L2 o) 1Pr | 2 (o) -

Owing to the discrete trace inequality (1.40) and the uniform bound on Np,
h;{ZHﬁhHLZ(aT) S pn L2 (1, so that

[CAZENES (HdeeT”L?(T) +hy? ||pncT||L2(8T)> Bkl L2 (1)-

Owing to (5.58) and the fact that (pp)r = 0, we infer

1/5
Pnllz2(ry S hr ( > |Vﬁh|[2L2(T/)]d> .

T'e6r

This estimate is proven by Vohralik [300] on polyhedral domains with simplicial
meshes (here, the mesh element T plays the role of the domain and & that of
the simplicial mesh). Combining the last two bounds with (5.59) yields

lonlli2 (e < hrllppderlle () + it || pne,r |l 22 (om)-

Recalling that ppae,r = (f + Aup)|r and pner|r = wr[Vaus] nr + nh;l [un]
for all F' € Fr, using the triangle inequality, and mesh regularity yields the
assertion. O

5.6 A Posteriori Error Estimates

A posteriori error estimates constitute a useful tool in practical computations
for error control and enhanced computational efficiency. Herein, we focus on
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energy-norm upper and lower error bounds. In particular, we exploit the ideas
of Sect.5.5 to formulate a posteriori error estimates using a potential and a
diffusive flux reconstruction.

5.6.1 Overview

Let u be the exact solution of the Poisson problem and let u;, be an approximate
solution. A posteriori error estimates deliver upper and lower bounds on the
approximation error (u — up) measured in some global norm over 2, say |-||q-
The upper bound takes the form

v —unllo < E(f,un), (5.60)

where E(f,uy) is called an estimator. We require that £(f,up) be fully com-
putable from the source term f and the approximate solution u; without fea-
turing undetermined multiplicative factors. As such, (5.60) can be used for
guaranteed error control to determine whether a desired level of accuracy has
been reached by the approximate solution. The computational costs for evalu-
ating E(f,up) turn out to be significantly lower than those incurred to obtain
up, so that this error control procedure adds little effort. It is worthwhile to
mention that, in the literature, error upper bounds are often given in the form
u —unllo < CE(f,un) with the value of C' left undetermined; as such, these
estimates cannot be used for guaranteed error control. Furthermore, to avoid
overestimating the error, it is necessary to prove also a lower bound of the form

g(fa uh) < CHU - uhHﬂa

with C independent of h. Thus, the so-called effectivity index E(f, up)/||u—unlla
takes values in the interval [1,C], and the a posteriori error estimate becomes
sharper as the effectivity index approaches one.

Another important property is that the estimator £(f,u) can be localized
elementwise in the form

12
E(f,un) = (Z Er(f,un) ) .

TeTn

The so-called local estimators E7(f,up) can be used to drive adaptive mesh pro-
cedures whereby mesh elements are possibly marked for refinement (or coarsen-
ing) depending on the relative size of their associated local estimator. It is in
general possible to localize elementwise the ||-||q-norm in the form

]/2
e = (z ~n2-r) |
TeT

for any subset 7 C 7}, and to prove local lower bounds on the error of the form

gT(f7 uh) <C (||u — uhHN—T + Rosc,NT) VT € Ty, (5.61)
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with C' independent of h, while the sets N and N collect the mesh element T
and some of its neighbors (a more precise statement is given in Sect. 5.6.3). The
local data oscillation term Rosc vy, defined by (5.33) and (5.34), results from
the small-scale fluctuations of the source term f that cannot be captured by the
discretization. It is usually not necessary to determine the value of C' in actual
computations. The local lower bounds (5.61) explain why refining mesh ele-
ments with large estimators usually tends to equidistribute approximation errors.
A general overview of a posteriori error estimates including various discretiza-
tion methods and applications can be found in the textbooks by Verfiirth [298]
and by Ainsworth and Oden [8]. We also refer the reader to Morin, Nochetto,
and Siebert [240] for a convergence proof of adaptive conforming finite element
methods and to Karakashian and Pascal [208], Hoppe, Kanschat, and Warbur-
ton [194], Nicaise and Cochez-Dhondt [246], and Bonito and Nochetto [46] for
adaptive dG methods.

5.6.2 Energy-Norm Error Upper Bounds

We recall that the exact solution u of the Poisson problem solves the weak
problem (cf. (4.2))

Find u € H}(Q) s.t. a(u,v) = / fo for all v € HY(Q), (5.62)
Q

where a(u,v) = fQ Vu-Vo. At this stage, we only need the fact that the approxi-
mate solution uj, belongs to some discrete space that is nonconforming in Hg (€2),
say the broken polynomial space P%(7},) defined by (1.15) with polynomial degree
k > 1 and 7}, belonging to an admissible mesh sequence. Henceforth, we set

WL = Ps(,]'h)

Because of nonconformity, the approximation error (u — up) belongs to the
extended space
Vi = Hy(Q) + Vi,

which we equip with the so-called energy (semi)norm such that, for all v € Vg,

[l = > [vl

TeTn

125,Ta lvler == ||VUH[L2(T)]d-

The bilinear form a, originally defined on Hg(Q2) x H{(£2), can be extended to
Vi x Vi by setting a(u,v) := fﬂ Viau-Viv. A useful fact is that

a(v,v) = |v|3 Yo € VE. (5.63)

We notice that |-|g is a norm on HZ(£2), but not on Vi where it acts as a
seminorm, since for a piecewise constant function v € Vg, |v|g = 0.

In what follows, we focus on energy-norm a posteriori error estimates. We
first show that such estimates are associated with the dual norm of a residual.
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Then, we examine two ways to bound the dual norm of the residual, taking
inspiration from Ern, Stephansen, and Vohralik [148,149] (where heterogeneous
diffusion-advection-reaction problems are also treated). One approach relies on
Galerkin orthogonality and the other on the diffusive flux reconstruction intro-
duced in Sect.5.5. Energy-norm a posteriori error estimates for dG methods
have been first obtained by Becker, Hansbo, and Larson [40] and by Karakashian
and Pascal [207] using Galerkin orthogonality and an interpolation operator to
bound the dual norm of the residual (see also Houston, Schétzau, and Wihler
for the hp-analysis [199]). Such estimates, however, are expressed in terms of
undetermined constants which can be avoided by the present analysis. We also
refer the reader to the work of Ainsworth [7] for a different approach, also avoid-
ing undetermined constants. Finally, we mention that it is possible to consider
a posteriori error estimates in other norms, e.g., the L?(2)-norm, as derived by
Becker, Hansbo, and Stenberg [41] and Riviére and Wheeler [270].

5.6.2.1 An Estimate with the Dual Norm of the Residual
For all v, € Vj, the residual R(v,) € H~'(Q) is defined such that, for all
v € Hy(),

R(on), bty = alu—on9) = [ fo= [ TuunTo.
Q Q
The dual norm of the residual is measured as

IR lm-1(0) = sup (R(vn), ) g JHE-
PEH (), |plm=1

Lemma 5.44 (Abstract estimate). Let u € H} () solve (5.62). Let vy, € Vi, be
arbitrary. Then,

fomonly < il = sl + IR s
< 2u — on3. (5.64)
Proof. Proceeding as Kim in [212, Lemma 4.4], let ¢ € H}(2) be such that

a(,y) =alvn,y) Yy € Hy(Q),

that is, (¢ — vp,) is a-orthogonal to Hg (). Since a is H}(Q)-coercive, the Lax—
Milgram Lemma implies that this problem is well-posed, so that ) is well-defined.
For all s € Hi (), we obtain using (5.63) together with the symmetry of a,

Is = vnlf = al(s —va, s — vp)
=a(s —¢,s =) +2a(Y —vp, s —¥) +a() —vp, Y —vp)
:a(S*'(ZJ,S*'(ZJ)*I’G(’Ib*Uh,'(/J*’Uh),

since (¢ — vy) is a-orthogonal to (s — ). Hence, using again (5.63) yields

Is = vnlE = lvw — vIE + Is — ¥l (5.65)



5.6. A Posteriori Error Estimates 231

and this implies
2 . 2
v — = inf v, — s|g.
Iow ~ 0l = _inf o~ sl
Moreover, taking s = u in (5.65) yields |u — vy|3 = |vn — |3 + |u — ¥|% and,
provided v # u which yields a trivial case, elementary algebra leads to

u—1 \ 1 B _
(o ) e

1
— m{a(ufMU—zﬁ)+a(¢fvh7u7¢)}

(u—=1,u=7) = u—¢s,

1
= —F)a
lu = ¥le

where we have used the linearity of a, the fact that (¢» — vy) is a-orthogonal to
(u—1), and (5.63). Hence,

2
u—1
|u7vh|2 = inf |1)h*S|2 +a<uvh,—> :
lu—val = f Ton = sle lu— ¥l
Observing that
" —
(o) < e ) = RO
lu=vle/ ™ peni@) lols=1

we infer the first bound in (5.64). To prove the second bound, we choose s = u
in the infimum and observe that the second term is bounded by |u — v, |k since,
for all p € H}(Q) with |¢|g = 1,

(R(vn), )11y < lu = vnlelele = [u— vals,

so that [|[R(va)||m-1(0) < |u —vp|e. This concludes the proof. a

The abstract estimate (5.64) is valid for any function vy, € V}, (the estimate
can even be extended to functions in Vg). As such, it can be applied to the
discrete solution uy, € V}, yielding

lu—unlf < inf : lun = slE + IR (un)ll3 -1 (0)- (5.66)

0

To turn (5.66) into a computable upper bound on the error requires choosing a
specific (discrete) s, € Ha () and bounding the dual norm of the residual R (up,).
In what follows, we consider the Hg($2)-conforming potential reconstruction u}
presented in Sect. 5.5.2, that is, we set

sp = uj, € Hy (), (5.67)
so that (5.66) becomes

=l < fun = i 1B+ [RCun) -1 (5.65)
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We now aim at bounding the dual norm || R(up)|| -1 (q) using locally computable
quantities. To this purpose, it is necessary to use some local information on the
discrete solution uj,. There are two ways to proceed. The first one uses explicitly
the discrete scheme by considering suitable test functions; this leads to residual-
based estimates. The second way consists in exploiting the local conservation
property of the scheme by introducing a reconstructed diffusive flux. Combined
with the choice (5.67), both approaches lead to guaranteed error upper bounds.
We establish in Sect. 5.6.3 the corresponding lower error bounds.

5.6.2.2 Residual-Based Estimates

For the sake of simplicity, we consider matching simplicial meshes; cf.
Remark 5.46 for the general case. Let 7 denote the LZ-orthogonal projec-
tion onto the discrete space [Pd(Th) this space is spanned by piecewise constant
functions on 7. The operator 7)) satisfies the following approximation proper-
ties: For all T' € 7, and for all ¢ € HY(T),

(5.69)
(5.70)

o = mhellrzry < Corhrl|Velpz(rye = Cprhr
]/2‘

2 ,1/2 1/2
le — 790l 220y < Caphd IV lliza(rya = Cip

The real number Cp  in the Poincaré-type inequality (5.69) can be evaluated

as Cpr = 7! whenever T is convex (recall that T is assumed to be a simplex

here); see Bebendorf [39] and Payne and Weinberger [255]. The real number

Cp,r in the Friedrichs-type inequality (5.70) can be evaluated on simplices as

Crr = (hp|0T|4-1 |T|;1)(2d’1 +Cp,1)Cp,; this can be proven by applying the

bound (1.42) to the function (¢ —7V¢), using (5.69), and summing over F € Fr.
Let uj, solve the discrete problem:

Find uy, € Vj, s.t. azip(uh,vh) = / fup for all vy, €'V}, (5.71)

Q
where a5 is the SIP bilinear form defined by (4.12); variations on symmetry
and penalty can be easily accommodated. Then, for all T' € 75, we define the

local nonconformity estimator &, 7, the local residual estimator &cs 7, and the
local diffusive fluz estimator Eq¢ 7 as

Ene,r = [V (un — up) |l 221y (5.72a)
Eves,m = Cp rhr||(f + Aup) — mp (f + Dun) || 221y, (5.72b)
Eatr = Cphd |wr[Vaun] e + 7% [un] | L2 om). (5.72¢)

where for F € Fr, wp =1/2if F € F} and wr = 0if F € F}.

Theorem 5.45 (Error upper bound). Let u € Hg () solve (5.62). Let uy, € Vj,
solve (5.71). Let Ener, Ear,r, and Eves, v be defined by (5.72). Then,

1/
”U - UFL”E < ( Z { nc,T + reb,T + gdf,T)2}> . (573)

TeTn
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Proof. Let ¢ € H}(Q2) with |p|g = 1. Integration by parts yields
atw-ung)= Y [ 1+ 8m)e- ¥ [ [Vuwlure.
Te7;, * T rer; ' F

Moreover, since uy, solves (5.71), considering the test function 7)o € P%(7,) C
Vi, and using (4.9) to evaluate a;. " (up, mjhp) yields

> [ +swme= ¥ [Munlartricl- Y [ HTiohar

TeT, FeF} FeFn

+ 3 o [ lwlimel

FeFy,

Since TP¢ is piecewise constant, {V,mheo} = 0 for all F' € F}, so that

> [+ smmo= Y [ Faulartsier+ ¥ L [ il

TeT), FeF;} FeFy,
As a result,
atu-ung) = 3 [(F+sule-mto - Y [ [Vanlurfo - i)
TeT, T Fe]:i F
n 0
+ 3 & [ Lwlimte ol
FeFy

where, in the last term, we have exploited the fact that [7)¢ — ¢] = [r2¢] since
¢ € H}(). Expressing the last two terms as sums over mesh elements while
using the L2-orthogonality of 7) (f + Auyp) and (p—7)¢) in the first term yields

atu—uwng) = 3 [ (+bun) =+ Bu))(o — i)

TeT,
n 0
+ 3 % e [ (@rVamlors Ll (o (o).
TeT, FeFr
Owing to the Cauchy—Schwarz inequality,
a(u —up,p) < Z I(f + Dun) = mp(f + Aup) |2yl — W%@HL?(T)
TeT,

+ Z l@r[Vrun]nr + 3% [un]ll L2 or) e — mhollr2or),
TeTh

so that using the definitions (5.72b) and (5.72¢) together with the bounds (5.69)
and (5.70) leads to

a(u—un, @) < Y (Eresr + Eatr) ol -
TeTh
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As a result,
1/2
IR (un)ll 1) < ( > (Eres +5df,T)2) .
TeTy,
Furthermore, Jup — uj,|g = Y rer, 2.1 We conclude using (5.68). O

Estimate (5.73) has been derived by Ern and Stephansen [148]|. The idea of
subtracting a piecewise constant function in the residual estimator can be traced
back to Carstensen [76].

Remark 5.46 (General meshes). The local estimators defined by (5.72) can
be used without modification on nonmatching simplicial meshes. On general
meshes with nonconvex elements, the evaluation of Cp 7 in the Poincaré-type
inequality (5.69) is more complex; upper bounds have been derived, e.g., by
Vohralik [300]. Concerning (5.70), the proof on a polyhedron in R? can be found
in the work of Eymard, Gallouét, and Herbin [157].

5.6.2.3 Estimates Based on Diffusive Flux Reconstruction

An alternative way to estimate the dual norm ||R(up)|g-1(q) is possible as
soon as there is a diffusive flux ¢, € H(div; ) satisfying the local conservation

property

VT € Ty, /TVth = /Tf. (5.74)

For all T € Ty, we (re)define the local nonconformity estimator Eye 1, the local
restdual estimator Ees 7, and the local diffusive flur estimator Eq¢ 1 as

5nc7T = ||V(uh — UZ)H[Lz(T)]d, (5.75&)
Eres, 7 = Cp.rhr||f — Vetn| L2 (1), (5.75b)
Ear,1 = IVup, + th”[Lz(T)]d- (5.75¢)

Theorem 5.47 (Error upper bound). Let u € Hg () solve (5.62). Let uy, € Vj,
solve (5.71). Let Ener, Ear,r, and Eves, v be defined by (5.75). Then,

1/2
”u - uhHE < ( Z {gr?c,T + (5reS,T + 5df,T)2}> . (5'76)

TeTh

Proof. Let ¢ € H} () with |p|g = 1. Owing to the Green theorem, the local
conservation property (5.74), the discrete Poincaré-type inequality (5.69), and
the Cauchy—Schwarz inequality,
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(R(un), )1, m2 =/Qf<P—/QVhUh'V<P
— [ =Vt~ [ (Twun+ 1)V
Q Q
:/(ffv'th)(%@*ﬁ?l@)*/(ththth)'V@
Q Q

S Z (5res,T + 5df,T)H§0

|E7T7

TeT,
so that
1/2
[R(un)llzr-1(0) < ( > (Eresr +5df,T)2> :
TeTh
The conclusion is straightforward. O

Remark 5.48 (Extension of Theorem 5.47). Theorem 5.47 can be extended to
bound the norm |u—v|g for any v € Vg by just replacing uy, by v in the definition
of Ene,r and Eqf 7.

The diffusive flux t; can be constructed using the ideas of Sect.5.5. On
matching simplicial meshes, we set t;, = o, where of € RINY(73,), 1 € {k—1,k},
is prescribed locally using (5.45) and (5.46). Theorem 5.34 implies that

V'th = Tr;lf?

so that the local conservation property (5.74) is satisfied since [ > 0. The local
residual estimator &5 7 becomes

gres,T = CP,ThTHf - W;LfHL2(T)7

with Cp 7 = 71 since the simplex T is convex.

Remark 5.49 (Superconvergence of &esr). Whenever the source term f is
smooth enough, the contribution of &£,¢s 7 is superconvergent. Indeed, the energy
error |u — uy|g converges as h* if u is smooth enough, while e, SfeS’T}l/z
converges as h!t?, that is, one order faster if [ = k — 1 and two orders faster if
l=k.

On general meshes, we set tj, = of = —V,uy, + o), where o}, € RTN4(G},),
l € {k—1,k}, is obtained by solving the local Neumann problems introduced in
Sect. 5.5.4. Theorem 5.41 yields that

v'th = %Lf7

where 7}, denotes the L2-orthogonal projection onto P%(&},). As a result, a more
local version of the local conservation property (5.74) is obtained, namely

vT' € Gy, Vit = f (577)
T! T!
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Then, proceeding as in the proof of Theorem 5.47, but using 7y ¢ instead of 75,
leads to the error upper bound (5.76) with the local residual estimators Ees,r,
T € T, modified as

1/5
Eres, T = ( Z C%,T/h2/||f_%£Lf%2(T/)> )

Te6r

and, as before, exploiting that the submesh is simplicial, so that 7" is convex,
yields CP7T’ =g L.

Energy-norm a posteriori error estimates based on H (div; Q)-conforming dif-
fusive flux reconstruction can be traced back to the seminal work of Prager
and Synge [261]. In the context of dG methods, such estimates have been
developed by Kim [212], Cochez-Dhondt and Nicaise [93], Ern, Stephansen, and
Vohralik [149], and Lazarov, Repin, and Tomar [224]. A closely related approach
is based on equilibrated fluxes. This approach can be traced back to the seminal
works of Ladeveze [218] and Haslinger and Hlavadek [187], and has been fur-
ther explored by Ladevéze and Leguillon [219], Hlavacek, Haslinger, Necas, and
Lovisek [193], Destuynder and Métivet [126], Ainsworth and Oden [8], Luce and
Wohlmuth [233], and Braess and Schoberl [50]. Energy-norm dG a posteriori
error estimates based on equilibrated fluxes have been derived by Ainsworth [7].

5.6.3 Error Lower Bounds

The goal of this section is to bound the local estimators &y 7, Eres,7, and Eas,1
defined by (5.72) or (5.75) by the approximation error evaluated in a neighbor-
hood of T plus a data oscillation term also evaluated in a neighborhood of T.
For any subset 7 C 7}, we define

1/2
o (z ||) |

TeT

Ju — un

In what follows, the notation a < b means the inequality a < Cb with positive
C that can depend on the space dimension d, the polynomial degree k, and the
mesh regularity parameters g, but not on the meshsize h (and the dG penalty
parameter 7). To shorten the notation, we set ; = max(1,7).

Theorem 5.50 (Local lower bound). Let Ener, Eves,r, and Earr be defined
by (5.72) or (5.75). Then, for all T € Ty,

gnc,T + gres,T + gdf,T 5 HU — Up ”E,/\/'T + Rosc,/\/'T + m ‘uh‘(]’j—Ty (578)

where N collects T and its neighbors in the sense of faces, the data oscillation
Rose. Ny 18 defined according to (5.34), the jump seminorm |up|y £ according

to (5.37), and Fr collects mesh faces having a nonempty intersection with 9T
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Proof. Recall the local residuals introduced in Sect. 5.5.1, namely

VT € Ty, Rpde,r = hrllf + Aup| p2(1),

VEEF,  Riaor = b [Vaunl gl ),

VF€Fn  Ripri=hy ]l
Let T € Tp,. To prove (5.78), we proceed in two steps. To shorten the notation,
Hilbertian sums of the local residuals Rjqf,r or Rjpt,r over face subsets are

denoted by the corresponding subscript. We also set Fi := Fr N Fj.
(i) Let us first prove that

Ene,m + Eres, 7 + Eat,r S Rpde,r + Rijar,mi + MRy 7, (5.79)

Whenever the local estimators are defined by (5.72), we obtain, owing to
Lemma 5.28 or 5.29,
gngT S’ ijt7ﬁT'

Moreover, it is clear that
Eres,T 5 dee,T7
Ear,r S Rjar, 75 + MRjpt, Fr-

Whenever the local estimators are defined by (5.75), we obtain the same bound
on &ne, 1, while the proof of Theorems 5.36 or 5.43 shows that

Eat,1 S Rpde,r + Ryar, 7 + MRjpt, 71 -
Finally, using the triangle inequality and the inverse inequality (1.36) yields
Eres,7 S hrllf — VetnllL2(r)

< hr|lf + Aupl| 2y + hr || Dup + Vet 2o
S Rpder + €at,r S Rpde,r + Riar, 7i, + MR jpt,7r-

This proves (5.79).
(ii) Combining (5.79) with the upper bounds (5.35) on Rpge,r and Riqs,rp and
using mesh regularity yields (5.78). O

Finally, under the assumptions of Lemma 5.30, a global lower bound on the
error without the jump seminorm can be inferred.

Corollary 5.51 (Global lower bound). Let 7, be a matching simplicial mesh.
Assume that 1 > 1,y with 1. defined in Lemma 5.30. Then,

1/2
( > {5§C,T + (Eresr + 5df,T)2}> S lu = unle + Rose 0,
TeTh

where the multiplicative factor depends on n1(n — Nay) L.
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Chapter 6

Incompressible Flows

The equations governing fluid motion are the Navier—Stokes equations, which
express the fundamental laws of mass and momentum conservation. These equa-
tions were first derived using a molecular approach by Navier [241] and Poisson
[260], while a more specific derivation was found by Saint-Venant [30] and Stokes
[284] based on the assumption that the stresses are linear functions of the strain
rates (or deformation velocities), that is, for Newtonian fluids. An exhaustive
presentation of the Navier—Stokes equations can be found in many textbooks
on fluid dynamics; see, e.g., Batchelor [38]. In this chapter, we are concerned
with the special case of incompressible (that is, constant density) Newtonian
flows, thereby leading to the so-called Incompressible Navier—Stokes (INS) equa-
tions. In these equations, the dependent variables are the velocity and the
pressure; other formulations of the INS equations are possible (see, e.g., Quar-
tapelle [263]). The mass conservation equation enforces zero divergence on the
velocity field (because of incompressibility), while the momentum conservation
equation expresses the balance between diffusion (due to viscosity), nonlinear
convection, pressure gradient, and external forcings.

Focusing first on the steady case, the main difficulties in the discretization of
the steady INS equations are (1) the zero-divergence constraint on the velocity
and (2) the contribution of the nonlinear convection term to the kinetic energy
balance. The first issue is addressed in Sect.6.1 in the simpler context of the
steady Stokes equations. In these equations, convection is neglected, thereby
leading to a linear system of PDEs. At the discrete level, we consider discontin-
uous velocities in the usual broken polynomial spaces and use the SIP method
presented in Sect.4.2 to approximate the diffusion term. We also introduce a
discrete divergence operator in the same spirit as the discrete gradient operator
introduced in Sect.4.3.2. Several possibilities can be considered to discretize the
pressure. We discuss in some detail the choice of discontinuous pressures with
the same polynomial order as for velocities, as originally analyzed by Cockburn,
Kanschat, Schotzau, and Schwab [105]. Although this choice does not prop-
erly match the required polynomial approximation properties in the convergence
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analysis, computational practice often indicates more efficiency for the equal-
order choice than the mixed-order counterpart. One important fact is that, in
the equal-order case, penalizing pressure jumps is needed to achieve discrete
stability. Moreover, we present convergence proofs to smooth solutions (using
classical arguments leading to optimal energy- and L?-norm estimates) and to
minimal regularity solutions (following the recent work by the authors [131]).
Finally, we briefly discuss other discretization approaches which, in particular,
circumvent the need to stabilize the pressure. In all cases, the discrete veloc-
ity is only weakly divergence-free. Approaches using Brezzi-Douglas—Marini or
Raviart-Thomas-Nédélec velocity spaces, so that the discrete velocity is exactly
divergence-free, have been investigated by Cockburn, Kanschat, and Schétzau
[103]. Alternative approaches are also discussed by Hansbo and Larson [185]
and by Montlaur, Fernandez-Mendez, and Huerta [239].

In Sect.6.2, we turn to the steady INS equations. At the continuous level,
existence of a solution can always be asserted, but uniqueness requires a small-
ness assumption on the data. At the discrete level, the central issue is now
the discretization of the nonlinear convection term. An important ingredient is
to mimic the fact that, at the continuous level, this term does not contribute
to the kinetic energy balance. Since the divergence-free nature of the exact
velocity plays an instrumental role in asserting this property, and since the dis-
crete velocity is not exactly divergence-free, we consider a technique proposed
by Temam [291,292] which consists in adding a consistent term to the discrete
momentum equation so as to recover the correct kinetic energy balance at the
discrete level. The existence of a discrete solution is then proven by means of a
topological degree argument, while uniqueness is recovered by invoking a small-
ness condition on the data, as for the exact problem. Then, without any small-
ness assumption on the data, we prove the convergence, up to a subsequence, of
the sequence of discrete solutions to a solution of the INS equations with minimal
regularity; convergence of the whole sequence can be asserted if the exact solu-
tion is unique. Finally, returning to the discretization of the nonlinear convec-
tion term, we identify the abstract design conditions required in the convergence
analysis and briefly discuss an alternative to Temam’s stabilization leading to a
locally conservative formulation, but with somewhat weaker stability properties.

The last section of this chapter deals with a pressure-correction algorithm for
the unsteady INS equations. In order to reduce the coupling between the momen-
tum and the mass conservation equations, the space discretization uses contin-
uous pressures. The interest of this formulation is that the coupling between
the two equations is less tight than in the fully discontinuous case, since the
discrete bilinear form coupling velocity and pressure is inherently inf-sup stable.
The resulting space semidiscrete problem lends itself to fractional step time-
marching methods, such as the pressure-correction scheme. The main interest
of pressure-correction methods is to circumvent the need of a monolithic solver
for the unsteady INS equations, which leads to linear systems whose condition
number behaves extremely poorly with the time-step. For simplicity, we focus on
pressure-correction schemes with the time derivative discretized using backward
Euler or BDF2 schemes.
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6.1 Steady Stokes Flows

In this section, we consider the steady Stokes equations. These equations
describe incompressible viscous flows under the assumption that the fluid motion
is sufficiently slow so that diffusion dominates over convection in the transport
of momentum. We first study the well-posedness of the steady Stokes equations
at the continuous level. At the discrete level, we focus on equal-order approx-
imations using both discontinuous velocities and pressures, whereby pressure
jumps are penalized to achieve stability. We prove the well-posedness of the
discrete problem and establish convergence to both smooth and minimal regu-
larity solutions. Finally, we briefly discuss alternative discretizations avoiding
the need to stabilize the pressure.

6.1.1 The Continuous Setting

Let Q@ C R% d > 2, be a polyhedron. The steady Stokes equations can be
expressed in the form

—Au+Vp=f inQ, (6.1a)
Vau=0 in{, (6.1b)

u=0 on 0, (6.1c)

(P)o =0, (6.1d)

where u : Q — R? with Cartesian components (u;)1<i<q is the velocity field,
p: Q — Rthe pressure, and f : Q — R? with Cartesian components (f;)1<i<a the
forcing term. Equation (6.1a), which expresses the conservation of momentum,
can be written in component form as

—Au; +0ip=fi vie{l,...,d}.

Equation (6.1b), which expresses the conservation of mass, enforces the above-
mentioned divergence-free constraint on the velocity. Equation (6.1c) enforces
a homogeneous Dirichlet boundary condition on the velocity; other boundary
conditions can be considered, as discussed, e.g., by Ern and Guermond [141,
p. 179]. Finally, condition (6.1d), where (-}o denotes the mean value over (2, is
added to avoid leaving the pressure undetermined up to an additive constant.

Remark 6.1 (Stress and strain tensors, viscosity). A more general form of the
momentum conservation equation (6.1a) takes the form

—Vao+Vp=f in Q,

where ¢ : Q — R%? is the stress tensor. In component form, this equation can
be rewritten as

d
7zaj0'ij+aip:fi ViE{l,...7d}.

j=1
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In Newtonian flows, stresses are proportional to strain rates. More specifically,
introducing for a given velocity field u the (linearized) strain tensor ¢ : Q — R%4
such that

1
€= §(Vu + Vub),
or, in component form, &;; = 1/2(d;u; + d;u;), there holds
o = 2veg,

where v > 0 is the (kinematic) viscosity. Taking the viscosity to be constant for
simplicity, we obtain

— vV (Vu + Vul) + Vp = f, (6.2)

and up to rescaling of the pressure and the source term, we can assume that
v = 1. Then, observing that V-(Vu) = Au and V-(Vu)! = V(V-u) = 0
because of incompressibility, we recover (6.1a). Considering the form (6.2) of the
momentum conservation equation is useful when dealing with other boundary
conditions than (6.1c), e.g., when weakly enforcing the Navier slip boundary
condition (o-n 4+ Au)-t = 0 where t is a tangent vector to the boundary 92 and
A > 0 a given parameter. We also observe that using the form (6.2) requires a
different form of coercivity for the diffusion term; cf. Remark 6.4 below.

Remark 6.2 (Nonzero divergence). In some situations, it is interesting to consider
a nonzero right-hand side in the mass conservation equation (6.1b). This case
can be treated with straightforward changes in the analysis presented below.

6.1.1.1 Weak Formulation

We assume that the forcing term f is in [L?(Q2)]¢. Owing to (6.1c), the natural
space for the velocity is [HE ()], while owing to (6.1d), the natural space for
the pressure is L3(Q) € L*(Q) where

L3(Q) == {q € L*(Q) | {g)o = 0} .
We set
U:==[H}Q), P:=12Q), X:=UxP. (6.3)

The spaces U, P, and X are Hilbert spaces when equipped with the inner prod-
ucts inducing the norms

d 12
o]l = HUH[Hl(n)]d = (Z Ui?{l(n)) )

i=1

/2
lallp = llallzzc), 1w @)lx = (I + ) "~
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We define, for all u,v € U and for all ¢ € P, the bilinear forms

d
a(u,v) ::/VU:VU = Z / Oju; 0jv; = (Vu, V)[12(q)a.d, (6.4a)
Q /e

i,j=1

b(v,q) == f/ gV-v=—(Vw,q)p. (6.4b)
Q
The weak formulation of problem (6.1) reads: Find (u,p) € X such that
a(u,v) + b(v,p) = / fv Ywel, (6.5a)
Q

—b(u,q) =0 Vg € P, (6.5b)

or, equivalently,

Find (u,p) € X s.t. ¢((u,p), (v,q)) = /va for all (v,q) € X,

with

c((u,p), (v,9)) = a(u,v) + b(v, p) — b(u, q).
While the bilinear form ¢ is clearly not coercive on X, we observe that the
bilinear form a is coercive on U. Indeed, applying the continuous Poincaré
inequality (4.4) to each velocity component, we infer that there exists ag > 0,
only depending on €2, such that

Yv e U, a(v,v) = HVUH[ZLZ(Q)]M > aqlvl|F. (6.6)
This yields a so-called partial coercivity for the bilinear form ¢ in the form
V(v,9) € X, e((v,9),(v,9) = a(v,v) > agllv]|F- (6.7)

Remark 6.3 (Saddle-point problem). A problem of the form (6.5) is said to have
a saddle-point structure since (u,p) € X solves (6.5) if and only if (u,p) is a
saddle-point of the Lagrangian £ : X — R such that, for all (v,q) € X,

£0,4) = 5a(0,) + b(o,0).

In this context, the pressure plays the role of the Lagrange multiplier associated
with the incompressibility constraint.

Remark 6.4 (Coercivity with the strain formulation (6.2)). Working with the
strain formulation (6.2) (with v = 1) leads to the bilinear form a(u,v) =
2 [ e(u):e(v) where, for all v € U, we have set e(v) = (Vv + Vo'). The
U-coercivity of the bilinear form a then results from Korn’s First Inequality
(see, e.g., Ciarlet [92, p. 24]) stating that there exists ko > 0, only depending
on {2, such that

VweU, el = kallvlo.

Discrete Korn inequalities in the context of piecewise smooth vector-valued fields
are derived by Brenner [52] and Duarte, do Carmo, and Rochinha [137].
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6.1.1.2 The Divergence Operator
We introduce the divergence operator B € L(U, P) such that
B:U>v+— Bv:=-VweP (6.8)

(The fact that Bv has zero mean is a consequence of the divergence theorem
since [, Bv = — [, V-v = — [, (vn) = 0.) The operator B is readily linked to
the bilinear form b since there holds

(B’Uvq)P = b(U,q) V(an) €X.

The well-posedness of the Stokes problem (6.5) hinges on the surjectivity of the
operator B or, equivalently, on an inf-sup condition on the bilinear form b, so
that we first focus on these properties.

Theorem 6.5 (Surjectivity of divergence operator, inf-sup condition on b). Let
Q € RY d>1, be a connected domain. Then, the operator B is surjective.
Equivalently, there exists a real number Bq > 0, only depending on 2, such that,
for all g € P, there is vy € U satisfying

g=—-Bvg=Vw, and  Bolvgllv < gl (6.9)

Moreover, property (6.9) is equivalent to the following inf-sup condition on the
bilinear form b:

b(w,
Vge P, falgllp < sup (w.q),
weU\{0} [wller

Definition 6.6 (Velocity lifting). For all ¢ € P, a field vy € U satistying (6.9)
is called a welocity lifting of q.

(6.10)

Proof. The proof can be found, e.g., in the textbook by Girault and Raviart [170,
Sect.2.2]; see also Bogovskii [45], Solonnikov [280], and Duran and Muschi-
etti [139]. We briefly sketch the main arguments.

(i) The fact that the surjectivity of B is equivalent to (6.9) is a simple applica-
tion of the Open Mapping Theorem (see, e.g., Ern and Guermond [141, Theo-
rem A.35]).

(ii) We now verify the equivalence between (6.9) and (6.10). We introduce
the dual space U’ := [H~1(Q2)]? and we identify P with its dual space. Let
B* € L(P,U’) be the adjoint operator of B and observe that B* coincides with
the gradient operator. Moreover, (6.10) can be reformulated as

Vge P, fallgle < [[B"qllu. (6.11)
Using classical results in Hilbert spaces, we infer

(6.11) <= Im(B") is closed and Ker(B*) = {0}
<= Im(B) is closed and Ker(B*) = {0}

<= Im(B) is closed and Im(B) = P
<= B is surjective
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where the second equivalence results from the Closed Range Theorem (see, e.g.,
[141, Theorem A.34]).

(iii) Finally, we prove inequality (6.11). We start with the following inequality
(see Necas [244]): There exists G, > 0 such that

Vg € L*(), Ballallzz ) < lalla—1) + IVall -1 e

Then, a classical argument by contradiction using the compact injection of L2()
into H~1(Q) and the fact that Q is connected shows that by restricting ¢ to have
zero mean-value, there exists fq > 0 such that

Vg € P, Ballgllzz) < IValliz-1(@yas
which is exactly (6.11). |

Remark 6.7 (Parameter g in (6.9) and (6.11)). The fact that the same parame-
ter Bqo > 0 appears in (6.9) and (6.11) is a classical result. We briefly sketch the
argument (which provides a more constructive link between (6.9) and (6.11)).
Assume first that (6.9) is satisfied with parameter Sq. We obtain, for all g € P,

gl = —(Bvg,q)p = —(B*q,vy)vrv
< |IB*qllo llvgllo < B I1B*qllvrllglle,

so that ||B*q|lur > Ballqllp. Conversely, assume that (6.11) is satisfied with
parameter Bq. Let ¢ € P. The problem of finding ¢, € P such that, for all
r € P, (B*q.,RB*r)y'.yv = (q,7)p, where R € L(U’,U) is the Riesz isomor-
phism between U and its dual space U’, is well-posed. Indeed, the bilinear
form on the left-hand side is P-coercive since, for all » € P, owing to (6.11),
(B*r, RB*ryy: v = || B*r||?, > B3||7||%. Moreover, the unique solution ¢, € P to
the above problem satisfies the a priori estimate ||RB*q. ||y < 852llq||p- Then,
a velocity lifting of ¢ satisfying (6.9) with parameter g is obtained by setting
vy = —RB*q. € U.

6.1.1.3 Well-Posedness
We can now prove the well-posedness of the Stokes problem (6.5).
Theorem 6.8 (Well-posedness). Problem (6.5) is well-posed.

Proof. We consider the bilinear form ¢ and check the two conditions of the BNB
Theorem. (o)
(i) Proof of (1.4). Let (v,q) € X and set S := sup(,, ,yex\ {0} W The

partial coercivity (6.7) of ¢ yields

aqllvlf < e((v,q), (v,0)) < Sl(v,9)lx,
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while the inf-sup condition (6.10) leads to

b(w,
folldlp < sup 229
weU\{0} [wllor

C((U7 Q)7 (w7 0)) — a(v, w)

< sup
welU\{0} [[wllo
wevnfoy  H(w,0)]lx wern{oy wllu
since ||w||y = ||(w,0)||x and |a(v,w)| < ||lv|lu]jw|v. As a result, up to positive

factors depending on agq and Bq,

1w, )% = lIollZ + llall3 < Sli(v, a)llx +S*.

Using Young’s inequality for the first term on the right-hand side, we conclude
that there exists 7q > 0 (depending on aq and fq) such that yo||(v, ¢)||x <S.
(ii) Proof of (1.5). Let (w,r) € X be such that ¢((v,q), (w,r)) = 0 for all
(v,q) € X. Then, taking (v,q) = (w,r) and using the partial coercivity (6.7),
we infer
aQHwHZU < a(w7w) = C((w7r)7 (w7r)) =0,

so that w = 0. To prove that r = 0, we let (v,q) = —(v;,0), with v, the velocity
lifting of 7, to infer ||r||% = —b(v,,r) = ¢((v,,0), (0,7)) = 0. O

Remark 6.9 (Pressure elimination). An alternative proof for the well-posedness
of (6.5) consists in first eliminating the pressure. Specifically, let

Vi=Ker(B)={velU|Vwv=0}.

If the couple (u,p) € X solves (6.5), then the velocity u solves the problem:
Find v € V s.t. a(u,v) = / fforallveV. (6.12)
Q

Problem (6.12) is well-posed owing to the Lax—Milgram Lemma combined with
the U-coercivity of the bilinear form a on V; cf. (6.6). Moreover, the unique
solution u € V of (6.12) is such that

f+AueVt = (Ker(B))*t = Im(B*) = Im(B*),
so that there is p € P such that f + Au = B*p = Vp. Since p has zero

mean-value, p is unique.

6.1.2 Equal-Order Discontinuous Velocities and Pressures

In this section, we consider one possible dG discretization of the steady Stokes
equations based on equal-order discontinuous velocities and pressures. Other
approaches are discussed in Sect.6.1.5. DG methods based on equal-order
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discontinuous velocities and pressures have been introduced by Cockburn, Kan-
schat, Schotzau, and Schwab [105] for the Stokes equations and extended to the
Oseen equations in [101] and to the INS equations in [104]; see also Ern and
Guermond [144].

Let 75, be a mesh of Q belonging to an admissible mesh sequence with mesh
regularity parameters denoted by p. Recalling the broken polynomial space
P%(7}) defined by (1.15) with polynomial degree k > 1, we define the discrete
spaces

Up = [PHT),  Pui=Pho(Th),  Xp:i=Upx Py, (6.13)

where P§7O(ﬂ) denotes the subspace of P¥(7},) spanned by functions having zero
mean-value over §2; cf. Remark 6.14 for discarding this constraint. The discrete
solution is sought in the space Xp,.

For further use, we denote by 7, the L?-projector onto the broken polynomial
space PE o(Tp) and by IIj, the L2-projector onto Uj,. A useful remark is that 7,
preserves the mean value since

Vge L*(Q),  (g)a= ﬁ/{zq = ﬁ/ﬂmq = (mhq)a. (6.14)

Hence, for all ¢ € P, mpq € P.

6.1.2.1 Discretization of the Diffusion Term

To discretize the diffusion term, we use, for each velocity component, the SIP
bilinear form (cf. Sect. 4.2). We define on U}, x U}, the bilinear form

n(vn, wn) Zah (Vh,is Wh,i), (6.15)

where (vp,;)1<i<d and (wp;)1<i<q denote the Cartesian components of v;, and
wp,, respectively, and where a;" is defined by (4.12), so that

h thawhz /vhvhz Vhwhz+ Z /[[th]]ﬂwhz

FeFy

-y / (A non B 0rLwns] + [on J{Tnwn Jor)

FeFy

As in Chap.4 (cf. Definition 4.5), in dimension d > 2, hr denotes the diameter
of the face F' (other local length scales can be chosen, cf. Remark 4.6), while in
dimension 1, we set hp = min(hp,, hr,) if F € Fj with F = 9Ty N 915 and
hp = hy if F € F} with F = 9T N oQ.

It is natural to equip the discrete velocity space U;, with the ||-||sip-norm
defined by (4.17) for each Cartesian component, so that we set

1/2

1/2
/
lonllver := I\Ivhz\l\blp = (IVaonlifzaiyea +1onl3) (6.16)
[L2(D)]
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with the |-|j-seminorm acting now on vector-valued arguments as

1/2
lvnly = (Z hF1||HUh]]”[2L2(F)]d> -

FeFy

The discrete bilinear form aj, and the ||-||vei-norm are extended to larger spaces
in Sect.6.1.3. In what follows, referring to Lemma 4.12, we assume that the
penalty parameter 7 is such that n > 1 so that

Yoy, € Uy, an(vn,vn) > allopllZe, (6.17)

where o = C),.

6.1.2.2 Discretization of the Pressure-Velocity Coupling

To discretize the pressure-velocity coupling, we need a discrete counterpart of
the bilinear form b defined on U x P by (6.4). We define on Uy, x Py, the discrete
bilinear form

bh(vm%):*/QQth'vth > /F[[Uh]]'nF{{Qh}}y (6.18)

FeFy

where the broken divergence operator Vj- acts elementwise, like the broken
gradient operator Vj, defined by (1.20). We observe that elementwise integration
by parts yields

bh(vh,Qh):/th'Vth* > /F{{Uh}'nF[[Qh]]- (6.19)

FeF}

One motivation for the above definition is that, extending the domain of by, to the
broken Sobolev spaces [H(7})]? x H*(7},), we obtain the consistency properties

V(v,qn) € U X Py, br(v,qn) = */ @ V-,
Q
Y(vn,q) € Uy x H (), b (v, q) = / vV,
Q

since, for all v € U, [v] = 0 for all F' € F,, while, for all ¢ € H'(2), [¢g] = 0
for all F € F}. The discrete bilinear form b;, can also be derived by defining
first a discrete divergence operator like the discrete gradient operator introduced
in Sect. 4.3.2; cf. Sect. 6.1.4 for further discussion. Finally, as detailed later in this
section, the discrete bilinear form bj, can be associated with the use of centered
fluxes to discretize the gradient and divergence operators in the pressure-velocity
coupling.

Similarly to the operator B at the continuous level, we introduce the discrete
operator By, : Up, — Pj, such that, for all (vp,qpn) € Xp,

(Brvh, qn)p = br(vn, qn)-
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It turns out that, contrary to the exact operator B, the discrete operator By, is
not surjective. As a result, the L?-norm of a function in Pj, cannot be controlled
uniquely in terms of b,. To recover control, it is necessary to add the following
pressure seminorm defined on H'(7,):

1/
lalp = D Prlllalliecr)
FeF}
Lemma 6.10 (Stability for b,). There exists 3 > 0, independent of h, such that

bn(wh, qn
Yan € P, Bllanllp < sup bnleon, an)

+ |gnlp- (6.20)
wp, €UL\{0} llwlver b

Proof. Let g, € P,. Owing to Theorem 6.5, there is v,, € U such that
V-vg, = qn and Ballvg, llu < llgnllp- Since vy, € U, integration by parts yields

||Qh||§>:/QQh(V'vqh):*/QVth'vqh+ > /F[(Jh]]vqh'nﬂ

FeF}

Since VP, C Uy, we infer from the definition of the L2-projector II, that
Jo, Vaan: (vg, — g, ) = 0 so that

lan P :*/QVth'Hthh + > /HQh]]Uqh'nF
F

FeF}
= —bn(Mhvg,, an) + / [an]§vqg, — Mnvg, nr =T1 + Ts.
FeF] F

Owing to Lemma 6.11 (see below),

br(Ilpvg, , q bp(wh, q
1] = —| n{Il —n h)|H|Hthhmvel < sup (W, gn) CI'IHUqhHU
1I
ITThvg, [lver wneUn\ {0} N1wnllvel

S 55101_[ sup bh(wh7qh) thHP,
wr €UL\{0} H|wh H‘Vel

where C11 only depends on the mesh regularity parameters g and the polynomial
degree k. To treat the second term, we use the Cauchy—Schwarz inequality
together with Lemmata 1.42 and 1.59 to infer that, up to positive factors only
depending on ¢ and k,

1/2 /2
1
sl | 3 hellanl ) x {30 g [ Hva — M, B
FeF] reFi FIF
/2

1
2
Slanly | D > EH%L — Invg, L2 (e
TET), FEFrNF;

v < B’ lanlpllanllp-

S lanlpllvg,
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This concludes the proof. O

Lemma 6.11 (Stability of I15). There is Cr, only depending on the mesh reg-
ularity parameters o and the polynomial degree k, such that, for allv € U,

I vllver < Crlfvlo-

Proof. Let v € U. Owing to the H'-stability of the L2-projector onto the broken
polynomial space P’;(Th), we infer, up to positive factors only depending on p
and k,

IVallpvllir2 e S [v]lo-

Moreover,
S A el g = S A HTn0 = o] e S 0l
FEF, FEF,
where we have used, as above, Lemmata 1.42 and 1.59. O

Remark 6.12 (Ladyzhenskaya—Babuska—Brezzi (LBB) condition). In the setting
of conforming mixed finite element approximations, the stability of the discrete
bilinear form coupling velocity and pressure takes the form of an inf-sup con-
dition without stabilization term, the so-called Ladyzhenskaya—Babuska—Brezzi
(LBB) condition (see Babuska [19] and Brezzi [56]). Condition (6.20) can be
viewed as an extended LBB condition owing to the additional presence of the
pressure seminorm on the right-hand side.

6.1.2.3 Discrete Problem and Well-Posedness

We consider the following discretization of problem (6.5): Find (up,pp) € Xp
such that

an(un,vn) + by (vn, pr) = / fon  Yop € Up, (6.21a)
Q
_bh(ulu Qh) + Sh(pha CIh) =0 th S Pha (621b)

where the discrete bilinear form ay is defined by (6.15), the discrete bilinear
form by, by (6.18) (or, equivalently, by (6.19)), and where

snlgnn)i= 3 hp /F lan]lr]. (6.22)

FeF}

The stabilization bilinear form sj, is meant to control pressure jumps across inter-
faces, thereby allowing to control the L?-norm of the discrete pressure by virtue
of Lemma 6.10. The following formulation, equivalent to (6.21), is obtained by
summing equations (6.21a) and (6.21b): Find (up, pn) € X}, such that

cn((un, pn)s (Vn, qn)) = / f-on for all (v, qn) € Xp, (6.23)
Q
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where

cn((unspn)s (Vns qn)) = an(un, vn) + bn(vn, pr) — bu(un, qn) + sn(ph, qn)- (6.24)

Owing to (6.17), we infer partial coercivity for ¢; in the form

v(”wah) € Xh7 Ch((’l}h,Qh), (Uhth)) = CLh('Uh,’Uh) + Sh(qh7Qh)
> allonlfer + lanl3- (6.25)

Discrete well-posedness hinges on the discrete inf-sup stability of the bilinear
form c¢,. We equip the discrete space X;, with the norm
1/2

I (wns an)lsto := (Nonll¥er + lanl® + lanl3) (6.26)

Lemma 6.13 (Discrete inf-sup stability). Assume that the penalty parameter n
in the SIP method is such that n > n with n defined in Lemma 4.12. Then, there
is v > 0, independent of h, such that, for all (vn,qn) € Xp,

Ch((vh, qh)7 (wh7 ’I"h))
’Y|" (Uha qh)“lsto < sup

(6.27)
(wn,rr)E€XK\{0} H|(wh>7"h)”|sto

Proof. Let (vn,qn) € X5, and, for brevity of notation, let S denote the supremum
on the right-hand side of (6.27). Owing to (6.25),

allonllza + lanly < Sl(vn, an)llsto-

It only remains to estimate ||gs||p. To this end, we use Lemma 6.10 and the fact
that, for all wy, € Up, bp(wh, qn) = cn((vn, qn), (wp,0)) — an(vh, wp) to infer

—ap(vp,wp)  cn((vp,qn), (wp,0))
( leh Hlvel H|(wh70)|”sto ) + ‘Qh‘p

Ballgnllp < sup
wr €U \{0}
ap(Vh, Wh
sup —( ) +S+ \qh|p.
wnetn\ {0} wnllvel

Owing to the boundedness of the bilinear form azip (cf. Lemma 4.16) and the
discrete equivalence of the |||lsip and ||-||sip,«-norms (cf. Lemma 4.20), we infer,
up to positive factors independent of h,

sup an(Vn, wn) < Nvnllve.

wn€UL\{0} H|wh Hlvel
Gathering the above estimates yields
l(wns an)lzee S SH(on, an)llsto + 52,
whence the conclusion follows from Young’s inequality. O

As a consequence of Lemma 1.30, the discrete problem (6.21) or, equivalently,
(6.23) is well-posed.
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Remark 6.14 (Discarding the zero mean-value constraint). In practice, the
discrete problem (6.21) can be formulated by discarding the zero mean-value
constraint on the discrete pressures, that is, using the broken polynomial space
[Pf}(Th) for the discrete pressures. With this choice, the problem matrix has a
one-dimensional kernel. The discrete solution can be obtained using a direct
solver with full pivoting or an iterative solver which only requires matrix-vector
products. After a discrete solution has been obtained, the zero mean-value
constraint on the pressure is enforced by postprocessing.

Remark 6.15 (Pressure penalty). An alternative choice for the local length scale

in the pressure penalty consists in replacing hr with the ratio {‘{}ﬂi};} in (6.22)
and redefining the seminorm ||, accordingly (cf. Remark 4.6 for the correspond-
ing choice in the penalty term for the SIP bilinear form). In the work of Bassi
and coworkers [32,33,127], this pressure penalty term is related to the solution

of a local Riemann problem at the interfaces.

6.1.2.4 Numerical Fluxes

To formulate the discrete problem (6.21) locally, we consider test functions hav-
ing support localized to a single mesh element. We define the numerical fluxes

grad . {{ph}nF it Fe }iw
= 6.28
o) {phn if FeFy, (6.28)
div {{uh}} IlF+hF[[ph]] if F Ef,i“
hs 6.29
OF (un.pn) = {0 it F e 7P, (6.29)

and observe that qb%rad (pn) is vector-valued whereas ¢&Y (uy,, py,) is scalar-valued.
Moreover, referring to Sect.4.3.4 and, in particular, to (4.50) for the numeri-
cal fluxes associated with the SIP method, we consider here the vector-valued
numerical fluxes

$ET (up) = —{Vaun}np + %[uh]]. (6.30)
Let T € 7p, and let & € [P5(T)]¢ with Cartesian components (&;)1<;<q. Using
v, = Exr as a test function in the discrete momentum conservation equa-

tion (6.21a) (where x7 denotes the characteristic function of T'), we obtain

/TgGél(uh,i)Vfi/phv.g
+F;-'T€TF~/ () + 65 (o /f& (6.31)

where [ € {k — 1,k}, G! is the discrete gradient operator defined in Sect. 4.3.2,
and €r,Fr = Nr-ng.
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Similarly, let ¢ € PE(T). Using g5, = (x7 — (CXx7)q as a test function in the
discrete mass conservation equation (6.21b) and using the expression (6.19) of
the discrete bilinear form bj,, we obtain

_/T’u,h-VC—I— Z ET,F/};QZ)(}:I;V(UFHPFL)(:O- (632)

FeFr

Equations (6.31) and (6.32) express the local conservation properties satisfied by
the dG approximation. We observe that, in the numerical fluxes qb%rad (pn) and
qb%i"(uh, pr), the centered part results from the discrete bilinear form by, while
the presence of the pressure jump in the flux ¢%V (uy, py) stems from stabilizing

the pressure jumps across interfaces.

6.1.3 Convergence to Smooth Solutions

The goal of this section is to analyze the convergence of the solution of the
discrete Stokes problem (6.21) or, equivalently, (6.23) in the case of smooth
exact solutions. We proceed in the spirit of Theorem 1.35 and derive an error
estimate in the ||-||lsto-norm. We also derive an L?-error estimate on the velocity
under an additional regularity assumption on the Stokes problem.

6.1.3.1 Consistency

As in the previous chapters, some additional regularity of the exact solution
(u,p) € X is needed to assert consistency by plugging the pair (u,p) into the
discrete bilinear form c,. Concerning the velocity, we hinge for simplicity on
Assumption 4.4 for all the velocity components. Concerning the pressure, we
need traces on all interfaces and that the resulting jumps vanish; again for sim-
plicity, this requirement is matched by assuming H'(2)-regularity for the pres-
sure.

Assumption 6.16 (Regularity of the exact solution and space X,). We assume
that the exact solution (u,p) is in X, := U, X P, where

U, :=UnN[H*Q)4, P, := PN HY(Q).
In the spirit of Sect. 1.3, we set
Ui = U, + Uy, Pip = P + Py, X = X+ X,

We extend the discrete bilinear form ay defined by (6.15) to U, x Uy, and
the |||lver-norm to U,p. We recall that the discrete bilinear form by, is already
defined on [H'(73,)]% x H'(7},). Finally, we extend the discrete bilinear form ¢,
defined by (6.24) to X.j, x X, and we extend the ||-||sto-norm defined by (6.26)
to X*h~

Before asserting consistency, we study the jumps of Vu and p across inter-
faces.
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Lemma 6.17 (Jumps of Vu and p across interfaces). Assume (u,p) € X,.
Then, _
[Vulnp=0 and [p]=0 VF € Fy. (6.33)

Proof. The proof of (6.34) is similar to that of Lemma 1.24. For all ¢ €
[C5°(2)]¢, elementwise integration by parts combined with the regularity
assumption on the exact solution yields

0= alu o) +b(p.p) - /fw—g;/ (Ivulnr - [olnr ).

Taking the support of ¢ intersecting a single interface and using a density argu-
ment, we infer

[Vulng — [plnp =0  VF € Fj. (6.34)
Moreover, since p € P,, Lemma 1.23 implies that, for all F € F}, [p] = 0.
Using (6.34), we finally infer [Vu]-np = 0. O

Lemma 6.18 (Consistency). Assume that (u,p) € X.. Then,
cn((u,p), (vn, qn)) / fon V(vn,qn) € Xp.

Proof. Let v, € Up,. Observing that Au = Vp — f € [L?(Q)]¢ since p € P,
and f € [L2(Q)]¢ and that [u] = 0 across all F € Fj, since u € U, we infer
using (4.13) that

an(u,vp) /Au v, + Z /([Vu]] np)-{on}.

FeF}

Moreover, it follows from (6.19) that

b (v, p )—/Uh Vp— Y / [plng-fvn}-

FeF}

As a result,
cn((u,p), (vn,0)) = an(u,vp) + b(vp, p)

/( Nutp)on+ 3 /([Vu]] np — [plng)-fon}

FeFi
= / fon,
Q

where we have concluded using (6.34). Let now ¢, € P,. Owing to (6.18),

bn(u, qn) = — /Q(V'U)Qh =0,

since Ju] = 0 for all F' € F;,. Moreover, owing to (6.33), sn(p,qn) = 0. As a
result, ¢, ((u,p), (0,q1n)) = —bn(u, qn) + 51 (P, qn) = 0, completing the proof. [J
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Remark 6.19 (Role of assumption p € P,). Property (6.34) is sufficient to infer
en((u, p), (v, 0)) = fQ fop, for all v, € Up. The fact that [pn] = 0 across all
F' € F; only serves to assert the consistency of the pressure stabilization in the
discrete mass conservation equation.

6.1.3.2 Error Estimate in the ||-||sto-Norm

Owing to Theorem 1.35 and recalling that discrete inf-sup stability holds true
using the ||-||sto-norm (cf. Lemma 6.13), it remains to investigate the bounded-
ness of the discrete bilinear form cj. To this purpose, we define on X, the norm

I, Do = 10, )l + D hrlVelrnrliaor + D hrlializaor)-
TeTn TeTn

Recalling the definition (4.22) of the ||||sip,«-norm, we observe that

I, D)o, = Zl\lwl\lmp, +lalp +laly + D hrllalizor-
TeT,

Lemma 6.20 (Boundedness). There exists Cpna, independent of h, such that,
for all (v,q) € X.p, and all (wp, 1) € Xp,

Ch((va q)7 (wlu ’I“h)) S C’bndm (Ua q) ”|st0,* ‘” (wlu rh)MSto-

Proof. Let (v,q) € X, and let (wp,r) € Xp. We bound the four terms in
the definition (6.24) of ¢,. Working componentwise, it follows from Lemma 4.16
that, up to positive factors independent of h,

d

an(v,wn) S Y Jvillsip.s]

i=1

< I(v,0)

(wn,0) |||st0-

To treat bp(v,rp), we consider the expression (6.18) for b,. Letting ¥; :=
— fﬂ rp,Vhv and Ty 1= ZFE}-;L fF[v]]nF{rh}, we bound each term separately.
Clearly,

%1 < IVavllpz@paallralle < (v, 0)llstolI(0, 7) lsto-

For the second term, we use the Cauchy—Schwarz inequality followed by the
discrete trace inequality (1.37) to infer

|To| < hz |[]? he | |{rn}?
(5 fr) = (5 f e

S 1@, 0)llsto lI7nllz2 ) < (v, 0)lsto 10, 7 lsto-

To bound by (wp,q), we consider again the expression (6.18) for by, and let-
ting T3 1= — fQ qVp-wy and Ty = ZFE}-;L fF{q}}[wh]]-nF, we obtain as before
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Tl < llall2@) IVawnllizz@pae < (0, @)llstoll(wn, 0)flsto, while, owing to the
Cauchy—Schwarz inequality,

1/
Tl < (FEZHhF/F{qM) x(

<0, @) llsto I (wn; 0)lsto-

Finally, we observe that s5(q,75) < |glp|mnlp < 1100, @) lsto 1 (0, 71) Isto- O

1/
S ng! /F |[[wh11|2>

FeFy

A straightforward consequence of the above results together with Theo-
rem 1.35 is the following error estimate.

Theorem 6.21 (||-||sto-norm error estimate). Let (u,p) € X. denote the unique
solution of problem (6.5). Let (up,pn) € X solve (6.23) with ¢;, defined
by (6.24). Then, there is C, independent of h, such that

m(u — Unh,P — ph)msto < C inf m(u — Unh,P — qh)”|sto7*~ (635)
(Vh,qn)EXn
To infer a convergence result from (6.35), we take (vp, qn) = (Hpu, 7p) and
observe that mpp € P, owing to (6.14). Then, assuming that the exact solution
is smooth enough, we use Lemmata 1.58 and 1.59. The resulting estimate is
optimal both for the velocity and the pressure.

Corollary 6.22 (Convergence rate in the ||-||sto-norm). Besides the hypotheses
of Theorem 6.21, assume (u,p) € [H*1(Q)]4 x H¥(Q). Then,

”|(u — Uh, P — ph)mStO < Cu,phkv
with Cyp = C ([ullpresr e + 1Pl e (0)) and C independent of h.

Remark 6.23 (Regularity assumption on the pressure). The regularity assump-
tion p € H*(Q) is just what is needed to achieve the overall convergence rate
in the [|[|sto-norm of order h*. Since polynomials of degree < k are used
for the pressure, the contribution of the pressure terms to the upper bound
Il(w — Tpu, p — 7hP)|lsto,« Would be of order h**+1 if p € HETL(Q). In this case,
the error would be dominated by the velocity error which is still of order h*.

6.1.3.3 L2?-Norm Error Estimate on the Velocity

An L2-error estimate on the velocity can be obtained using a duality argument
in the same spirit as in Sect. 4.2.4 for the Poisson problem. To apply the Aubin—
Nitsche argument [17], we need additional regularity for the solution of the Stokes
problem (see Cattabriga [82] and Amrouche and Girault [11]).

Assumption 6.24 (Cattabriga’s regularity). We assume that there is Ccat,
only depending on Q, such that, for all f € [L?(Q)]?, the solution (u,p) of the
steady Stokes problem (6.1) satisfies

lullimz e + Ipllar @) < Catllflln2()e-
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To proceed, we extend the discrete bilinear form aj; to U, X Uy, and the
discrete bilinear form ¢, to X, X X, We can now establish the L2-norm
velocity error estimate.

Theorem 6.25 (L2-norm velocity error estimate). Besides the hypotheses of
Theorem 6.21, assume Cattabriga’s reqularity. Then, there is C, independent of
h, such that

lu = unlz2(ye < Chll(w = un, p — pa)llsto,- (6.36)

Proof. Let ((,£) € X denote the solution of the steady Stokes problem (6.1)
with forcing term (u — uy) € [L?(22)]%. Then, owing to Cattabriga’s regularity,
¢l =y + €]l (@) < Ceatllu — unl|z2@)a- (6.37)

Moreover, since ¢ € [H2(Q) N H(Q)], [V¢]np = 0 across all F € F} and
[¢€] = 0 across all F' € Fy, so that using the symmetry of aj together with the

expression (4.13) of @} yields

ap(u—up,¢) = ap(C,u —up) = /Q(*AC)(U — Up)-

Since ¢ € H*(Q), [€] = 0 across all F € F}, so that using the expression (6.19)
for by, yields

bt — un, €) = /ﬂ (1 — up)-VE.

Hence,
flu— u’LH[2L2(Q)]d = /(—A( + VE&)-(u —un) = an(u — up, ) + bp(u — up, §).
Q

Additionally, since V-¢ = 0 and [¢] = 0 across all F' € F},, we obtain using the
expression (6.18) for by, that

bh((7p - ph) = 07
while it is clear that s, (p — pn,¢) = 0 since ¢ € H*(Q). As a result,

Hu — UhH[ZLz(Q)]d = Ch((u — Uh,P — ph)7 (Cyg))

Using consistency (cf. Lemma 6.18), the boundedness of ¢ on X, X X, with
respect to the ||||sto,«-norm (this result can be derived by proceeding as in the
proof of Lemma 6.20), the approximation properties of II;, and 7, and the
regularity estimate (6.37), we infer, up to positive factors independent of h,
lu— uh”[2L2(Q)]d = cn((u —up,p — pn), (€ = Tn(, § — mhE))

5 ”| (U — Uh,P — ph)Msto,* ”|(< - Hh<—7§ - ﬂ—hg)msto,*

< Wl = un, = p)llseo, (IS E= @0 + €]l ()

S hll(u = un, p = pr)llstoxllu — Uh||[L2(n)]d-

Simplifying by [|u — unl|[z2(q) yields the assertion. a



260 Chapter 6. Incompressible Flows

We can now infer a convergence rate for the velocity error in the L?-norm.

Corollary 6.26 (Convergence rate for velocity in L2-norm). Besides the
hypotheses of Theorem 6.25, assume (u,p) € [HFTY(Q)]? x HF(Q). Then,
there holds

[ = wnllp2ye < Cuph®™t,

with Cp = C ([ullpresr e + 1Pl e (0y)) and C independent of h.

Proof. The assertion results from (6.36) and the ||||sto,«-norm error estimate
I(u = s p = pr)llsto, < Cuph® (6.38)

To prove this fact, we proceed similarly to the Poisson problem. The ||-||sto- and
II-llsto,«-norms are uniformly equivalent on X}, (cf. Lemma 4.20). Hence, discrete
inf-sup stability holds for the bilinear form ¢;, on X, using the ||-||sto +-norm.
Since the bilinear form ¢j, is also bounded on X,; x X,, with respect to the
II-llsto,«-norm, we infer the error estimate

I(w = un,p = pu)llstox <C  inf (v —vn,p — qn)llsto,«
(vn,qn)E€EXn
with C independent of h, whence (6.38) follows owing to the approximation
properties of II;, and 7. Od

6.1.4 Convergence to Minimal Regularity Solutions

In this section, we study the convergence of the sequence

(UH,pH) = ((uh7ph))h€H>

where, for all h € H, (up, pp) solves the discrete problem (6.23), to the unique
solution (u,p) of the steady Stokes problem (6.5) using mimimal regularity on
(u,p), that is to say, (u,p) € X. This result is an important building block in
the convergence study of the dG discretization of the INS equations undertaken
in Sect. 6.2.3. For conciseness of notation, subsequences are not renumbered in
what follows.

6.1.4.1 Reformulation of Diffusion Term Using Discrete Gradients

To analyze the convergence of the diffusion term, we rely on the convergence
analysis to minimal regularity solutions for the Poisson problem; cf. Sect.5.2. In
particular, we formulate the discrete bilinear form ay, using the discrete gradients
introduced in Sect.4.3.2, namely, for all v, wy, € Uy,

d
an (v wp) = / S G (n.6)- Gl (wn3) + $n.(on, wn), (6.39)

Q=
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with [ € {k —1,k} and

d
ntonon)i= 3 7L [ olon] = | 7RG - Rh (L .

FeFy, F

The expression (6.39) is equivalent to (6.15) on U, x Uy,.

Sequences of vector-valued functions in Uy := (Up)prer bounded in the ||| ver-
norm are such that all their components are bounded in the ||-||qg-norm. Hence,
Theorem 5.7, and in particular the weak asymptotic consistency result (5.7), can
be applied to such sequences componentwise. Additionally, the strong asymp-
totic consistency result (5.10) can be extended to vector-valued smooth func-
tions. For convenience, we collect these results in the following proposition.

Proposition 6.27 (Asymptotic consistency of discrete gradient). Let vy be a
sequence in Uy bounded in the ||-||vei-norm. Then, there exists a function v € U
such that as h — 0, up to a subsequence, vy, — v strongly in [L*(Q)]? and, for
alll >0,

G (vni) — Vv weakly in [L?(Q)]? for all i € {1,...,d}.
Moreover, for all ® € [C5°(Q)]¢, letting ®, := 11, ®, there holds, for all 1 > 0,
Gl (@) — VO,  in [L(Q))? for all i € {1,...,d}.

6.1.4.2 Reformulation of Pressure-Velocity Coupling Using Discrete
Divergence

For any integer | > 0, we define the discrete divergence operator
Dl [HN () — L3(Q)
such that, for all v € [H'(73,)]¢ with Cartesian components (v;)1<i<d,

d

Dﬁl(v) = Z G%(Ui)'ei,

i=1

where e; denotes the ith vector of the Cartesian basis of R?. Then, using the
expression (6.18) for by, we observe that, for all (vp,qn) € Xp,

o) = = [ @DE). (6.0)
We also introduce a new discrete gradient operator
Gy : H'(Ty) — L*()
such that, for all ¢ € H'(T3,),

Gh(q) :=Vrg— > rh(la]). (6.41)

FeF}
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The only difference with respect to the discrete gradient operator GY, defined by
(4.44) is that boundary faces are not included in the summation on the right-
hand side of (6.41). A motivation for this modification is that there holds

V(vn,qn) € Xn, /th'g;’f(%) = */Q%DE(%),

so that an alternative expression for b, on X}, is

bh(v;uth):/vh-gflf(fIh)-
Q

The discrete divergence operator enjoys asymptotic consistency properties
similar to those satisfied by the discrete gradient operator.

Proposition 6.28 (Asymptotic consistency of discrete divergence). Let vy be
a sequence in Uy bounded in the ||-||ver-norm and let v € U be given by Proposi-
tion 6.27. Then, as h — 0, for all 1l > 0, up to a subsequence,

D! (vy,) = Vv weakly in L?(Q).
Moreover, for all ® € [C5°(Q)]4, letting ®, := 11, ®, there holds, for all 1 > 0,
D! (®,) - V-&  in L*(Q).

Finally, the modified discrete gradient operator Q’,ll enjoys the same asymp-
totic consistency properties as G. Indeed, discarding the liftings on boundary
faces does not affect weak and strong asymptotic consistency since these prop-
erties are established by considering compactly supported functions in 2. Note,
however, that the operator g,ll cannot be used in the proof of Theorem 5.7 where
extensions to R? are considered.

6.1.4.3 Asymptotic Consistency for ¢,

We now prove an asymptotic consistency result for the discrete bilinear form ¢y,
similar to the result established in Sect. 5.2.1 for the Poisson problem. Recalling
the definition (6.26) of the |-||sto-norm, we preliminarily observe that if the
sequence (vy,qr) in X is bounded in the |-|sto-norm, the sequence vy is
bounded in the |-|lve;-norm, and the sequence gz is bounded in the L2-norm.
Hence, there is (v,q) € X such that v is given by Proposition 6.27 while ¢, — ¢
weakly in L2(2).

Lemma 6.29 (Asymptotic consistency for ¢z). Let (vy, qr) be a sequence in Xy
bounded in the ||-||so-norm. Then, for all ® € [C§°(Q)]? and for all p € CF(9),
there holds, up to a subsequence,

}llig%) cn((vn, qn), @, mhe)) = c((v,q), (P, 9)),

where 11, denotes the L?-projector onto Uy, and 7, the L?-projector onto [Pg(’]}l).
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Proof. Let ® € [C5°(2)] and set @, := I1;,®. In particular, we obtain
cn((Vns qn), (Pr,0)) = an(vn, ®n) + bn(Pn, qn).
Working componentwise for the diffusion term and using Lemma 5.10, we infer

Lim an(vn, ®n) = a(v, ®).

Consider now the second term and observe that, using (6.40), bp(Pn,qn) =
= [o @D} (®r). Owing to the weak convergence of gy to ¢ in L*() and to
the strong convergence of (DF(®))pen to V-@ in L2(Q), by(Pn,qs) tends to
— JoaV-® =b(®,q) as h — 0. As a result,

}IL{% Ch((vlu qh)7 ((I)Fu O)) = a(U7 (ﬁ) + b(@, q)
Let now ¢ € C§°(R2) and set ¢y, := mpp. We obtain

ch((Vhyqn), (0,0n)) = —bn(vh, on) + sn(qn, ¢n)-

Clearly, —bp(vn,on) = fQ (phDE(’Uh) tends to fﬂ (V) = =b(v,9) as h — 0
since (DF(vp))ner weakly converges to V-v in L?(Q) and ¢z strongly con-
verges to o in L2?(f2). Finally, concerning pressure stabilization, |s;(pn,vn)| <
IPhlplenlp = [Prlple — @nrlp, and this upper bound tends to zero since the first
factor is bounded by assumption and the second factor tends to zero. As a result,

}IL% Ch((vlu qh)? (Oa ‘Ph)) = —b(’U7 90)7
which completes the proof. O

6.1.4.4 Main Result
We can now state and prove the main result of this section.

Theorem 6.30 (Convergence to minimal regularity solutions). Let k > 1. Let
(upg, pr) be the sequence of approzimate solutions generated by solving the dis-
crete problems (6.23) on the admissible mesh sequence Tp;. Then, as h — 0,

Up — U in [L3(Q)]¢,
Viun — Vu  in [L2(Q)]%,
lunly — 0,
ph—p in L*(9),
[prlp — 0,

where (u,p) € X denotes the unique solution to (6.5).
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Proof. (i) A priori estimate. Owing to the inf-sup condition (6.27), the regularity
assumptions on f, and the discrete Poincaré inequality (5.6), there holds

Weump)lso < sup  lnePr): (wn,7n))
(wp,rn)€XK\{0} ”I(wiw rh) Hlsto

sup _JoSwn
(wnrm)exn\{0} 1 (wn,75) [lsto

[wnllj2 (@)

< flliz2 e sup < ool flliz2 ()

(wnrmyexi\ {0} [1(wnsmh)llsto

so that the sequence (u,pp) is bounded in the |||sto-norm. Hence, there is
(u,p) € X such that, up to a subsequence, as h — 0, up — u strongly in
[L2(Q)]4, G (un:) — Vu; weakly in [L?(Q)]¢ for all | > 0 and all i € {1,...,d},
and p;, — p weakly in L2(Q).

(ii) Identification of the limit and convergence of the whole sequence. Let ® €
[C5°(2)]? and let ¢ € C§°(2). Observing that

/Qf'Hh‘I) = cn((un, pn), Tp @, mhe — (Tre)a)) = cn((un, pr), (IIn®, The)),

and using asymptotic consistency (cf. Lemma 6.29), we infer by passing to the
limit A — 0 that

/ﬁ@=dmmx@@>
Q

By density of [C§°(Q)]? x C§°(Q2) in U x L2(f2), this shows that (u, p) solves the
Stokes equations (6.5). Since the solution to this problem is unique, the whole
sequence (ug, pr) converges to (u,p).

(iii) Strong convergence of the velocity gradient and convergence of velocity and
pressure jumps. Using the partial coercivity (6.25) and the stability prop-
erty (5.11) for the SIP bilinear form, we infer, for [ € {k — 1,k},

/ fun = cp((un,pn), (un,pn)) = an(un, un) + sn(pn, o)
Q

d
> ap(un, up) > Z ||G§1(Uh7i)”[2m(n)]d~

i=1
Thus,
d
limsupz I‘Gél(uh,i)H%LZ(Q)]d,d S hHlSup/ f'uh :/ f~’u, = Hvu||[2L2(ﬂ)]dvd'
-0 3= h=0 " Ja Q
Proceeding as in point (iv) of Theorem 5.12, we infer G, (up, ;) — Vu; in [L*(2)]¢

for all ¢ € {1,...,d} and |up |y — 0 for all ¢ € {1,...,d}. Finally, since

lpnl; = br(un, pr) = / frun — an(un, up),
Q
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and the right-hand side converges to [, f-u — a(u,u) = 0 since b(u,p) = 0, we
conclude that |pp|, — 0.

(iv) Strong convergence of the pressure. Using Theorem 6.5, let v,, € U be such
that V-vp,, = pp, with SBal|lvp, llu < |lprllp and set vy, := Ijvy, . Then, proceeding
as in the proof of Lemma 6.10 yields

pnll% = —ba(vn.pn) + > / [pn]{vp, —vn}nr
FeF} r
< =bn(vn,pn) + Clpnlpllpnllp,

with C' independent of h. Since |pp|, tends to zero and ||ps||p is bounded, the
second term on the right-hand side converges to zero. Let us now prove that

lim —b = |Ipl|3-
Jim —bn(vn,pn) = |Ipllp
We first observe that
— bn(vn, pr) = an(un, vp) — / fon=%1 + %o (6.42)
Q
The sequence vy is bounded in the ||-|vei-norm since owing to Lemma 6.11,

lvnllver = vy, llvet < Crllvp, llv < Bg' Cullpnllp,

and ||pn||p is uniformly bounded in h. Hence, there is v € U such that, up to
a subsequence, v, — v strongly in [L2(Q)]? and, for all [ > 0, G! (v ;) — Vv,
weakly in [L2(Q)]? for all i € {1,...,d}. Moreover, (v, — vp,) — 0 strongly in
[L2(€2)]¢. Hence, for all ¢ € C§°(12), observing that

/vh~V<p:f/ph@+/(vh7vph)~vso,
Q Q Q

and letting h — 0, the left-hand side converges to fQ v-V and the right-hand
side to — fQ py. These two quantities are then equal, so that V-v = p. Consider
now the terms ¥; and ¥ in (6.42). Using expression (6.39), we obtain, for
le{k—1k},

d
Ty = ap(up,vp) = / ZGiL(Uh,i)'GiL(Uh,i) + Sp(up,vn) = %11 + 10
=1

Owing to the strong convergence of (G} (un;))hen to Vu; in [L(2)]¢ and to the
weak convergence of (G (v,;))ner to Vu; in [L2(Q)]4, we infer

d
51,1—>/ZVU1"V”UI‘:/VU:VU.
[ Q

Moreover, up to positive factors independent of h, |1 2| < |upl|s|vn|y, which
converges to zero since the first factor converges to zero while the second factor
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is bounded. Finally, it is clear that To — fQ frv. Collecting the above limits
leads to

limsup ||pp || < lim —bp(vn, pp)
h—0 h—0

_ / Vuivo / o= / PV = [pll2,
O Q Q

classically yielding the strong convergence of the pressure in L2(2). O

6.1.5 Formulations Without Pressure Stabilization

Fully discontinuous formulations, such as the one presented in Sect.6.1.2, are
appealing in problems where corner singularities are present (e.g., the well-known
lid-driven cavity problem; see Ghia, Ghia, and Shin [168]), since, in this context,
discontinuous pressures are generally less prone to spurious oscillations. Using
equal-order velocity and pressure spaces, however, requires penalizing pressure
jumps across interfaces to achieve discrete stability (cf. Lemma 6.10). Such a
term introduces a tighter coupling between the discrete momentum and mass
conservation equations, since the pressure is also explicitly present in the mass
conservation equation. In practice, this can be a drawback when using classical
solution methods (such as the Uzawa method) for saddle-point problems in the
steady case or projection methods in the unsteady case (cf. Sect. 6.3).

It turns out that the pressure penalty term can be omitted in various cases
which, however, do not accommodate the same level of mesh generality as
in Sect.6.1.2. On matching affine quadrilateral or hexahedral meshes, formu-
lations without pressure stabilization have been analyzed by Toselli [296] for
different couples of polynomial degrees for velocity and pressure. On matching
simplicial meshes with polynomials for the pressure one degree less than for the
velocity, inf-sup stability has been proven by Hansbo and Larson [183] in the
incompressible limit of two-dimensional linear elasticity and by Girault, Riv-
iére, and Wheeler [171] for the two- and three-dimensional Stokes equations in
the context of domain decomposition methods (with polynomial degree for the
velocity between 1 and 3). Still on matching simplicial meshes for d € {2,3}, a
parameter-free dG approximation using piecewise affine discrete velocities sup-
plemented by element bubble functions coupled with continuous piecewise affine
and/or piecewise constant discrete pressures has been analyzed by Burman and
Stamm [72].

A means to achieve discrete inf-sup stability on matching simplicial meshes
is to consider a discontinuous approximation of the velocity together with a
continuous approximation of the pressure. This approach constitutes the basis
for the projection method discussed in Sect.6.3 in the unsteady case. More
precisely, let 73y be an admissible sequence of matching simplicial meshes and
define

Pho(Th) == {v € C°Q), (v)o =0 | VT € Ty, v|r € PE(T)}. (6.43)
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We consider the approximation of the Stokes problem obtained using the discrete
space Uy, = [P%(7},)]? for the velocity and replacing the discrete space Py, by
Pr = 7750(’]71) for the pressure. In this case, all terms involving the jumps of
functions in Pr, vanish, so that sp(gn, ) = 0 for all gn, 7, € Pr. Moreover, for
all (vh,qh) S Xh = Uh X Ph,

bh('Uhv(Ih):/Uh'VQh:_/QFLVh'UFL+ > /[[vh]]-nFQh-
Q Q F

FeFn

The discrete problem then reads: Find (up,pp) € Xy such that

ch((uh,ph), (Uh,qh)) = /S‘z f'Uh for all (Uh,qh) S Xh, (644)

where
cn((unspn), (v, qn)) = an(un, vn) + br(vh, pr) — bn(un, gn)-
A straightforward consequence of Lemma 6.10 is the LBB condition

bn(wp,
Van € Pn,  Bllanllp < sup bnlwn, gn)
wneU\{0}  [wnllvel
Therefore, the discrete problem (6.44) is well-posed. Moreover, the error esti-
mates (6.35) and (6.36) hold true, along with the convergence rates derived in
Corollaries 6.22 and 6.26 for smooth solutions.

6.2 Steady Navier—Stokes Flows

In this section, we consider steady Navier—Stokes flows. The main difference with
respect to Sect. 6.1 is the inclusion of a nonlinear term modeling the convective
transport of momentum. The discretization with dG methods of this nonlinear
term is the main focus of this section. We also account for the viscosity v in the
momentum conservation equation. We refer to Remark 6.1 for why the viscosity
can be omitted in the context of steady Stokes flows, up to rescaling of the
pressure and the forcing term. For steady Navier—Stokes flows, the viscosity v is
important since it quantifies the relative importance of convective and diffusive
momentum transport.

6.2.1 The Continuous Setting

Let Q C R?, d € {2,3,4}, be a polyhedron, let f € [L?(2)]¢ be the forcing term,
and let v > 0 be the viscosity. The discussion of this section is confined to space
dimensions up to 4 since the nonlinear term requires embeddings of functional
spaces valid for d < 4. The steady INS problem reads

—vAu+ (u-V)u+Vp=f inQ, (6.45a)
Vau=0 in{, (6.45Db)

u=0 on 09, (6.45¢)

)

(p)a=0. (6.45d
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In component form, the momentum conservation equation becomes

d
fVAulJrZu]@]u,Jr@Zp:fl Vi € {1,,d}
j=1
Remark 6.31 (Conservative formulation). Since (u-V)u = V-(u®u) because
V-u = 0, the momentum conservation equation (6.45a) can be rewritten in

the conservative form
—vAu+ V-(u@u) + Vp = f,

or, in component form,

d
quu,Jrzaj(u,u])Jr@Zp:fl Vi € {1,7d}

Jj=1

In contrast, (6.45a) is said to be in nonconservative form. The conservative
formulation is further discussed in Sect. 6.2.4 in the context of dG discretizations.

6.2.1.1 Weak Formulation and Trilinear Form
The weak formulation of system (6.45) reads: Find (u,p) € X such that

c((u,p), (v,q)) + t(u,u,v) = /Qf-v for all (v,q) € X, (6.46)

where X = U x P is defined by (6.3), the bilinear form ¢ € £(X x X, R) now
accounts for the viscosity and is given by
C((U,p), (Ua q)) = l/(l(’u,, U) + b(’l},p) - b(ua q)7

with a and b still defined by (6.4), and the trilinear form ¢ € L(U x U x U,R) is
such that

d
t(w,u,v) = / (w-Vu)wv = / Z w; (05u;)v;. (6.47)
Q Q501
The trilinear form is indeed bounded on U x U x U.

Lemma 6.32 (Boundedness of trilinear form). There is 7o, only depending on
Q, such that, for all w,u,v € U,

t(w, u,v) < a|wlvlulvlv]v. (6.48)
Proof. We use the Sobolev embedding of H}(Q) into L*(Q2) (valid in space
dimension up to 4) stating that there is C(5 4y such that, for all ¥ € H}(Q),

9]l L3@) < Cloa IVl L2 (e so that, for all v € U, [[olljza(aye = (Jq [vlf)7* <
Ci2,0) IVl [2()e.e. Using Holder’s inequality, we then infer, for all w, u,v € U,

t(w, u,v) < d"?||w]|Ls ()| Vul| L2 @))a.0
< d1/20(2274)||V’U)H[L2(Q)]d,d

[oll1L4 )¢

IVullipz @yaal Vol ipz @))ed,

whence the conclusion with 7q = d]/ZC(Q2 4 O
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An important property of the trilinear form ¢ defined by (6.47) is
skew-symmetry with respect to the last two arguments whenever the first
argument is divergence-free and has zero normal component on the boundary.
For simplicity, we consider that the three arguments of the trilinear form are
inU.

Lemma 6.33 (Skew-symmetry of trilinear form). For all w € U, there holds
1
Vv e U, t(w,v,v) = -3 / (V-w)|v|?. (6.49)
Q

Moreover, ifw eV :={veU | Vv =0},
Yv e U, t(w,v,v) = 0. (6.50)
Proof. Let w € U. We observe that, for all v € U,

1
H(w,0,) + / (Vw)lol? = / LwwpoP 41 / (Vw)[of? = / 19 (wlof?),
2 Jo 0?2 2 Jo 02

so that the divergence theorem yields

Hw, v, 0) + 1/(v-w)|v|2 _ 1/ (wn)|of? = 0,
2 Jo 2 Jaq

since (w-n) vanishes on 9Q. This proves (6.49), and (6.50) is a direct consequence
of (6.49). |

A crucial consequence of Lemma 6.33 is that, using (v,q) = (u,p) as a test
function in (6.46) and since w is divergence-free, we obtain, up to the viscosity
scaling, the same energy balance as for steady Stokes flows, namely

V[[Vullfe gpaa I/Qf-w

In other words, convection does not influence energy balance. More gener-
ally, combining the U-coercivity (6.6) of the bilinear form a with the skew-
symmetry (6.50) of the trilinear form ¢ leads to the following result.

Lemma 6.34 (Dissipativity). There holds, for all w € V,
Yv e, va(v,v) + t(w,v,v) > vag||v|?, (6.51)
where agq denotes the coercivity parameter of the bilinear form a.

The last ingredient in the analysis of the continuous setting is the following
weak sequential continuity of the trilinear form ¢ (see Girault and Raviart [170,

p. 115]).

Lemma 6.35 (Weak sequential continuity). Let (vy,)men be a sequence in V
bounded in the ||| -norm, so that there is v € V' such that, up to a subsequence,
as m — 00, Vv, — Vo weakly in [L?(Q)]%? and v, — v in [L2(Q)]1. Then,
for all ® € [C5°(Q)]¢, there holds

lm (v, Vm, @) = t(v, v, D).
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6.2.1.2 Existence and Uniqueness

We now address the existence and uniqueness of the solution to (6.46).

Theorem 6.36 (Existence and uniqueness). There exists at least one (u,p) € X
solving (6.46). Moreover, under the smallness condition on the data

Tollfllor < (vaq)?, (6.52)

the solution is unique.

Proof. For an existence proof, we refer the reader to Girault and Raviart [170,
Theorem 2.4] (cf. also Remark 6.48); the proof uses Lemmata 6.32, 6.33,
and 6.35. We sketch the uniqueness proof which is based on a fixed point argu-
ment; see [170, Theorem 2.5]. As for the linear Stokes equations (cf. Remark 6.9),
the pressure can be eliminated by incorporating the zero-divergence constraint
in an essential way, that is, using the space V = {v € U | V-v =0} for the
velocity. Indeed, if the couple (u,p) € X solves (6.46), then the velocity u solves
the problem

Find v € V s.t. va(u,v) + t(u,u,v) = / fvforallveV. (6.53)
Q

For all w € V, we consider the bounded linear operator A(w) € L(V,V’) such
that, for all u,v € V,

(A(w)u, v)y: vy = va(u,v) + t(w, u, v).
Owing to (6.51),
Yv eV, (A(w)v,v)vr v > vag||lv||F.

Hence, A(w) is an isomorphism mapping V onto V' for all w € V. Its inverse,
say S(w), belongs to L(V’, V) and satisfies

Yw eV, 1S(w)|l cevrvy < (vag) ™t (6.54)
Moreover, problem (6.53) can be reformulated as
Find u € V such that u = S(u)f in V.

Let us prove that, under the smallness condition (6.52), the map V > w —
S(w)f € V is a strict contraction. Let wy,ws € V. Observing that S(w;) —
S(ws2) = S(w1)[A(wz) — A(w1)]S(w2) and using the bound (6.54), we obtain

[S(w1) = S(w2)ll cvrvy < (vaq) 2| A(we) — A(w1) |l covvll fllur
< 7ol fllr (vag) " |lwr — walu

< Jwr —w2|v,
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since owing to (6.48) and the trilinearity of ¢, we infer

<(A(w2) - A(wl))u>v>V’,V

A(ws) — A(wy)||zvyy = sup
lACw2) = Alwdllewvy = sup TlloTollo
t —
sup W2 WL .
wwevioy  ullulvlio

This proves the strict contraction property. Hence, owing to Banach’s Fixed
Point Theorem, there is a unique v € V such that v = S(u)f, and, hence, there
is a unique u € V solving (6.53). Finally, the existence and uniqueness of the
pressure p € P is obtained as for the linear Stokes equations. O

Remark 6.37 (Interpretation of condition (6.52)). At fixed viscosity v, condi-
tion (6.52) means that the forcing term f must be small enough. Alternatively,
at fixed f, condition (6.52) means that the viscosity v must be large enough (so
that sufficient energy is dissipated by the flow).

6.2.2 The Discrete Setting

In this section, we derive a dG discretization of the INS equations (6.46). For
the Stokes part (resulting from the bilinear form ¢), we follow the approach
of Sect.6.1.2 and consider equal-order discontinuous velocities and pressures.
Alternative dG methods to approximate the INS equations have been explored
by Karakashian and Jureidini [206], Girault, Riviére, and Wheeler [171], and
Cockburn, Kanschat, and Schotzau [102-104].

Let 73, denote an admissible mesh sequence and let £ > 1 be an integer. We
consider the discrete spaces (cf. (6.13))

Uni=PYTYL  Pui=Pho(T),  Xu:=Uix P

Our first goal is to derive a discrete trilinear form ¢;, that satisfies suitable discrete
counterparts of Lemmata 6.32, 6.33, and 6.35. Then, we prove the existence of
a solution to the discrete INS equations, as well as uniqueness under a smallness
assumption on the data. The material in this section is restricted to d < 3;
cf. Remark 6.46.

6.2.2.1 Temam’s Modification of the Trilinear Form ¢

When working with dG approximations, the convective velocity is generally not
divergence-free (but only weakly divergence-free), so that the important prop-
erty (6.50) is generally not satisfied. Following Temam [291,292], a possible way
to circumvent this difficulty is to modify the trilinear form ¢ and to consider
instead, for all w,u,v € U,

' (w,u,v) = t(w,u,v) + %/Q(V-w)u-v = /Q(w-Vu)-v—l— %/Q(V-w)u-v. (6.55)

The following result is then a straightforward consequence of (6.49).
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Lemma 6.38 (Skew-symmetry of modified trilinear form). For all w € U, there
holds
Yov e U, t'(w,v,v) = 0. (6.56)

Moreover, (u,p) € X solves (6.46) if and only if (u,p) € X is such that
c((w.p),(0,0)) + 1/ (u,0) = [ foofor all () € X.
Q

6.2.2.2 Discrete Trilinear Form

We start with Temam’s modification of the trilinear form t. Specifically, we
consider broken differential operators in the trilinear form ¢’ defined by (6.55)
and set, for all wp, up, vy, € Up,

1
t;o)(wh,uh,vh) ::/(wh~thh)~vh+5/(Vh~wh)uh~vh.
Q Q

Our first goal is to derive a discrete counterpart of (6.56). For all wy, v, € Up,
integrating by parts elementwise and proceeding as usual, we obtain

£ (wp, vp, vp) = /[[wh]] npfon-vn} + /{{wh}} ap[on]-fon}
FG}— FE]:z

Since the right-hand side of the above equation is nonzero, we modify t;lo) as

th(wh, up,vp) = /Q(Mh Vyup)-vp — /{{wh} np [un]-fon}

FeF}
1

+ = A(Vh wh)(uh ’Uh - =

2 / [wn] npf{un-vn}. (6.57)

FE.'F}

This choice, which incorporates Temam’s modification at the discrete level, pos-
sesses the following important property which is the discrete counterpart of
Lemma 6.33.

Lemma 6.39 (Skew-symmetry of discrete trilinear form). For all wy € Uy,
there holds
Yy, € Uy, th(wh,vh,vh) =0. (6.58)

‘We now address the boundedness of the discrete trilinear form ¢; on Uy x Uj, X
Up. Recall that the discrete velocity space Uy, is equipped with the ||-[|ve;-norm
defined by (6.16). The following result is the discrete counterpart of Lemma 6.32.

Lemma 6.40 (Boundedness of discrete trilinear form). There is 7, independent
of h, such that, for all wy,up, vy, € Uy, there holds

th(Whs un, o) < Tllwnllvellunllve lvnllver-
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Proof. Let %;, i € {1,...,4} denote the terms on the right-hand side of (6.57).
For the first term, Holder’s inequality yields

T1] < d72[|wnll iz e | Vaunllpz @adllvn |z ya-

Moreover, applying componentwise the discrete Sobolev embedding of Theo-
rem 5.3 for p =2 and ¢ = 4 (valid for d < 4), we infer

Yoy € Up, lvnllize e < o24llvnllver- (6.59)

As a result,
%] < d03,

The third term can be bounded in a similar way. To estimate the second term,
we use again Holder’s inequality to infer

|wnlverllun lverllonlver-

1

/4
Tl<d| 2 hF/FIHwh}}\“ fanls | hF/F\{{vh}}r*

FeF] FeF}

/4

Using the bound (a + b)* < 8(a + b*) for real numbers a and b, together with
the discrete trace inequality (1.44) with p = 4, we infer

1
> hF/ [wnd* < > Shr (||wh|T1HELL4(F)]d + ||wh|T2HELL4(F)]d)
FEF) F FEF)

1
< §N60§Lr,4||wh||?L4(n)]dv

where, for all F' € .7-71, we employed the usual notation F' = 971 N 9T». Proceed-
ing similarly for the factor involving v, we arrive at the bound

_1 1/2
[Ta] < 272dN*CF, allwn iz palunlsllon liza e,
so that, using again the discrete Sobolev embedding (6.59), we infer

|To| < 2_1/2dN¢;/2Ct2r74J%,4|

|wnlverllun lverllonlver-

Finally, the fourth term can be bounded in a similar way. O

6.2.2.3 Discrete Problem

Let ap and by be the discrete bilinear forms considered for the linear Stokes
equations, cf. (6.15) for aj, and (6.18) or, equivalently, (6.19) for by. Let ¢ be
the discrete trilinear form defined by (6.57). The discrete INS problem reads:
Find (up,pp) € Xp such that

van(un, vp) + th(Un, un, vn) + bp (v, pr) = / fon Yo, €Up,  (6.60a)
Q

—bp(un, qn) + v sn(pr,qn) =0 Vgy € P, (6.60b)
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or, equivalently, such that

cn((uns pr)s (Vn, qn)) + th(un, up, vn) = / fon Y(on,qn) € Xn,  (6.61)
Q
with

en((un, pn)s (Vny qn)) = van(un, vn) + bn(vn, o) — bn(un, gn) + v~ sk (phy an)-

We observe that both the diffusion and pressure stabilization terms differ from
the case of the linear Stokes equations, cf. (6.24), since the former is scaled by
the viscosity and the latter by the reciprocal of the viscosity.

Recalling (6.17), let @ > 0 denote the coercivity parameter of the discrete
bilinear form a;, such that

Yon € U, an(vn,on) 2 allon]ze-
This leads to partial coercivity for the discrete bilinear form ¢, in the form

Y(vn, qn) € Xn, cn((Vn, qn), (Vn, an)) = vallonllie + v~ anl- (6.62)
Moreover, we define the ||-||ns-norm as

_ 1/2

Iwns @n)llns = (@llvnllzer + lanllp + v~ anly)

It is straightforward to verify, as in the proof of Lemma 6.13, the following
discrete inf-sup condition: There is v > 0, independent of i and of the viscosity
v, such that, for all (vy,qn) € Xp,

Ch\\Uh,4n ), (Wh,Th
Wwn,an)lls < sup ((vn, qn), (wn, 7))

(6.63)
(wnrmexin(oy  1(wn, ) [lns

We observe that the fact that v is independent of v results from the scaling
used in the pressure stabilization. Finally, owing to Lemma 6.39, the discrete
counterpart of Lemma 6.34 is the following: For all wy, € Uy,

Von € U, van(va,vn) + ta(wn, vn, vn) > valon[5e.
6.2.2.4 Existence and Uniqueness

Our first step is to derive an a priori estimate on the solution.

Lemma 6.41 (A priori estimate). If the couple (up,pr) € Xpn solves (6.61),
then

- 2
Y un, pr)llns < o2ll Flliz2 e + 7(va) ™ (o2 flljz2(0)a) " (6.64)

where oo results from the discrete Poincaré inequality (5.6).
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Proof. Using (upn,pr) as test function in (6.61), we infer from (6.62) and the
discrete Poincaré inequality (5.6) applied componentwise that
VQNUMWQ-FV’WPhifS/QfﬂulﬁHfHu%anUth%nnd
< o2l fllize @y llunllver (6.65)

Hence, owing to (6.63) and Lemma 6.40,

M, p)los < sup  CellumPn): (Wnirn))
(wn,rn)EXK\{0} H|(wh> Th) H|ns

fﬂ f'wh - th(Uh,Uh, wh)
= sup
(wn,rn)EXH\{0} I (whs 71 ) s

f

The a priori estimate then results from (6.65). |

< o2l fllizze + Thun e

To prove the existence of a solution to the discrete problem (6.61), we use the
a priori estimate of Lemma 6.41 together with a topological degree argument.
We refer the reader to Eymard, Gallouét, Ghilani, and Herbin [155] or Eymard,
Herbin, and Latché [160] for the use of this argument in the convergence analysis
of finite volume schemes and to Deimling [122] for a general presentation.

Lemma 6.42 (Topological degree argument). Let V be a finite-dimensional
space equipped with a norm ||-||yv. Let M > 0 and let ¥ : V x [0,1] — V satisfy
the following assumptions:

(1) ¥ is continuous.

(ii) W(-,0) is an affine function and the equation ¥(v,0) = 0 has a solution
v €V such that ||v]ly < M.

(iii) For any (v,p) € V x [0,1], ¥(v,p) = 0 implies ||v||v < M.
Then, there exists v € V such that ¥(v,1) =0 and ||v|ly < M.

Theorem 6.43 (Existence and uniqueness). There exists at least one (up,pp) €
X, solving (6.61). Moreover, under the smallness condition

TN f iz < (ve)?, (6.66)
the solution is unique.

Proof. To prove existence, we verify conditions (i), (ii), and (iii) in Lemma 6.42.
Let V = X}, be equipped with the ||-||s-norm and define the mapping

\I/:XhX[O,l]HXh
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such that, for (up, pp) given in X}, and p given in [0, 1], (&,¢n) := Y ((un,pr),p) €
X, is such that, for all (v, qr) € Xp,

(Ensvn)ip2 e = cn((Un, pr), (Vn, 0)) + ptn(un, un, vn) —/ﬂf"Uh,
(Chsan)r2() = cn((un,pn), (0,qn)).

Observing that ¢, is bounded on X}, x X}, for the ||-||ns-norm, using the bound-
edness of ¢}, (cf. Lemma 6.40) and the equivalence of norms in finite dimension,
we infer that ¥ is continuous (condition (i)). Moreover, it is clear that ¥(-,0)
is an affine function since the nonlinear term disappears for p = 0. Moreover,
U (zp,0) = 0 means that xp, = (vn, qn) € X solves the discrete Stokes equations.
Hence, the equation ¥(x,0) = 0 has a solution in X}, which satisfies the a priori
estimate

Mnllns < o2l flliz2 @)

Thus, condition (ii) is satisfied for any real number M such that

YM > o flliz2@ya-

In addition, condition (iii) is satisfied, owing to Lemma 6.41, if we choose M
such that

_ 2
YM > ool flliz2@ye + T(ve) 7 (o2l fllp2))

As a result, there exists zp € X such that ¥(xp,1) = 0, which means that
xp solves (6.61). Finally, the proof of uniqueness under the smallness condi-
tion (6.66) is similar to the proof of uniqueness in the continuous case (cf. The-
orem 6.36). |

6.2.3 Convergence Analysis

In this section, we investigate the convergence of the sequence (uz¢, py) of solu-
tions to the discrete problem (6.61) on the admissible mesh sequence 73 to a
solution (u,p) of the INS equations (6.46).

6.2.3.1 Asymptotic Consistency of Discrete Trilinear Form

As for the Poisson problem (cf. Sect.5.2) and the linear Stokes equations
(cf. Sect.6.1.4), an instrumental ingredient in the convergence analysis is the
asymptotic consistency of the discrete trilinear form ¢;,. To this purpose, we
record the following equivalent expression of ¢;, in terms of discrete gradients
and discrete divergence. We observe that the polynomial degree used for the
discrete gradients and divergence is 2k owing to the nonlinearities.

Lemma 6.44 (Reformulation of discrete trilinear form). There holds, for all
Wh, Up, U € Up,
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1
th(Wh, up,vp) = /th -G (un.i)vn,i + 5/ DR (wn up-vp

T Z / [wr]-nelunl-[on]- (6.67)

FE]—"

Proof. We start with the expression (6.57) and observe that

/(Vh wp) (un-vn) = Y /[[wh]] npf{up-vpl = / D (wp)up-vp,

FeFy

and that

/(wh'vhuh)'vh - /{wh npfun]-fon} = / th G (un.i)vn.i
Q

FeF;
-/ Z[[uh T {onabundne - foniwnhor)
FeFi
The conclusion follows from {vp; }{wn} — {vniwn} = —3[vn][wn]. O

We now turn to the asymptotic consistency of the discrete trilinear form ty,.
This property is the discrete counterpart of Lemma 6.35.

Lemma 6.45 (Asymptotic consistency for tp). Let vy be a sequence in Uy
bounded in the ||-|lvei-norm and let v € U be given by Proposition 6.27. Then,
for all ® € [C5°(Q)]%, there holds, up to a subsequence,

}llin%)th(vh,vh,ﬂhq)) =t'(v,v,®),

where II;, denotes the L?-projector onto Uy,.

Proof. Let ® € [C5°(2)]¢ and set ®;, = I1,®. Owing to (6.67),

th(vh,vh,Qh /Z’Uh gh ('th (bh’b /Dh (’Uh (U ‘I’h

T2 Z / [vn]-np[on]-[®n] = T1 + T2 + Ts.

FE]—"

Owing to Theorem 5.6, the sequences vy and ¥4 are relatively compact in
[L*(Q)]? (since d < 3), and these sequences converge (up to a subsequence) in
[L*(2)]? to v and ® respectively. As a result, for all i € {1,...,d}, the sequence
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(U ®h.i)ner converges in [L2(Q)]? to v®;. In addition, (G2 (vs;))ner weakly
converges to Vo, in [L?(2)]%. As a result,

lim ) = /(v-Vv)@.
h—0 Q

Similarly,
) 1
}llli% Ty = 3 /Q(V~v)(v~<1>).

Finally, using Holder’s inequality, together with the inverse inequality (1.43) to
control the [|-|| ,4(p)-norm by the ||-|| 2()-norm, we infer, up to a positive factor
independent of h,

[Tsl S B onl3|@aly = B w510 — @y,

so that T3 — 0 since |vp|y is bounded, while the first and last factors on the
right-hand side converge to zero. This concludes the proof. O

Remark 6.46 (Assumption d < 3). The assumption d < 3 is used in the above
proof to assert the relative compactness of the sequences vy and ®4 in [L4(2)].
Since the modified discrete gradients only weakly converge, asserting the bound-
edness of these sequences is not sufficient to pass to the limit in the nonlinear
terms.

6.2.3.2 Main Result

We can now state and prove our main convergence result.

Theorem 6.47 (Convergence). Let (uy,py) be a sequence of approzimate solu-
tions generated by solving the discrete problems (6.61) on the admissible mesh
sequence Ty. Then, as h — 0, up to a subsequence,

Up — U in [L3(Q)]¢,
Viup, — Vu in [L?(Q)]%,
lunls — 0,
ph =D in L*(%),
[Prlp — 0,

where (u,p) € X is a solution of (6.46). Moreover, under the smallness condi-
tion (6.66), the whole sequence converges to the unique solution of (6.46).

Remark 6.48 (Alternative existence proof). We incidentally observe that the
existence result stated in Theorem 6.36 in the continuous setting can also be
inferred from the convergence result stated in Theorem 6.47 in the context of
dG approximations (at least for d < 3).
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Proof. (i) Emzistence of a limit. Owing to the a priori estimate (6.64), we infer
that there is (u,p) € X such that, up to a subsequence, up, — u strongly in
[L2(Q)]4, G (un,i) = Vu; weakly in [L3(Q)]¢ for all | > 0 and all i € {1,...,d},
and p;, — p weakly in L2(Q).

(i) Identification of the limit. Using Lemma 6.45 and treating the linear part as
for the Stokes equations, we infer that, for all ® € [C§°(2)]4,

va(u, ®) + t'(u,u, ) — b(®, p) = /Q J®,

and that, for all ¢ € C§°(2), [, ¢V-u = 0. Hence, (u,p) solves (6.46).

(iii) Strong convergence of the velocity gradient and of the velocity and pres-
sure jumps. Proceeding as for the linear Stokes equations and using the skew-
symmetry of t5 (cf. Lemma 6.39) yields the strong convergence of the broken
gradient of each velocity component in [L?(Q)]? as well as the convergence to
zero of the jump seminorms |ug |y and |pa|p.

(v) Strong convergence of the pressure. To prove the strong convergence of the
pressure, we use, as for the linear Stokes equations, the velocity lifting of p, pro-
vided by Theorem 6.5, say v,, € U such that V-v,, = p, and set vy, := Il vy, .
We recall that the sequence vy is bounded in the [|-[|vel-norm so that there is
v € U given by Proposition 6.27. Then, to assert the strong convergence of the
pressure, it suffices to show that limy_.o by (v, pr) = —||p||%. We obtain

bn(vh,pn) = van(un, vp) + th(un, un, vp) — / fon=%1+%2+Ts.
Q
Clearly,
lim (%1 4+ ¥3) = va(u,v) f/ f.
h—0 Q
Moreover, owing to Lemma 6.49 below,
%in%th(uh,uh,vh) =t'(u,u,v).

As a result,
}llinb —bp(vn,pr) = va(u,v) + ' (u,u,v) f/ fv=-b(v,p) = / pV-v = Hp||%>
— Q Q

(v) Finally, under the smallness condition (6.66), the exact solution is unique
owing to Theorem 6.43, so that the whole sequence (uz,py) converges. O

Lemma 6.49 (Asymptotic consistency for t5). Let uy be a sequence in Uy
such that, for alll >0 and alli € {1,...,d}, G} (uni) — Vu,; in [L2(Q)]? and
lun|y — 0. Let vy be another sequence in Uy, bounded in the ||||vei-norm. Then,
as h — 0, up to a subsequence,

lim ¢5, (un, un,vn) — t'(u,u,v),
h—0

where v € U is given by Proposition 6.27.
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Proof. The proof is similar to that of Lemma 6.45. Owing to (6.67),

th(un; un, vn) /Zuh G (un.i) vni + /Dh Up )up-vn
+ - Z / uh]] ng uh]] [[Uh]] =%+ %o +%s.

FE]—"
Proceeding as above yields
%iir%)(‘fl +%s) =t/ (u,u,v).
Moreover, proceeding as in the proof of Lemma 6.45, we infer
Ta| S A2 unl5[valy,

so that T3 — 0 since the first two factors on the right-hand side tend to zero,
while the last factor is bounded. O

To sum up, we observe that the general design conditions to be fulfilled
by the discrete trilinear form ¢, are Lemma 6.39 (skew-symmetry), Lemma 6.40
(boundedness), and Lemmata 6.45 and 6.49 (asymptotic consistency). Moreover,
the skew-symmetry property (6.58) can be generalized to the requirement that
tn be non-dissipative, namely that, for all wy € Uy, there holds

Yo, € Uy, th(wh,vh,vh) > 0. (668)

Such a property is indeed sufficient to derive all the necessary a priori estimates
and prove the convergence result of Theorem 6.47. An example of modification
of the discrete trilinear form ¢, leading to (6.68) is the use of upwinding terms
by adding to %5 a term of the form

> 5/ Hunbnellwl ol

FeF}

6.2.4 A Conservative Formulation

Recalling Remark 6.31, the momentum conservation equation (6.45a) can be
rewritten in the conservative form

—vAu+ V-(u®u) + Vp = f.

This section briefly discusses this approach both in the continuous and discrete
settings.
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6.2.4.1 The Continuous Setting

In conservative form, the weak formulation (6.46) can be equivalently reformu-
lated as follows: Find (u,p) € X such that

c((u, p), (v,q)) + t(u,u,v) = /va for all (v,q) € X,

with the trilinear form ¢ € £L(U x U x U, R) such that

t(w,u,v) i= — /(w@u / Z w;u;0;v;.

3,7=1

Indeed, testing with (0,¢), both formulations yield that u is divergence-free,
while testing with (v,0), we obtain

va(u,v) + b(v, p) + t(u,u,v) = va(u,v) + b(v, p) + t(u,u,v),

since, for divergence-free u,
t(u,u,v) = /(u®u VU—/(V-(u@u))~v:/(u-Vu)-v:t(u,u,v).
Q

For the modified trilinear form ¢, the counterpart of the skew-symmetry prop-
erty (6.50) is less general since it requires to use the three same arguments in ¢,
namely

Yv e U, t(v,v,v) /(V )vl?,

so that
Yo eV, t(v,v,v) = 0. (6.69)

When working with convective velocities that are not divergence-free, a possible
modification of the trilinear form ¢ is to consider, for all w,u,v € U,

t'(w, u,v) = t(w,u,v) — %/(wu)V%}

Q

- [wswpvo—3 [ v,

Yo e U, t'(v,v,v) = 0.
Finally, (u,p) € X solves (6.46) if and only if (u,p := p — |u/?) is such that

so that

c((u,p), (v,q)) + ' (u,u,v) = /ﬂfv for all (v,q) € X.

Note that the kinetic energy %|u|2 is subtracted from, and not added to, the pres-
sure p, so that the modified pressure p differs from the Bernoulli pressure. Testing
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with (0, ¢), both formulations yield that u is divergence-free, while testing with
(v,0), we obtain

va(u,v) + b(v,p) +t' (u,u,v) = va(u,v) + b(v, p) / [ul?V-v + ' (u, u, v)
= va(u,v) + b(v,p) + t(u, u,v).

This approach based on the modified trilinear form # and the corresponding
pressure modification has been hinted to by Cockburn, Kanschat, and Schétzau
[102] and has been further investigated by the authors [131].

6.2.4.2 The Discrete Setting

In the context of dG methods, the main advantage of the above approach is to
yield a locally conservative formulation, while ensuring the discrete counterpart
of property (6.69). The discrete counterpart of the modified triliner form ¢ can
be designed by setting for all wp, up, vy, € Uy, (see [131]),

tn(wn,un,vn) = /(wh®uh) Vion+ Y /{{Uh ‘npf{ws }-[vn]

FeFj

- %/Q(wh up)Vpvn + 5 Z /{{wh up }[on] 0r,

FE}_;

or, equivalently,
1
th(wp, up, vn) = / th itn-Gi (vni) — /(wh un) D7 (vp)
0
-1 2 [ Enelunl ol

FE]—”

It is readily seen that the discrete trilinear form satisfies Lemma 6.40 (bounded-
ness), and Lemmata 6.45 and 6.49 (asymptotic consistency). As in the continu-
ous case, skew-symmetry requires to use the three same arguments, namely,

Yoy, € Uy, th(vp, vp,vn) = 0. (6.70)

This property is sufficient to derive all the necessary a priori estimates and
prove the convergence result of Theorem 6.47, but this property is not sufficient
to prove uniqueness for the continuous problem. Moreover, the fact that the
three same arguments must be used in (6.70) indicates (as reflected by numer-
ical experiments) weaker stability than with the use of Temam’s modification.
Another potential drawback is that, loosely speaking, the modification of the
pressure with the kinetic energy adds high frequencies to the pressure field.
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Yet, using ¢, offers one attractive feature, namely that the discrete problem is
locally conservative. Let T € 7j, and let £ € [P%(T)]¢ with Cartesian components
(&)1<i<a- Then, the local formulation of the discrete momentum conservation
equation takes the form

d
[ S v6htun Ve~ [emve [ o) v
i=1

+ Z ETF/ I/d)dlﬂ Uh _'_d)conv(uh)_'_d)grad /ff7

FeFr

where the fluxes 2! (py,) and ¢4if (up,) are defined by (6.28) and (6.30), respec-
tively, ep p = np-np, and where the convective flux ¢ (uy,) is defined as

¢conv(uh) — {{uh}'nF{{uh}} + %{{‘uh|2}}nF if FFe lim

F Lup|*n if FeFp.
Similarly, letting ¢ € [PZ(T), the local formulation of the discrete mass conser-
vation equation takes the form

/uh ver S0 eTF/ G (un, p)C = 0,

FeFr

with the fluxes

div . {{uh}}~np +I/_1hp[[ph]] if I'e .7:;”
%" (un,pn) = {0 it F e 7,

6.3 The Unsteady Case

In this section, we present a pressure-correction algorithm for the unsteady
INS equations discretized using discontinuous velocities and continuous pres-
sures. Fully implicit time discretizations of the INS equations coupling veloc-
ity and pressure yield linear systems that are often difficult to solve efficiently.
Pressure-correction methods, inspired by the pioneering works of Chorin [90,91]
and Temam [291], circumvent this problem by dealing with convective-diffusive
momentum transport and incompressibility in two separate steps. This approach
leads to solving, at each time step, first a system of convection-diffusion equations
and then a projection problem which takes the form of a Poisson problem with
homogeneous Neumann boundary conditions for the pressure time increment.
The method discussed herein has been proposed by Botti and Di Pietro [47] in
the context of dG methods, and is closely inspired by the work of Guermond
and Quartapelle [180] for conforming finite element space discretizations.
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6.3.1 The Continuous Setting

For a given finite time ¢t > 0 and an initial velocity field uy € U, we consider
the unsteady INS equations in the form

Ou —vAu+ (uwV)u+Vp=f inQx(0,tr), (6.71a)
Vau=0 in Qx (0,tp), (6.71b)

u=0 on 9N x (0,tr), (6.71c)

u(-,t =0)=up in Q, (6.71d)

(P = 0. (6.71e)

We recall (cf. Sect. 3.1.1) that, for a function ¢ defined on the space-time cylinder
Q x (0,tr), we can consider 1 as a function of the time variable with values in
a Hilbert space V of functions of the space variable, in such a way that

P:(0,tp) Dt (t) =¢Y(-,t) € V.

We also recall that, for an integer I > 0, C!(V') denotes the space of V-valued
functions that are ! times continuously differentiable in the interval [0,{r]. We
are interested here in smooth solutions of the evolutive problem (6.71). For the
source term, we assume f € CO([L%(€2)]%), and for the exact solution,

we COU)NCHL* @)Y,  peC’(P),

with spaces U and P defined by (6.3). Recalling the operator B € L(U, P)
defined by (6.8) and its adjoint B* € L(P,U’), we also consider, for all w € U,
the bounded linear operator A(w) € L(U,U’) such that, for all y,z € U,

<A(w)y7 Z>U’,U = l/CL(y7Z) + t/(w7y7z)

:/uVy:Vz—l—/(w-Vy)-z—i—1/(V-w)y-z,
0 0 2 Ja

noticing that Temam’s modification of the trilinear form has been used. Then,
problem (6.71) can be recast in the equivalent form

dyu(t) + A(u(t))u(t) + B*p(t) = f(t), (6.72a)
Bu(t) =0, (6.72b)
u(0) = ug. (6.72¢)

6.3.2 The Projection Method

In this section, we first present the projection method using the backward Euler
scheme for time discretization and H'(Q)-conforming discrete pressures. Then,
we discuss the reformulation of the projection step as a Poisson problem, the
modifications leading to BDF2 time discretization, and the use of discontinuous
approximations for the pressure which introduces additional difficulties related
to the stabilization of the projection step.



6.3. The Unsteady Case 285

6.3.2.1 Backward Euler and H'(Q2)-Conforming Discrete Pressures

Let t be the time step, taken constant for simplicity and such that tp = Ndt
where N is an integer. For all n € {0,..., N}, we define the discrete times
t"™ := ndt. A superscript n indicates the value of a function at the discrete time
t", so that, e.g., " = u(t™) and f" = f(t"). Let 7} belong to an admissible
sequence of matching simplicial meshes and let £ > 1. We asume that the meshes
are kept fixed in time. We consider the discrete spaces

U= [Pi(TW))Y,  Pui=Pio(Th), (6.73)

with P} ((7,) defined by (6.43). For k > 2, the choice P, = 775761(7}) can also be
accommodated with minor modifications. We define the operators Ay, : Uy, — Up,
and By, : Uy, — Py, such that, for all wy,un, vy, € Uy and all g, € Py,

(An(wn)un, vn)2() = van(un, vi) + ta(wn, un, va), (6.74)
(Brhwh, qn) 20y = bn(wn, qn), (6.75)

with bilinear forms a;, and b, defined by (6.15) and (6.18), respectively, and
trilinear form ¢, defined by (6.57). We observe that the transpose operator B},
coincides with the usual gradient operator V since Py, is conforming in H*().
Indeed, for all (wp,qn) € Xn = Up, X Ph,

(Bhwn, qn) 2 () = / wi-Van = (wn, BLan) 12(0)-
Q

The projection method produces, at each discrete time t", n € {1,...,N}, a
triplet
(Uk, Uk, pp) € Un x Up X Ph
containing two approximations for the velocity, u} and @}, and one for the
pressure, pi. For all n € {0,..., N — 1}, two steps are performed sequentially.

(a) Convection-diffusion step. The approximate velocity u”+1 is computed from

the values of uj and p} by solving the nonlinear convectlon-diffusion problem

s H AR @+ Vg = (6.76)
where f;'*! := II), f**! and II), denotes the L2-orthogonal projection onto
Up,. In problem (6.76), the boundary condition (6.71c) is (weakly) enforced

on uZH but the divergence-free constraint (6.71b) is not included.

(b) Projection step. The approximate velocity ;" and the pressure p”Jrl are

then obtained by projecting u”+1 onto the space of discrete functions wy,

~n+1

that satisfy the weak dlvergence free constraint Bpwp = 0. Specifically,
Z“ and p”Jrl are computed from u;f“ and pj by solving
~n+1l _ ~n+l
S LV —p) =0, (6.77a)
Bputt = 0. (6.77b)

The condition BhﬂZ“ = 0 implies that ﬂZ“ is weakly divergence-free.
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The algorithm is initialized by prescribing values for @) and p) inferred from
(a projection of) the initial condition (6.71d). Whenever an initial guess p° for
the pressure is available, one possibility is to use the Stokes projection by solving
the problem: Find (wp, ) € Xj, such that

an(wn,vp) + bp(vn, 1) = an(u®,vp) + by (vp, p°) Yoy, € Uy,
br(wn, qn) = bu(u’, qp) Van € Ph.

The algorithm is then initialized by setting @9 = wy, and p = rp,.

6.3.2.2 The Projection Step As a Poisson Problem

The projection step (6.77) can be recast as a Poisson problem with homogeneous
Neumann boundary conditions for the pressure increment 6p”+1 = pZH - py
plus an explicit formula for the velocity approximation u”Jrl Indeed, applying

the operator By, to (6.77a) and using (6.77b), we obtain
B, Vépptt = ot Buaptt.

Using the expression (6.19) for the discrete bilinear form by, and observing that,
for all gp, € Ph, [qn] = 0 across interfaces, we obtain the following problem for
the pressure increment: Find 5p"+1 € Py, such that, for all ¢, € Py,

(BrV (6py™), an) r20) = / V(6pp ) Van = 6t (Brup ™ an) 2. (6.78)

The expression on the right-hand side can be computed using the value of u”+1
resulting from (6.76). The velocity approximation @} ** then results from
aptt = aptt — stvepptt. (6.79)

We observe that (6.78) is a Poisson problem with homogeneous Neumann bound-
ary conditions. This problem is well-posed owing to the zero-mean condi-
tion (6.71e).

6.3.2.3 Reformulation of the Convection-Diffusion Step

The convection-diffusion step (6.76) can be reformulated by eliminating the
velocity uj and introducing an exptrapolated pressure pj. More specifically,
plugging (6.79) at step n into (6.76), we obtain

1)~ N ~
5( ) n+1 +A ( n+1) ZJrl —_ f;?+1 _ V]/)\Z,
where, for all n € {1,..., N}, we have set
~n _ ~n—1
Don Uy —up~ .
55 )uh:%’ D = 2p — Py 1

These expressions make it clear that the backward Euler method is used to
discretize the time derivative of the velocity, while a first-order extrapolation is
used to reconstruct the pressure at the discrete time ¢"*1.
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6.3.2.4 BDF2 Time Discretization

To enhance time accuracy, a possible choice, considered by Guermond, Minev,
and Shen [179] in the conforming case and by Botti and Di Pietro [47] in the dG
case, is to use the BDF2 method (cf. Sect.4.7.4), which amounts to taking, for
allne{2,...,N},

- 3 ornet, Lo
0Py =6t <§u;; —2u + S 2) :
7 5 n— 1 n—

ph = gPZ - §ph ! §ph %

This choice allows one, in particular, to enhance the accuracy in time. When
using the BDF2 formula, the values at discrete times t° and ¢! are needed to
initialize the algorithm. One possibility is to initialize @9 and p as above, and
perform a first time step using the Crank—Nicolson method (cf. Sect. 4.7.4).

6.3.2.5 Discontinuous Pressures

We briefly pinpoint the modifications of the projection step (6.77) required to
deal with discontinuous pressures. The discrete velocity space Uy, is still defined
by (6.73), and we consider the pressure discrete space

Ph = [PZ,O(,]'h)

Let Aj, be defined as in (6.74) and let By, be the straightforward extension of
By, to Uy, x Py, such that, for all wy, € Uy, and all g, € Py,

(Brwn, an) 12) = bn(wn, qn)-

Since Py, is not H'(Q)-conforming, the transpose operator E,tl no longer coincides
with the usual gradient operator. Moreover, stabilization is required for the well-
posedness of the projection step. More specifically, for a given time step n > 0,

the projection step reads: Find 5p2+1 € Py, such that, for all g, € Py,

(BrBhopy ™ an) r2q) + sn(0p) ™ an) = 6t H(Brap ™ qn) 2,

~n+1

where u; ™" has a known value resulting from the convection-diffusion step (6.76)

and the stabilization bilinear form sj, has to be specified. Using the definition
of By, it is readily inferred that, for all r,,q, € Py and [ € {k — 1,k},

(BrBhrh,an)r2(q) = / G (rn)-Gl (an),
Q
where we recall that, for all g5, € Py, the modified discrete gradient is such that

Gilan) = Vagn — Ri(an),  Rilan) = D rie(lgn]).

FeF}
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According to the discussion at the end of Sect. 4.2.1, the bilinear form s, can be
chosen so as to obtain the SIP method as follows:

sh(rha qh) = E hi / [[rh]][qh]] - / RiL(rh)'th(qh)'
pegi WFJF Q
€Fi
Indeed, using the definition of lifting operators, we obtain, for all r,, q; € Py,

/ngl(rh)'g;t(Qh)JrSh(Tm(Jh) :/thrh'VthJr Z %/F[[Th]][[%]]

FeF}
= 3 [ ATwmdarlad + Il Taan ),
FeF; 7%
which corresponds to the SIP bilinear form when a Neumann boundary condition
is prescribed; cf. (4.16) with v = 0.
6.3.2.6 Numerical Examples

In practice, the use of discontinuous pressures can significantly increase the effort
required to solve the projection step. To illustrate this point, we consider the
three-dimensional solution proposed by Ethier and Steinman [152]

up = —a e sin(azs + bxs) + e cos(axy + b)) et

uy = —a[e"™ sin(azs + br1) + e cos(aws + bas)] e,

U3 = —a [6az3 sin(axl + be) 4 T2 cos(axg 4 bxl)] 67,,1)2157

a2
p= 7? 62(1:51 + 62(11'2 + e2az3
+ 2sin(ax; + bxa) cos(axs + bxl)ea(z2+z3)
+ 2sin(azs + bx3) cos(axy + sz)ea(rsszl)
+ 2sin(az3 + bx1) cos(axs + bz3)e“(z1+zz) o2t _ 5,
with @ = 7/4, b = 7/2, and P is chosen so as to satisfy the zero-mean con-

straint (6.71e). An inspection of the fifth and seventh columns of Table 6.1 dis-
playing percentages of CPU times reveals that the computational effort required
to solve the projection step can become dominant when discontinuous pressures
are used.

We present now some numerical examples to assess convergence rates in space
and time for various choices of the discrete spaces. To evaluate the convergence
rate in time, we consider the Taylor vortex test case. The unsteady INS equations
are solved in the time-space cylinder Q x (0.1,6.1) with Q = (—7/2,7/2)°. Both
the Dirichlet boundary condition and the initial condition are deduced from the
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Table 6.1: Comparison of the use of discontinuous and continuous pressures
on the Ethier—Steinman test case. Linear systems are solved using the GMRes
algorithm. Legend: ksp dim. of Krilov space, nit; average number of GMRes
iterations per Newton iteration, nit, average number of GMRes iterations

Convection-diffusion Projection
ot ksp Avg time/step (s)  nity % time nity % time
Continuous pressures, k = 2
150 206 49 4,300 51
0-1 200 113 110+70 79 700 21
150 193 39 4,200 61
0-05 909 100 70+40 76 600 24
150 135 47 2,200 53
0025 900 80 50+20 76 490 24
150 111 48 1,800 52
00125 5 77 30410 75 490 25
Discontinuous pressures, k = 2
200 589 16 >8,000 84
0-1 400 201 110+70 48 1,000 52
200 543 13 >8,000 87
0-05 400 178 70+40 41 900 59
200 612 10 >8,000 90
0-025 400 176 20+20 37 900 63
200 667 9 >8.,000 81
0.0125 400 183 30+10 30 1,100 70
exact solution
u = — cos(mxy ) sin(mwzy)e 2™,
uy = sin(mxy) cos(mag)e” ™1,
p = —cos(2mzy) cos(2mxy)e 1TV — B,

with constant P adjusted so as to satisfy the zero-mean constraint (6.71e). To
ensure that the time error dominates over the space error, we solve the discrete
problem on a very fine 300 x 300 quadrilateral mesh. The time steps are in
{0.2 x 27"} g<j<4, while v € {1072,1073,107*}. Figure 6.1 collects the results
for the BDF2 time discretization. We observe, in particular, that second-order
convergence in time is achieved for the velocity and the pressure, except for
dt =0.2 x 2% and v = 10™*, where the space error is no longer negligible with
respect to the time error.

Finally, the convergence in space is assessed using the steady test case pro-
posed by Kovasznay [214]. The space domain is = (—0.5,1.5) x (0,2). The
pressure-correction method is used to integrate over a sufficiently long time to
reach a steady-state solution. The exact solution is

_162/\561 _Z_j

A
up = 1 — e cos(2mx), Uy = ——e 1 gin(27y), p= ,
27 2
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with constant p adjusted so as to satisfy the zero-mean constraint (6.71e),
A= 12 — (1/4u2 —|—47r2)1/2, and v = 0.025. Optimal convergence rates are
observed when using polynomial order % for the velocity and k or (k — 1) for
the pressure. We notice, however, that equal-order approximations are benefi-
cial in terms of accuracy for the pressure, as reflected by the dG(2)-cG(1) and
dG(2)-cG(2) errors in Fig. 6.2.



Chapter 7

Friedrichs’ Systems

Symmetric positive systems of first-order PDEs were introduced by Friedrichs in
1958 [163] as a means to handle within a single functional framework transonic
flow problems which are partly elliptic and partly hyperbolic in different parts
of the computational domain. Friedrichs introduced a very elegant technique
to characterize admissible boundary conditions for such systems based on a
(nonuniquely defined) nonnegative matrix-valued boundary field with certain
algebraic properties. The formalism introduced by Friedrichs turns out to be
sufficiently large to encompass a wide range of model problems. Those considered
herein are, in the steady case, advection-reaction equations and various elliptic
PDEs written in mixed form, e.g., the div-grad problem related to diffusion,
the linear elasticity equations in the stress-displacement formulation, and the
curl-curl problem related to Maxwell’s equations in the diffusive regime.

In the steady case, the symmetric positive systems of first-order PDEs intro-
duced by Friedrichs lend themselves quite nicely to space discretization by dG
methods. The analysis of dG methods in the context of Friedrichs’ systems was
started in the 1970s by Lesaint [227,228] and Lesaint and Raviart [229], and the
analysis was further refined a decade later by Johnson and Pitkdranta [204] for
the advection-reaction equation; see also Johnson, Névert, and Pitkiranta [203].
A systematic treatment can be found in a recent series of papers by Ern and
Guermond [142-145], from which most of the material in this chapter is inspired.
An alternative presentation can be found in the PhD thesis of Jensen [201].

The first goal of this chapter is to derive and analyze various dG methods
to approximate in space steady Friedrichs’ systems. In doing so, our aim is
also to revisit in a unified setting various ideas presented in the previous chap-
ters. Although the presentation is to a large extent self-contained, we refer the
reader to [142-145] for various aspects that are not covered herein for the sake
of brevity. We first describe the basic ingredients to formulate Friedrichs’ sys-
tems and present various examples to illustrate the generality of the formalism.
Then, using the ideas of [145], we present a mathematical setting so as to formu-
late Friedrichs’ systems as well-posed problems with weakly enforced boundary

D.A. Di Pietro and A. Ern, Mathematical Aspects of Discontinuous Galerkin 293
Methods, Mathématiques et Applications 69, DOI 10.1007/978-3-642-22980-0 7,
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conditions. The next step deals with the derivation and analysis of dG methods
for such problems. A dG method with minimal stability is derived following
the approach based on centered fluxes considered in Sect. 2.2 for the advection-
reaction equation. The stability of the approximation can be tightened by means
of suitable interface and boundary operators, similarly to the approach based on
upwinding considered in Sect.2.3. Then, we examine in more detail the situa-
tion where the Friedrichs’ system possesses a two-field structure related to the
mixed formulation of an elliptic PDE. Finally, we address the approximation
of unsteady Friedrichs’ systems using explicit time-marching schemes for time
discretization and dG methods for space discretization.

7.1 Basic Ingredients and Examples

The purpose of this section is to present the basic ingredients to formulate
Friedrichs’ systems. The precise mathematical meaning of the PDE system
and its boundary conditions are specified in Sect.7.2. We also present various
examples of Friedrichs’ systems to emphasize the generality of the formalism.

7.1.1 Basic Ingredients

Let m > 1 be an integer which corresponds to the number of scalar-valued PDEs
in the system. A Friedrichs’ system is formulated using (d+1) R"™™-valued fields
defined in the domain 2, say A%, A',..., A%. For convenience, we set

d
Xi=) " opAr, (7.1)
k=1

where Oy denotes the distributional derivative in the kth spatial direction; the
field X can be loosely interpreted as the divergence associated with the fields
Al AL

The assumptions on the fields A%, A, ..., A% are

Vk € {0,...,d}, A¥ € [L®(Q)]™™ and X € [L>®(Q)]™™, (7.2a)
Vi e {1,...,d}, A" = (A*)" ae. in Q, (7.2b)
Jpo >0, A+ (A% — X > 201, ae. in Q, (7.2¢)

where 1,, denotes the identity matrix in R”™ and the superscript  indicates
the transpose; the same superscript is used for the scalar product of vectors
in R™. Henceforth, inequalities between (symmetric) matrices are understood
on the associated quadratic forms, i.e., for G; and G, in R"™™, the inequal-
ity G1 > Go means that, for all £ € R™, £G1€ > £'Go€. Assumptions (7.2b)
and (7.2¢) are, respectively, the symmetry and positivity properties mentioned
in the introduction.

The material of the previous chapters should have made it clear that dG
methods are L2-based methods. Therefore, it is natural to work in a Hilbertian
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setting. Let L := [L2(2)]™ be equipped with its natural scalar product

(f7g)L ::/g;ftga

and associated norm ||-||,. We are interested in the differential operator

A [CHQ))" 32— Az := Az + Anyz € L, (7.3)
where
d
A(O)Z = .AOZ, A(l)z = Z.Akakz (74)
k=1

The domain of A is extended to more general functions z in Sect.7.2.1. We
observe that the field A° specifies the zero-order term in the differential operator
A, while the fields A, ..., A% specify the first-order terms. We also consider the
differential operator

A [CY)™ 22— Az = Az — Aqyz € L, (7.5)

where fl(o)z = ((A%)* — X)z. Using integration by parts and the symmetry
property (7.2b), we infer that, for all ¢,y € [C§°(2)]™,

(0, X)L + (Aqye, V) + (¢, Ay¥) L =0,
and since (A%, ¥)r = (¢, (A°)!) 1, we obtain

(A(pa 1/J)L = ((Pv Aw)L

This identity shows that A is the formal adjoint of A.

In practice, the fields A!,..., A% are smooth enough to be defined at the
boundary 9. It is then possible to introduce the boundary field D : 92 — R™
such that, for a.e. x € 99,

d
D:=) mA", (7.6)
k=1
where (ni,...,n4) are the Cartesian components of the outward unit normal n

to €. We observe that, by construction, D takes symmetric values. The idea
of Friedrichs is to specify boundary conditions using a second boundary field,
namely M : 90 — R™ such that, for a.e. x € 99,

M is nonnegative, i.e., for all £ € R™, £&¢ME > 0, (7.7a)
R™ = Ker(D — M) + Ker(D + M). (7.7b)

Let f € L. Friedrichs proved in [163] the uniqueness of the strong solution
z € [C1(Q)]™ such that

Az=f in Q, (7.8a)
(D-—M)z=0 on 909, (7.8b)
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and the existence of a so-called ultraweak solution z € L such that (z, Ay); =
(f,y)r for all y € [C*(Q)]™ such that (D + M)y = 0 on 9. In the above for-
malism, boundary conditions are expressed explicitly, and this makes it difficult
to obtain existence and uniqueness simultaneously. Furthermore, with an eye
toward the design of a dG approximation method, it is desirable to formulate the
boundary conditions weakly. These observations are further pursued in Sect. 7.2.

Remark 7.1 (Nonlocal zero-order term). The theory of Friedrichs’ systems can
also be developed for more general zero-order terms. Indeed, it is possible to con-
sider an operator Ay € £(L, L) more general than A°z in (7.4), e.g., associated
with an integral kernel. In this case, the zero-order term is said to be nonlocal.
Such terms are useful, for instance, when modeling radiative heat transfer.

7.1.2 Examples

This section collects various examples of Friedrichs’ systems to highlight the
generality of the formalism.

7.1.2.1 Advection-Reaction

The advection-reaction equation has already been studied thoroughly in Chap. 2.
Let f € L%()). We consider the PDE

with g € L>(Q) and 8 € [L°°(Q)]¢ such that V-8 € L>(Q). Then, the differ-
ential operator

Az = puz+ p-Vz

fits the above framework by setting m = 1, A = yu, and, for all k € {1,...,d},
AF = By, the kth component of the field 3, so that X = V-3 (cf. (7.1)). Assump-
tions (7.2a) and (7.2b) clearly hold true. To enforce (7.2¢), we assume that there
is po > 0 such that a.e. in €,

1
H*QV'52M0>07

thereby recovering assumption (2.6).
The boundary field D is given by

D = (.
An admissible choice for the boundary field M is
M = |B-nl.

Let us verify (7.7). First, M is obviously nonnegative, so that (7.7a) holds true.
Moreover, for all x € 0€,
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o If B(z)n(z) > 0, Ker(D — M) =R and Ker(D + M) = {0}.
o If B(z)n(z) <0, Ker(D — M) = {0} and Ker(D + M) =R.
e Finally, if 3(x)-n(z) =0, Ker(D — M) = Ker(D + M) =R.

Hence, in all cases, (7.7b) holds true. The boundary condition (D —M)z|sq =0
amounts to the homogeneous Dirichlet boundary condition z = 0 at the inflow
boundary 9Q~ defined by (2.2) (recall that 900~ = {z € 9Q | B(z)n(x) < 0}).

7.1.2.2 The Div-Grad Problem and Diffusion-Advection-Reaction

Let f € L%(Q). The PDE
—ANu+u=f

can be rewritten in the mixed form (cf. Sect.4.4)

(57 )

In the mixed formulation, we recall that u is termed the potential and o the
diffusive flux (cf. Definition 4.1). To recover the setting of Friedrichs’ systems,
we set m =d+ 1 and

where ey, is the kth vector in the Cartesian basis of R% and 0s,+ denotes the
null matrix in R**. This yields X = 0, ,. Clearly, assumptions (7.2) hold
true. At this stage, it is not possible to discard the zero-order term and consider
the problem —Awu = f without violating assumption (7.2c). A more general
framework circumventing the need for full positivity in R™™ is presented in
Sect. 7.4.3.

The boundary field D is given by

Ogqin
D= d’d
n' {0
To enforce the homogeneous Dirichlet boundary condition v = 0 on 952, we can
take
Ogqi—n
M= |2 (7.10)
nt 0

Clearly, (7.7a) holds true since M is skew-symmetric and, hence, nonnegative;
moreover, (7.7b) results from the fact that

Ker(D — M) = {(0,0), o € R},
Ker(D + M) ={(0,u), u € R}.
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The formalism easily incorporates other types of boundary conditions. For
instance, the Robin/Neumann boundary condition o-n = yu with v € L>(99Q)
and v > 0 a.e. on 901 is enforced by taking

Assumption (7.7a) results from the fact that 7 is nonnegative, while assump-

tion (7.7b) can be proven by observing that, for all (7,v) € R4, (r,0) =

(yon, v)+(T—~vn,0) with (yun,v) € Ker(D—M) and (7—~ywn,0) € Ker(D+M).
The extension to the diffusion-advection-reaction equation

—V-(kVu) + 3-Vu + pu = f,
is also straightforward. Here, the diffusion tensor x € [L>°()]%? is assumed to
be symmetric and uniformly positive definite, i.e., kK > Kolg a.e. in Q with a
real number k¢ > 0, while the advective velocity § and the reaction coefficient
1 satisfy the assumptions stated above for the advection-reaction problem. The
framework of Friedrichs’ systems is recovered by setting

The homogeneous Dirichlet boundary condition u = 0 on 9€) can be enforced by
taking the boundary field M defined by (7.10). The Robin/Neumann boundary
condition o'n = yu with v € L*°(9€2) and 27y + Bn > 0 can be enforced by
taking

In practice, a natural choice is v = (8:n)®, the negative part of 3-n (cf. (2.12)) so
that 2y 4 8-n = |B-n|. Then, at the inflow boundary (where 3-n < 0), the Robin
boundary condition means that the normal component of the diffusive-advective
flux (0 + Bu) is prescribed to zero, while a homogeneous Neumann boundary
condition is enforced in the remaining part of the boundary.

7.1.2.3 Linear Elasticity

We consider the equations of compressible linear elasticity in the stress-
displacement formulation. Let o be the stress tensor with values in R%¢,
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let u be the displacement vector with values in R, and let f € [L2(©2)]¢ be the
body force. The governing equations can be written as

0 — 75 tr(0)1a — 5(Vu + (Vu)') =0, (7.11a)
—3Vi(o+o")+au=f, (7.11b)

where the coefficients o and A are both in L>°(£2) and are assumed to be uni-
formly positive in 2. The coefficient X is related to the compressibility of the
material; the incompressible limit A — 0 is further discussed in Sect.7.4.3. The
coefficient « is added at this stage to fulfill the positivity assumption (7.2c). It
can be removed, as discussed in Sect.7.4.3. Taking the trace of (7.11a) yields
d+/\ tr(o) = V-u so that

= L(Vu+ (Vu)') + A7 (V-u)lg,

that is, the usual relation between stress and strain tensors is recovered. More-
over, (7.11b) expresses, up to the zero-order term, the equilibrium of forces. We
also observe that the symmetry of the stress tensor is not enforced a priori, but
is a consequence of (7.11a).

To recover the framework of Friedrichs’ systems, the tensor field o with values
in R4 is identified with the vector field & with values in R%” by setting o[;;) = 05
with 1 <14,j < d and [ij] := d(j — 1) +¢. To alleviate the notation, we use the
same symbol for both fields. Then, problem (7.11) fits the above framework by
setting m = d? + d and

where Z € R¥? is such that Zijiiky = 00k with 1 < 4,5, k,1 < d, and, for
all k€ {1,...,d}, & € RT is such that Ehy = —30udj + 6495%) with
1 <51 < d here, the §’s are Kronecker sym ols This yields X = 0y, .
Clearly, hypotheses (7.2@) and (7.2b) hold true. To verify (7.2c), we denote by
(AO)""2 € R”% the upper left block of the matrix .A° and observe that, for any
o eRY,

O,t(AO)Jffg-:o't(g d+>\ tI‘(O')]]_d) d+>\‘0.|€2 -+ d+/\|0' (O’)]].d‘%z, (7.12)

where for all 7 € RT | |7]p := (7i7)/2 = (XCi<ij<d 7'[%].})1/2 denotes its Frobenius
norm. Then, evaluating (o, u)*A%(o, 1), we obtain positivity on the o-component
(resp., the u-component) since A (resp., a) is positive.

The boundary field D and a boundary field M enforcing homogeneous Dirich-
let boundary conditions on the displacement are
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where N € R4 is such that, for all £ € RY,
1
NE = —§(n®€ + &®n). (7.13)

Robin/Neumann boundary conditions can also be accommodated by proceeding
as for the div-grad problem.

DG methods for linear elasticity, with a focus on the incompressible limit,
have been developed by Hansbo and Larson [183,184], Wihler [307], and Cock-
burn, Schotzau, and Wang [109].

7.1.2.4 The Curl-Curl Problem

We close this series of examples with a problem related to the (three-dimensional)
Maxwell equations in the diffusive regime, namely the curl-curl problem. Let H
be the magnetic field with values in R, let E be the electric field with values in
R3, and let f,g € [L?(Q)]?. The governing equations are

uH+VxE = f,
ocF —VxH =g,

where the coeflicients 4 and ¢ are both in L>°(Q) and are assumed to be uni-

formly positive in 2. The above problem fits the framework of Friedrichs’ sys-
tems by setting m = 6 and

R

where the entries of the matrices RF € R33 are those of the Levi-Civita permu-
tation tensor, i.e., Rfj = €y for 1 < 4,5,k < 3, that is,

00 0 0 0 1 0 -1 0
R'=10 0 -1}, R2=1 0 0 0O}, R¥=[1 0 0
01 o0 -1 0 0 0 00

This yields X = Oy, . Clearly, assumptions (7.2) hold true.
The boundary field D and a boundary field M enforcing homogeneous Dirich-
let boundary conditions on the tangential component of the electric field are

033; T 033{ -7
D= | e
Tt {053 Tt 05
where 7 € R33 is such that, for all £ € R3,
T¢ = nxé. (7.14)

Homogeneous Dirichlet boundary conditions on the tangential component of the
magnetic field can be enforced by using —M.
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DG methods have been extensively developed for the Maxwell equations in
various forms, and we mention some recent work on the subject. DG meth-
ods for the mixed form of the Maxwell equations in the time domain have
been investigated by Cockburn, Li, and Shu [107] and Cohen, Ferrieres, and
Pernet [115]. DG methods for the indefinite time-harmonic Maxwell equations
in the frequency-domain have been studied by Houston, Perugia, Schneebeli,
and Schétzau in both mixed [198] and non-mixed [197] forms. The analysis of
the SIP method for the unsteady Maxwell problem in second-order form has
been performed by Grote, Schneebeli, and Schétzau [178]. Finally, dG approx-
imations of the Maxwell eigenvalue problem have been investigated by Buffa,
Perugia, and Warburton [62,63].

7.2 The Continuous Setting

In this section, we give a different mathematical meaning to the solution of
problem (7.8) so as to arrive at a problem in weak form that is well-posed. To
this purpose, we extend the domain of the differential operator A defined by (7.3)
to a larger space, the so-called graph space V' with dual space V', and we give a
different meaning to the boundary conditions using boundary operators D and
M in L(V,V’) instead of the pointwise representation by the boundary fields D
and M. In particular, the boundary condition (7.8b) is replaced by

z€Vp:=Ker(D—-M)CV.
We consider the problem:
Find z € Vj s.t. Az = fin L. (7.15)

To formulate this problem in weak form, we introduce the bilinear form such
that, for all z,y € V,

1
a(z7y) = (Azay)L + §<(M_D)Z7y>V/,V' (716)
The weak formulation of (7.15) is

Find z € V s.t. a(z,y) = (f,y)r forall y € V. (7.17)

Observe that the boundary condition z € Vj is weakly enforced in (7.17). The-
orem 7.14 below states that under suitable assumptions, problem (7.17) is well-
posed.

The main goal of this section is to provide some mathematical insight into
the derivation of the weak formulation (7.17) and why it leads to a well-posed
problem. The presentation hinges on the ideas of [145]. Assumptions (7.2) are
reformulated in an abstract setting leading to the notion of Friedrichs’ operators
(A, A), and a so-called cone formalism is introduced to identify subspaces of the
graph space where the Friedrichs’ operators are isomorphisms onto L. Then, it is
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shown that such subspaces can be constructed using a boundary operator with
suitable algebraic properties. We observe that we do not work with a single
operator A, but instead with an operator pair (A,/I) where A is the formal
adjoint of A. Indeed, an important point is that the bijectivity of the operator
A goes hand in hand with that of A. As a matter of fact, we prove simultaneously
the well-posedness of (7.17) together with that of the adjoint problem:

Find 2* € V s.t. a*(2%,y) = (f,y)r forall y € V, (7.18)
with the bilinear form a* such that, for all z,y € V,

a*(z,y) == (Az7y)L + %((M* + D)z, y)viv, (7.19)

where M* € L(V,V"') denotes the adjoint operator of M.

The reader mainly interested in dG approximations can directly jump to
Sect. 7.3. The starting point in the design of the dG bilinear form is the expres-
sion (7.16) for the bilinear form a and the assumption that, for z and y smooth
enough,

a(z,y) = (Az,y)L + % /m y (M —D)z.

7.2.1 Friedrichs’ Operators

Let L be a Hilbert space equipped with scalar product (-,-); and associated
norm ||-||z. Let T be a dense subspace of L. We assume that we have at hand
two linear operators A: Y — L and A : T — L such that

V(@ﬂb) €T x T7 (A@ﬂz})[/ = (@7Aw)L7 (720d)
IC st Vo e, |(A+ Al <Cllel. (7.20b)

Owing to (7.20a), the operator A can be viewed as the formal adjoint of A.
In the context of first-order PDEs,

T =@, L=I[LX(),

and the operator A is defined by (7.3) and (7.4). Integration by parts in (7.20a)
yields, for all ¢ € [C§°(2)]™,

d
A = (A0 = X)p = D (A" O (7.21)

k=1
For assumption (7.20b) to hold, the first-order terms in A and A must com-
pensate each other, and this requires the symmetry of the fields A',..., A%,
that is, assumption (7.2b). Then, the operator A defined by (7.21) coincides on

[C§°(£)]™ with that defined by (7.5).

Let Vy be the completion of T with respect to the scalar product (-,-)r +

(A, A-)r. Identifying L and its dual, we obtain

YoV L=L —Vy—T,
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with dense and continuous injections, where Y’ is the algebraic dual of T, while
L’ and V4 are topological duals. Owing to (7.20b), the completion of T with
respect to the scalar product (-,-)r + (A, A- )z is also Vy. By a slight abuse
of notation, the unique extensions of A and A to Vy are still denoted by A
and A respectively, yielding A : Vyx — L and A : Vy — L. Following the
terminology of Aubin [18, Sect.5.5], we say that Vy is the minimal domain of
A and A. Moreover, the adjoint operator of A, say (A)* : L — Vi, is the
unique extension of A : Vy — L to L. We abuse again the notation by setting
A = (A)* € L(L,V4). Similarly, we set A = T* € L(L,V4). Since L C V4, it
makes sense to define the graph space as

Vi={zeL|Aze L}, (7.22)

Clearly, Vy C V. The graph space is the maximal domain of A. The graph space
is also the maximal domain of A since V = {z € L | Az € L} owing to (7.20b).

Lemma 7.2 (Hilbert space). The graph space V defined by (7.22) is a Hilbert
space when equipped with the scalar product (-,-)yv := (-,-)r + (A, A') L.

Proof. Let (2, )nen be a Cauchy sequence in V. Then, (2,,)nen and (Azp )nen are
Cauchy sequences in L. Denote by z and y their respective limits in L. Owing
to (7.20a) and to the way A and A were extended, (z,, Av); = (Az,,1), for
all ¢ € Vy. As a result,

<A2a1/)>\/;,vy = (27141/))11 — (Znafzid})L = (AZTL711Z))L - (ya w)La
proving that Az is in L with Az = y. O

Lemma 7.3 (Selfadjointness of (A 4+ A)). The operator (A + A) is in L(L,L)
and is selfadjoint.

Proof. The fact that (A+ A) is in £(L, L) results from (7.20b) and our extending
A and A to L(L,Vy). To prove that (A + A) is selfadjoint, let z,5 € L. Since
T is dense in L, there exist sequences (2 )nen and (yp)nen in T converging to
z and y in L, respectively. Property (7.20a) implies that

Letting n — oo and since (A + A) is in £(L, L) yields the assertion. O

We focus on the class of operator pairs (A, A) satisfying the following posi-
tivity property: There exists a real number pg > 0 such that

VzeL, (A+ A)z,2)r > 2u0|2]|2, (7.23)
that is, (A + A) is L-coercive.

Definition 7.4 (Friedrichs’ operators). We say that A and A are Friedrichs’
operators if the pair (A, A) satisfies assumptions (7.20) and (7.23).
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We introduce the operator D € L(V, V') such that, for all z,y € V,
(Dz,y)vr v = (Az,9)1 — (2, Ay)L. (7.24)
This definition makes sense since both A and A are in £(V, L).
Lemma 7.5 (Selfadjointness of D). The operator D defined by (7.24) is selfad-
joint.
Proof. For all z,y € V, we observe that
(Dz,y)viv = (Dy,2)viv = (Az,9)0 — (2, Ay) L — (Ay,2)1 + (v, A2)L

owing to Lemma 7.3. O

In the context of symmetric first-order PDEs with Az = Az + A1)z and
Az = ((A%)! — X)z — A(1)z, we obtain, for all z € L,

(A+A)z,2)p = (A + (A" — X)z,2).

Hence, assumption (7.23) amounts to assumption (7.2c). Moreover, for z,y
smooth enough, e.g., z,y € C1(Q),

(Dz,y)vrv = (A2 9) L + (Anyz )L — (2, (A Y) L + (2, X)L + (2, Anyy)L
= Az YL + (2, Xy)L + (2, Ay

:/ﬂ (g ak(yt/lkz)> = /89 y' (g HkAk) z= /an y' Dz,

where D is defined by (7.6).
Remark 7.6 (Kernel and range of D). It is proven in [145] that

Ker(D) =Vy,  Im(D) = V¥,

where Vit = {y € V' | V2 € Vx, (y,2)y,v = 0} is the so-called annihilator of
the space Vy. The fact that Ker(D) = Vy means that D is a boundary operator.
Since Im(D) = Vi, the range of D is closed. The proof in [145] uses the Riesz—
Fréchet representation theorem; cf. Lemma 2.11 for a related proof in the case
of the advection-reaction equation.

7.2.2 The Cone Formalism

The goal of this section is to identify a pair of subspaces of V', say (Vy, Vj;), such
that the restricted operators A : Vy — L and A : Vy© — L are isomorphisms. In
the context of PDEs, the spaces V and V; are usually identified by enforcing
boundary conditions. However, boundary conditions can be difficult to express
since they require a notion of trace for functions in the graph space. Traces
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in the graph space of Friedrichs’ operators constitute a subtle issue; we refer
the reader to Rauch [265,266] and Jensen [201] for results in this direction.
Here, following [145], we adopt a more intrinsic approach, the so-called cone
formalism, whereby sufficient conditions for well-posedness are identified on the
pair of spaces (Vp, V") without relying explicitly on boundary conditions. The
links between the cone formalism and the use of boundary operators with suitable
algebraic properties is investigated in Sect. 7.2.3 below.

For a subset Y C V| identifying the bidual space V" with V, welet Y+ Cc V
be the annihilator of the space Y, namely

Yhi={zeV|WeY, (y,2)v v =0}.
We also define the cones Ct C V and C~ C V such that
C*t ={weV| +(Dw,w)y v >0}.
The two key assumptions on which the cone formalism is based are
Vo Ct and VycCC, (7.25a)
Vo=D(Vg)*t and Vy = D(Vp)t. (7.25b)

It is clear that, owing to (7.25b), V; and Vg are closed in V and that Vy =
Ker(D) is a subspace of both Vj and V.

Lemma 7.7 (L-coercivity of A and A). Let (A, A) be Friedrichs’ operators. Let
(Vo, V5') be a pair of spaces satisfying (7.25). Then, A is L-coercive on Vy and
A is L-coercive on V.

Proof. For all z € V', we observe that
(Az,2)L = %((AZ,Z)L + (flz,z)L) + %((AZ,Z)L — (Az,z)L>
= %((A + zzl)z,z)L + %(Dz,z)vgv.
Let now z € Vj. Using (7.23) and since V) C CT owing to (7.25a), we infer
(Az,2)r > pollzZ-
We proceed similarly to prove the L-coercivity of A on Vs O

We can now state and prove the main result of this section [145].

Theorem 7.8 (Well-posedness). Let (A, A) be Friedrichs’ operators. Let
(Vo, V§") be a pair of spaces satisfying (7.25). Then, the restricted operators
A:Vo— L and A: Vg — L are isomorphisms.

Proof. We only prove that A : Vj — L is an isomorphism, the proof for A being
similar. To this purpose, we verify the conditions (1.6) and (1.7) of the BNB
Theorem (cf. Theorem 1.1) with spaces X =V, and Y = L. Observe that in the
present setting, L = L.
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(i) Proof of (1.6). Let z € Vy. The L-coercivity of A on Vj proven in Lemma 7.7

implies
LAz
pollgl2 < (Az,2); < sup WAL
yeL\{0} lyllz

Hence,

1 _ 1 (yaAZ)L
Izllv < (l2lF + 142]7)"72 < (g " +1)/* sup ==
yeL\{0} lyll

yielding (1.6).
(i) Proof of (1.7). Let y € L be such that, for all z € V;, (Az,y)r, = 0. Since
Vy C Vg, we infer, for all w € Vr,

<waAy>VT7V{ = (Aw,y)r, = 0.

As a result, Ay = 0 in Vi, and hence in L since Vi is dense in L. This implies
that y € V. Owing to the definition (7.24) of D, we infer, for all z € Vj,

<DZ,y>V/)V = (Az7y)L - (Z7Ay)[/ =0-0= 07

which means that y € D(Vp)* and hence y € Vi by (7.25b). Since A is
L-coercive on V{f owing to Lemma 7.7 and Ay = 0, this yields y = 0. O

Remark 7.9 (Maximality of Vp and V). It is proven in [145] that if the pair
of spaces (Vp, V) satisfies (7.25), then V; is maximal in the cone CT, meaning
that there is no € V such that V, = Vy + span(z) C C* and Vj; is a proper
subspace of V,, and, similarly, V;;* is maximal in the cone C~. The converse
statement also holds true, as proven recently by Antoni¢ and Burazin [12] using
the formalism of Krein spaces. The idea of maximal boundary conditions for
positive symmetric PDE systems has been introduced by Lax; we refer the reader
to Lax and Phillips [223] and Friedrichs [163] for further discussion.

7.2.3 The Boundary Operator M

We now present a practical way to construct a pair of spaces (Vp, V) satisfy-
ing (7.25). We assume that we have at hand an operator M € L(V,V’) such
that

M is monotone, i.e., for all z € V, (Mz, z)y, v >0, (7.26a)
V =Ker(D — M)+ Ker(D + M), (7.26b)
and we denote by M* € L(V,V’) the adjoint operator of M.

Lemma 7.10 (Identification of Vp and V). Let M € L(V, V') satisfy (7.26).
Then, setting

Vo := Ker(D — M),
Vy = Ker(D + M),
the pair of spaces (Vo, V') satisfies (7.25).
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Proof. Let z € V; then, Dz = Mz so that
(Dz,2)viv = (Mz,z)y' v >0,

owing to (7.26a). Hence, Vy C Ct. Similarly, we prove that V' C C~, complet-
ing the proof of (7.25a). Let us now prove that D(Vy)+ C V. Let z € D(Vp)*.
Then, for all y € V, using (7.26b) to write y = y; +y_ with y+ € Ker(D + M),
we infer

(D+ M)z y)vr v =D+ M)z, yp)vv + (D+ M )z,y—)vv
=((D+M)y—,2)vv =2(Dy—,z)v' v =0,
where we have used the selfadjointness of D, (D + M)yy = 0, Dy = My_,
y_ € Vp, and z € D(Vp)*+. This proves that z € Ker(D + M*), that is, z € V.

Let us now prove the converse inclusion Vj C D(Vp)+. Let z € V;. Then, for
all y € Vp, since Dy = My, we infer

<(D + M*)Z>y>V’,V = 07

| =

(D+ M)y, z)viv =

N =

(Dy,2)viv =

so that z € D(Vp)*. Hence, Vg = D(Vy)*. The proof of Vo = D(Vj)* is
similar. O

Remark 7.11 (Kernel and range of M). It is proven in [145] that, under the
assumptions (7.26), there holds

Ker(D) = Ker(M) = Ker(M*),
Im(D) = Im(M) = Im(M™).

In particular, M is, as D, a boundary operator.

Remark 7.12 (Converse of Lemma 7.10). The converse statement of Lemma 7.10
has been established recently by Antonié¢ and Burazin [12], namely if there is a
pair of spaces (Vp, V") satisfying (7.25), there is M € L(V, V') satisfying (7.26).

It is convenient to reformulate Lemma 7.7 in terms of the boundary operator
M and the bilinear forms a and a*.

Lemma 7.13 (L-coercivity of a and a*). Let (A, A) be Friedrichs’ operators,
let M € L(V,V') satisfy (7.26), and let the bilinear forms a and a* be defined
by (7.16) and (7.19) respectively. Then, a and a* are L-coercive on V. More

precisely, defining, for ally € V, the seminorm |y|as = (My,y);//f)v, there holds

1
VeV, a(y.y) > mollylli + 5l

1
VyeV,  a"(yy) = pollyllz + 5lvlir
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Proof. We only prove the result for a since the proof for a* is similar. Proceeding
as in the proof of Lemma 7.7, we observe that, for all y € V,

1
a(y,y) = (Ay,y)r + 5{(M = D)y, y)v'v
1 ~ 1 1
= 5((14 +A)y,y)L + §<Dy, Yvv + §<(M — D)y, y)v' v
1 ~ 1
= 5((‘4 =+ A)ya y)L + §<Mya y>V’,V7

whence the assertion. Od

7.2.4 The Well-Posedness Result

We have now at our disposal all the necessary tools to establish the well-
posedness of problems (7.17) and (7.18).

Theorem 7.14 (Well-posedness). Let (A, A) be Friedrichs’ operators, let M &
LV, V") satisfy (7.26), and let the bilinear forms a and a* be defined by (7.16)
and (7.19) respectively. Then, problems (7.17) and (7.18) are well-posed. More-
over, the unique solution z of (7.17) satisfies

Az=f in L, (7.27a)
(M—-D)z=0 inV’, (7.27b)
while the unique solution z* of (7.18) satisfies
Az = f n L,
(M*+D)z"=0 inV".
Proof. We only consider problem (7.17) since the proof for problem (7.18) is
similar. Owing to Lemma 7.10 and Theorem 7.8, letting Vo = Ker(D — M), we

infer that the restricted operator A : Vi — L is an isomorphism. Let f € L and
let z € Vj be such that Az = f. Then, z solves (7.17) since, for all y € V,

a(z0) = (Az, )i + 500 = D)z, )vry = ()1 +0 = ().

This proves the existence of the solution to (7.17). Uniqueness results from the
L-coercivity of the bilinear form a on V established in Lemma 7.13. Finally, the
exact solution z satisfies (7.27a) since, for all ¢ € T, (Az — f,¢);, = 0, while,
for all y € V, we obtain

S = D)ey)vry = 5 (M = Dz, ghvey + (A=) — (fy)

= a‘(z7y) - (f7y)L =0,

i.e., (7.27b) also holds true. |

|
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7.2.5 Examples

In this section, we review the examples introduced in Sect.7.1.2. Assump-
tions (7.2) have already been verified. Thus, setting

d
Az = A%+ ) AFo,z,

k=1

d
Az = (A% — X))z — ZAkakz,
k=1

A and A are Friedrichs’ operators. It remains to specify the graph space V, the
boundary operator D, and a suitable boundary operator M satisfying (7.26) to
enforce boundary conditions.

7.2.5.1 Advection-Reaction

The graph space associated with the advection-reaction problem has been iden-
tified in (2.8), namely

V={zeLl*(Q)|BVzeL*Q)}.

In Sect.2.1.3, it was shown that under the assumptions that 3 € [Lip(©2)]¢ and
that the inflow and outflow boundaries are well-separated, functions in the graph
space V admit traces in the space L?(|3-n|;09Q) defined by (2.10), and that the
following integration by parts formula holds true (cf. (2.11)): For all z,y € V,

/ [(8-V)z + (B-V2)y + (V-B)yz] = / (Bn)y=.
Q o

As a result, the boundary operator D admits the following representation: For
all z,y €V,

(Dz,y)v v = /ag(ﬁ'n)y&

Furthermore, we can set, for all z,y € V,

(Mz,y)v v = /

|B-nlyz.
o0

Assumption (7.26a) is evident. To verify assumption (7.26b), we recall that there
are two functions ¢~ and ¢ in C''(Q) such that

1/)7 + /l/)+ =1in Q7 w7|3§2+ = 07 ¢+|BQ* =0.

Then, for all z € V, letting 24 = ¥%2, we obtain z = z_ + 2z, and 24 €
Ker(D F M), thereby proving (7.26b). Finally, owing to the surjectivity of
traces (cf. Lemma 2.11),

V():KGI'(DfM):{ZGV‘Z‘aﬂ— :0}
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7.2.5.2 The Div-Grad Problem
The graph space associated with the div-grad problem is
V = H(div; Q) x H'(Q)
={(27,2") € [L*(Q)]" x L*(Q) | V-27 € L*(Q), V2" € [L*(Q)]}.
The boundary operator D takes the following form: For all (o,u), (7,v) € V,

<D(Ja U)a (T,U))V/’V = <J'nafu>7%7% + <T-TL7’U4>7%)%,

where (-, ->_%’% denotes the duality pairing between the spaces H*%(aﬁ) and

Hz(89). For Dirichlet boundary conditions, the boundary operator M can be
taken such that, for all (o, u), (1,v) € V,

(M(o,u), (1,0))v.yv = (o-n,v)_ — (T n,u)_

11 11

Assumption (7.26a) clearly holds true since M is skew-symmetric. To verify
assumption (7.26b), we observe that, for all (o,u) € V, (0,0) € Ker(D — M)
and (0,u) € Ker(D + M). Furthermore, since (o,u) € Ker(D — M) amounts

to (T'n,u)_1 1 = 0 and since normal traces in H(div;{2) are surjective onto
H~2(09), we infer
Vo =Ker(D — M) = {(o,u) € V | ulgq =0} .
Whenever ¢ and 7 are smooth enough so that their normal components are in

L2(09)), the boundary operators D and M can be represented by the boundary
fields D and M introduced in Sect.7.1.2, namely

O4qin
<D(U7 u)7(7—77})>V’7V = (7,71))75 [d;d,] (07 u)>
a0 n" 0
and
R i .
o). (rovy = [ (70 [nt = ]( ).

For Robin/Neumann boundary conditions, we can take, for all (o,u), (7,v) € V,

11 +/8§2 2yuv.

Finally, the diffusion-advection-reaction equation is accommodated by adding
the term faﬂ(ﬁ-n)uv to the expression of the boundary operators D and M.

(M(o,u), (T,v))vrv = —(o-n,v)_

7.2.5.3 Linear Elasticity

The formalism for treating (compressible) linear elasticity problems is quite close
to that for the div-grad problem. The graph space is given by

V= H, x [H'QL,  H, = {oe[LXQ]" | V(o +0") € [L2AQ)]},
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and the boundary operator D is such that, for all (o,u),(r,v) € V,

(Dz,y)vry = ~(z(r+7)mu)_1 1 — (3(0 +0')n,v)_1 1,

where (,)_1 1 now denotes the duality pairing between the spaces [H~2(0Q)]"

and [Hz(9Q)]?. For Dirichlet boundary conditions, the boundary operator M
can be taken such that, for all (o,u),(7,v) € V,

(Mz,y)vr v = (5(r +7")n, uy_11— (3(c+0")n,v)_

and the verification of assumptions (7.26) proceeds similarly to the div-grad
problem. Using the surjectivity of traces yields, as for the div-grad problem,

Vo =Ker(D — M) ={(o,u) € V| ulsgq =0}.

Whenever (o +0') and (17+7") are smooth enough so that their normal com-
ponents are in [L?(9Q)]?, the boundary operators D and M can be represented
by the boundary fields D and M introduced in Sect. 7.1.2, namely

. 04z g2 | N
(D(o,u), (r,v))vr,v = aQ(T’U) Nt@dd o, u),
with A € R?" defined by (7.13), and
®d2,d2 -N
(M(o,u), (1,0)vv = /89(7, v)! Nt@dd (0,u).

Robin/Neumann boundary conditions can be treated similarly.

7.2.5.4 The Curl-Curl Problem
For the curl-curl problem, the graph space is
V = H(curl; Q) x H(curl; Q),

where
H(curl; Q) := {v € [L*(Q)]® | Vxv € [L*(Q)]°}.
The boundary operator D takes the following form: For all (H, E), (h,e) € V,
<D(H, E), (h, €)>V/,V = (VXE, h)[Lz(Q)]:s — (E, VXh)[Lz(Q)]:s
+ (H, VX@)[Lz(Q)]s — (VXH, 6)[[/2(9)]3.

For Dirichlet boundary conditions on the tangential component of the electric
field, the boundary operator M can be taken such that, for all (H, E), (h,e) € V,

(M(H,E),(h,e))v:v = — (VXE,h)z2qys + (B, VXh)[L2a)s
+ (H,vxe)[L2(Q)]3 — (VXH, 6)[L2(Q)]3-
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Assumption (7.26a) clearly holds true since M is skew-symmetric. To verify
assumption (7.26b), we observe that, for all (H,FE) € V, (H,0) € Ker(D — M)
and (0, E) € Ker(D + M). Assuming that 2 is smooth enough so that [H!(Q)]3
is dense in H (curl; ), it can be shown (see, e.g., [145, Sect. 5.4]) that

Vo =Ker(D — M) = {(H,E) € V | n x E|gg = 0}.

Whenever all the fields are smooth enough so that their tangential compo-
nents are in [L2(9€)]?, the boundary operators D and M can be represented by
the boundary fields D and M introduced in Sect. 7.1.2, namely

. @33% T
(DUEL B vy = [ (e |70 | (LB,
o0 T 033
with 7 € R33 defined by (7.14), and
. @3,3 —
MEHE) ey = [ (o)t || ()

A Dirichlet boundary condition on the tangential component of the magnetic
field can be enforced by changing the sign of M.

7.3 Discretization

The goal of this section is to approximate by a dG method the unique weak
solution z € V of the model problem (7.17). We follow the same path of ideas
as that developed in Chap. 2 for the advection-reaction equation.

The approximate solution zj is sought in the discrete space

Vi = [Pa(Tn)]™,

where P¥(7,) is the broken polynomial space defined by (1.15) with polyno-
mial degree k > 0 and 7} belonging to an admissible mesh sequence. We con-
sider different polynomial approximation orders for the various components of z
in Sect. 7.4.

For any subset w C ), where w is a mesh element, a face or a collection
thereof, we denote by (-, )1, ., the usual scalar product in [L?(w)]™. The subscript
w is dropped whenever w = Q.

7.3.1 Assumptions on the Data and the Exact Solution
We assume that the fields A!,..., A% are smooth enough so that
VT €Ty, Vke{l,....d}, A¥|pe[C%:(T)™™, (7.28)

with norm bounded uniformly in €. In practice, we can proceed as for the het-
erogeneous diffusion problem discussed in Sect. 4.5. We assume that we are given
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a partition Py := {Q;}1<i<n, of ©Q (cf. Assumption 4.43) such that the fields
Alla,, ..., A%q, are in [C%2(Q;)]™™ for all 1 < i < Ng, and we require that
the mesh sequence T3, is compatible with the partition Pq (cf. Assumption 4.45).
This ensures that (7.28) holds true for all h € H.

We extend the definition (7.6) of the boundary field D to all interfaces in
Fj. Specifically, the field D is now two-valued at each interface F € F} with
F = 0T1 N 0T, and is defined such that

d
. k
T; = E nTiva
k=1

where (n7;1,...,07,4) are the Cartesian components of the outward unit
normal ny, to 7T;. Owing to assumption (7.2a), ZZ=1 OpAF € [L*(Q)]m™m™.
A distributional argument (cf., e.g., the proof of Lemma 1.24) then yields, for
all F € F},

D

T, 1€ {1,2},

d
Z IlF,k[[Ak]] = 0,
k=1

where (np1,...,np4) are the Cartesian components of the fixed unit normal ng
to F. Hence, ‘
{D} =0 VE € Fj. (7.29)
As a result, we can consider the single-valued field Dg such that, for all F' € Fy,,
d
A
k=1

As in Sect. 2.2 (cf. Assumption 2.13), we make a slightly more stringent regu-
larity assumption on the exact solution z rather than just belonging to the graph
space V. The objective is on the one hand to formulate the boundary conditions
using the boundary fields D and M rather than the boundary operators D and
M and on the other hand to verify the consistency of the approximation by
plugging the exact solution into the dG bilinear form.

Assumption 7.15 (Regularity of exact solution and space V,). We assume that
there is a partition Po = {Q;}1<i<n, of Q into disjoint polyhedra such that, for
the exact solution z,
2z € Vi =V N[HY(Po)]™.

In the spirit of Sect. 1.3, we set Vi, 1= Vi + Vj,.

Owing to the trace inequality (1.18) with p = 2, Assumption 7.15 implies
that, for all T € 7y, the restriction z|y has traces a.e. on each face F' € Fr,
and these traces belong to [L?(F)]™. Moreover, the exact solution satisfies the

boundary condition (M — D)z =0 for all F' € .7-',’;. Finally, proceeding as in the
proof of Lemma 2.14, it is shown that

Drls] =0 VFecF}. (7.30)
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7.3.2 Design of the Discrete Bilinear Form

The design of the discrete bilinear form proceeds in two steps, as in Chap. 2 for
the advection-reaction equation, namely:

(a) We first formulate a consistent discrete bilinear form enjoying discrete
L-coercivity on V},; this property is the counterpart of Lemma 7.13 for the
exact bilinear form a.

(b) Then, we tighten the stability of the discrete bilinear form by adding a
least-squares penalty on (certain) interface jumps and boundary values.

In terms of numerical fluxes, the first step can be interpreted as the use of
centered fluxes, while the second step leads to upwind-type fluxes. Numerical
fluxes are further discussed in Sect. 7.3.4.

7.3.2.1 Step 1: Discrete L-Coercivity with Consistency

Similarly to the advection-reaction equation (cf. Sect.2.2), we consider the fol-
lowing discrete bilinear form: For all (z,yn) € Vip X Vi,

aif(z,yn) = > (Az,yn)rr +% > (M =D)z,yn)rr

TeTh Fe}‘s
- Z (Drlz], fynPL,F- (7.31)
FeF}

The superscript indicates the use of centered fluxes as shown in Sect.7.3.4. We
define on Vj; the seminorm

lyl3s = / y' My.
o

Lemma 7.16 (Consistency and discrete L-coercivity). The bilinear form ast

defined by (7.31) satisfies the following two properties:

(i) Counsistency: For the exact solution z € Vi,

a (z,yn) = a(z,yn) = (f,un)e Vyn € Vi, (7.32)

where the exact bilinear form a is defined by (7.16).

(ii) Discrete L-coercivity (compare with the result of Lemma 7.13): For all
Yn € w“

1
as! (n,yn) = pollynllz + §‘yh|?v1> (7.33)

where po results from assumption (7.2c).
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Proof. Consistency (7.32) results from Assumption 7.15 and property (7.30). To
verify discrete L-coercivity, we use integration by parts to infer, for all y, € Vj,

Z (Ayn,yn)r,r = Z [(Ayynyn) .1 + (A Yn, yn) L]

TeT, TeT),
= > (A =3 Xy un)er + Y, 5(Dyn,yn)ror
TeTy TeT),
> puollynll7 + Z 3(Dyn,yn) o1,

TeTn

To rearrange the second term, we observe that, for all F € F} with F = 9T} N

9Ty, yi = ynl|r,, Di = D|r,, i € {1,2}, with np pointing from T to T5,
1
fvnDyn} = 5(?/591?/1 + y2Day2)
1
= §(y§D1y1 —y2D1y2)
1
= 5(?!1 +92) Di(y1 — y2)
= {yn} Drlyal,
where we have used (7.29) on the second line to infer Dy = —D; and the sym-

metry of Dy on the third line. As a result,

> 3Oynyn)ror =Y @unyn)er+ > (Delyal {un e

TET, FeF} FeF}

The proof of (7.33) is now straightforward. |

The discrete bilinear form a‘ff can be used to formulate the discrete problem:

Find z;, € V}, s.t. aﬁf(zh,yh) = (f,yn)r for all y, € V.

Since a;“'f is L-coercive, this problem is well-posed. However, as for the advection-
reaction equation, the stability of the bilinear form aff is not sufficient to derive
quasi-optimal error estimates for smooth solutions. Indeed, for polynomial
degrees k > 1, proceeding as in Sect.2.2.2 (the arguments are not repeated
here for brevity), we infer an error bound converging at the rate h* for the error
measured in the L-norm augmented by the |-|a/-seminorm. The purpose of the
next step is to inject additional stability into the discrete bilinear form using

least-squares penalties of (certain) interface jumps and boundary values.

7.3.2.2 Step 2: Tightened Discrete Stability Using Penalties

In this second step, we consider the bilinear form, for all (z,yp) € Vip X Vi,

ah(Z, yh) = a’zf(z7yh) + Sh(z7yh)7 (734)
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with the stabilization bilinear form
sn(zon) = > (Svz )i+ Y. (Selel [in])r.r. (7.35)
FeF} FeF}

The R™™-valued fields S} and S% involve some user-dependent parameters, and
must satisfy some basic design conditions. First of all, they must not perturb
the consistency and discrete L-coercivity satisfied by the bilinear form a$f. To
this purpose, we assume

For all F € F}, S%z =0 and for all F € F}, S]] =0, (7.36a)
5% and S% are symmetric and nonnegative, (7.36b)

where z is the exact solution. Since sj is nonnegative, a coercivity argument
shows that the discrete problem (7.39) is well-posed. Moreover, still owing
to (7.36b), we can define the following seminorm: For all y € Vi,
‘y‘% = Sh(y7 y)7
and by construction, the bilinear form aj satisfies the following strengthened
discrete coercivity (compare with (7.33)): For all y, € Vj,
an(yn,yn) = nollynllZ + 5lynlis + lynl3. (7.37)

The fields S and S% are assumed to satisfy the following additional design
conditions: For all y,z € [L2(F)]™,

S < ayly,, | Dp| < St < asl,,, (7.38a)
(M =Dy, 2)r.r| < aa((Sh + M)y, 9) el 2lL.r. (7.38D)
(M +D)y, 2)r,r| < asllyll L ((Sh + M)z, 2) /. (7.38¢)
Here, a1,...,a5 are user-dependent positive parameters, and the inequalities

in (7.38a) are meant on the associated quadratic forms. We observe that the
absolute value |Dp| is well-defined since Dp takes, by construction, symmetric
values.

The discrete problem now becomes:

Find z, € V), s.t. ah(zh,yh) = (f7 yh)L for all yp, € V. (7.39)

Owing to the discrete coercivity (7.37), this problem is well-posed. However,
the key point is that owing to the design conditions (7.38), the bilinear form ay,
satisfies a discrete inf-sup stability condition in a stronger norm than the one
used in (7.37). For all y € V., we define

lll? == lyllz + lylar +1yl3 + > hrllAayylli o (7.40)
TeT,

In what follows, the notation a < b means the inequality a < Cb with positive C
independent of h; the real number C' can depend on the mesh regularity param-
eters, the coefficients of the Friedrichs’ system, and the parameters asq,..., a5
introduced above. Without loss of generality, we assume h < 1.
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Lemma 7.17 (Discrete inf-sup stability). There holds, for all z, € Vj,
an(zn,
bl s sup  lemsn)
wnevinioy  llyrll

Proof. The proof is similar to that for the advection-reaction equation in the
case of upwinding; cf. Lemma 2.35. Let z;, € V}, and define

S—  sup an(2h; Yn)
weevinioy Nl
Our goal is to prove that ||z;[ <S. A direct consequence of (7.37) is that
a2 + 220 + l2nl3 S on(ens ) < Sllznll (r.41)

To bound the fourth term in the definition (7.40) of ||z, we consider the func-
tion y, € Vj, such that, for all T € Ty, yn|r := hr(Aq))r2n where (Aq))r =
ZZ:1 (A¥) 70y, and (A*)7 denotes the mean value of A on the mesh element 7.
First of all, we observe using the triangle inequality, an inverse inequality, the
regularity assumption (7.28) on the fields A',..., A%, and h < 1 that
hrl{(Aay)ranllr S hrllAay2nllz r + hrl(Aqy = (Aq))r)2alLr

S hellAgyanllir + lznll7 s

> hztllynl

TeTh

whence

0 < llznll. (7.42)

Moreover, using the boundedness of M, the upper bounds in (7.38a), the discrete
trace inequality (1.37), and the above bound, we infer

lynl3r + lunls < llznll?.
Since [[yallz < ||2nllz and
> el Agyunlli e S lanll?,
TET,

using the inverse inequality (1.36), the boundedness of the fields A,..., A4
and (7.42), we finally arrive at

lynll < llznll- (7.43)

Now, we observe that

> hrllAgyznlli e = an(znyn) — (A)2n, yn)L
TeTh

+ Z hr(Aqyzn, (Aqy — (Aqy)T)2n) LT

TET,
= > M =D)znyn)rr+ Y (Drlen], {vnPrr
FeF} FeF}

— sh(zh,yh) =% +...+ %,
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and we estimate the terms T7,...,%g on the right-hand side. Clearly, |T;]| <
Sllynll S Sllznll owing to (7.43). Furthermore, || < [z llLllynllz < Szl
using (7.41) and (7.43). In addition,

1/2
| Tal +1T5] + |T6| < (I2nlnm + |2nls) ( > Hth%,aT) ;
TeTh

where we have used (7.38b) to bound T4, the lower bound for S% in (7.38a) to
bound %5, and the upper bounds in (7.38a) to bound T4. Using the discrete
trace inequality (1.37) and the bounds (7.41) and (7.42), we infer

[Tl + |Ts] + 1T6l S SV [lanl”>.

Finally, to bound T3, we use the Cauchy—Schwarz inequality, Young’s inequality,
and the regularity assumption (7.28) on the fields A', ..., A% to obtain

1%l S llznllz +7 D hrllAgyzallz r,
TET,

where v can be chosen as small as needed. Hence,

3 helAmyanllir S Slznll + Szl
TeT),
which combined with (7.41) leads to
lznl® < Sllznll + S720zn ]

Using Young’s inequality yields ||z, | < S. O

7.3.3 Convergence Analysis

To derive an error estimate on ||z — z3[|, where z is the exact solution of the
weak problem (7.17), we proceed in the spirit of Theorem 1.35. Since discrete
stability and consistency have already been proven, we only need to address the
boundedness of the discrete bilinear form ay,.

Integrating by parts in the definition (7.31), that is, using the formal adjoint
A of A, we infer, for all z,y;, € Vi, x Vi,

~ 1
@i z) = Y @ Apir +5 30 (M+D)z )

TE€Tn Fert
+ Z (Dr{=}, lynlr,r (7.44)
FeF}

This form is more convenient to examine the boundedness of the bilinear form
ap = a,“f + sp,. We define the following norm: For all y € Vi,

Iylz = Iol® + > (b Iyl + llyl7.or) -
TET,
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Lemma 7.18 (Boundedness). For all (w,yp) € Vip X Vi, there holds

an(w,yn) S lwll« llynll-

Proof. Let (w,yp) € Vin X Vi,. Denote by T1, To, and T3 the three terms on the
right-hand side of (7.44). We first observe that

(w, Ayn),r = (w, Ayyn)L,r — (W, Aqyyn) L.,

and since (w, Aqyyn)rr < hy | wll L rh | Aq) vl

r,1, we infer that

T= Y (w,Ayn) e S Jlwll- lynl-
TeTh

Furthermore, using (7.38c) and the lower bound for S% in (7.38a) yields

1/2
T2 +1%s] S ( > IIwIIi,F) (ynlar + lynls) < lwll lynll-
FeFy

Hence, a§ (w,yn) < [lwll« lyn]l. Finally, since aj, = a§! + s, and

sn(w,yn) < lwlslynls < [wll fynll,
the desired bound on ap(w,yr) is obtained. a
We can now state the main result of this section.

Theorem 7.19 (Error estimate and convergence rate for smooth solutions). Let
z € Vi solve (7.17). Let z, solve (7.39) with ay, defined by (7.34). Then, there
holds

Iz = zull £ inf Iz = ynll.- (7.45)
Yh€Vh
Moreover, if z € [HFTL(Q)]™, there holds
I = zull < Coh* 72, (7.46)

where C, = C||z||{gr+1(q)m with C independent of h.

Proof. The bound (7.45) follows from Theorem 1.35, while the bound (7.46) is
obtained by taking y; = 7,2, where mj, denotes the L-orthogonal projection onto
V4, and using Lemmata 1.58 and 1.59. O

As for the advection-reaction problem, the above error estimate is optimal for
the broken graph norm and the seminorms |-|5s and |-|g, while it is 1/2-suboptimal
for the L-norm.
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Remark 7.20 (Convergence based on discrete coercivity). Proceeding as in
Sect. 2.3.2, it is possible to derive a weaker convergence result solely based on
the discrete coercivity (7.37) without requiring the discrete inf-sup condition
established in Lemma 7.17. The analysis relies on the following boundedness on
orthogonal subscales for the discrete bilinear form apn: For all (w,yn) €
[H(T3)]™ x Vj, there holds

an(w —mhw,yn) S lw — mpwll« (lynllz + [ynlar + lynls)-

This result can be proven by proceeding similarly to the proof of Lemma 2.30.

7.3.4 Numerical Fluxes

The discrete problem (7.39) can be equivalently formulated by means of local
(elementwise) problems and numerical fluxes defined on element faces. To this
purpose, we use the formal adjoint A after integration by parts (cf. (7.44)),
similarly to the approach pursued in finite volume methods.

By localizing the test function yy in (7.39) to mesh elements, the discrete
problem (7.39) amounts to finding z, € V3 such that, for all T € 7, and all
y € [PE(D)™,

(zn Ay)r + Y err(ér(zn),v)or = (YL,
FeFr
where, as usual, €7  := ny-np, while the numerical fluzes are given by

G (zn) = 'DF{{Zh} + S%[[Zh]] if FF e .7'7“
4 LM+ D)z + Sbz, if F e FL.

Centered fluxes are recovered when S% = 0 (i.e., without interface penalties).

7.3.5 Examples
7.3.5.1 Advection-Reaction

For the advection-reaction problem, the fields S% and Si. are scalar-valued and
can be taken such that

S% =0, S%‘ =1,
where n > 0 is a user-dependent parameter (this parameter can vary from face
to face). This yields the upwind dG method analyzed in Sect.2.3. A simple
choice is n = 1.

7.3.5.2 The Div-Grad Problem
For the div-grad problem with Dirichlet boundary conditions, the fields S% and

St can be taken such that

i
,,,,,,,,,,,,,,, | A [ e

NeNF@NF| %,1]
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where 71, 12, and 73 are positive user-dependent parameters (these parame-
ters can vary from face to face). The above choice amounts to penalizing the
boundary values of the potential together with the jumps across interfaces of the
potential and of the normal component of the diffusive flux. Furthermore, for
Robin/Neumann boundary conditions, the field S% can be taken such that

,,,,,,,,,,,,,,,,,,

with positive user-dependent parameter 7.
For z = (0,u), the numerical flux ¢(z) is on an interface F' € F},

_ (nr({u} + nenp-o])
¢F(Z) - < nF-{U}—I—ng[[U]] )7

while on a boundary face F' € .7:,2, the numerical flux is

000 = (g )+ 0t = (e =T,

n-o+nu yu —my(n-o — yu)

for Dirichlet and Robin/Neumann boundary conditions, respectively.

The resulting dG methods differ from those considered in Chap.4 for the
Poisson problem (they were briefly mentioned at the end of Sect. 4.4.2). In par-
ticular, the present methods are more computationally demanding since they
require solving simultaneously for the potential and the diffusive flux, instead
of just solving for the potential and reconstructing the diffusive flux by post-
processing the potential (cf. Sect.5.5). The payoff of the present approach is
to yield a more accurate approximation of the diffusive flux, provided the exact
solution is smooth enough. Indeed, if the potential and the diffusive flux have
H**1(Q)-regularity, the error estimate (7.46) yields an h**'/? error estimate on
the diffusive flux in the [L?(Q2)]%-norm and an h* error estimate on the bro-
ken divergence of the diffusive flux. Another interesting aspect of the present
approach is that the choice k = 0 is possible; this choice entails the same number
of degrees of freedom as the choice £ = 1 when approximating only the potential.

7.3.5.3 Linear Elasticity

For the linear elasticity problem with Dirichlet boundary conditions on the dis-
placement, the fields S% and S% can be taken such that

7777777777777777777777777777777777777777777

X 0az,a2 {042 g ; o NFNE 042 4
' 04,02 {m3la ’

where N is defined as A in (7.13) by just replacing n by ng, so that, for all
TE [Rdz, NpT = —1/2(1 + ) np € RL. Moreover, 11, 12, and 73 are positive
user-dependent parameters (these parameters can vary from face to face). The
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above choice amounts to penalizing the boundary values of the displacement
together with the jumps across interfaces of the displacement and of the normal
stress.

For z = (0,u) and with the notation og := 3(c + o), the numerical flux

or(z) is

ORGP (R B

on an interface F' € F} and on a boundary face F' € F7, respectively.

7.3.5.4 The Curl-Curl Problem

For the curl-curl problem with Dirichlet boundary condition on the tangential
component of the electric field, the fields S% and S% can be taken such that

oo [Daaf fas ] o I mTETe | O
033 mT'T |’

where 7r is defined as 7 in (7.14) by just replacing n by ng, so that, for all
€ €R3, Tpé = npx€ € R3. Moreover, 1y, 12, and 73 are positive user-dependent
parameters (these parameters can vary from face to face). The above choice
amounts to penalizing the boundary values of the tangential component of the
electric field together with the jumps across interfaces of the tangential compo-
nent of both the electric and magnetic fields.

For z = (H, E), the numerical flux ¢p(2) is

ore) = ( ek e Y or = (L S )

—npx{H} + nsnpx[E] —nxH 4+ mnxE

on an interface F' € .7-71 and on a boundary face F' € .7:2, respectively.

7.4 Two-Field Systems

In this section, we particularize the continuous setting and the dG approximation
to a special class of Friedrichs’ systems featuring a two-field structure. Two-
field Friedrichs’ systems are obtained from the mixed formulation of elliptic-type
second-order PDEs, so that the Friedrichs’ system incorporates two components,
that is, the R™-valued function z is decomposed as z = (27,2") where 27 is
R™7-valued and z" is R™-valued with m = m, + m,. Applications include the
div-grad problem (together with diffusion-advection-reaction problems), linear
elasticity, and the curl-curl problem (cf. Table 7.1).

The main difference with the dG approximation designed in the previous sec-
tion is that we modify the penalty strategy in order to eliminate the o-component
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Table 7.1: Examples of two-field Friedrichs’ systems

Problem 2° 2 my My
Div-grad —Vu U d 1
Linear elasticity 1/2(Vu+ Vu!) + A=Y (V-u)ly uw d*> d
Curl-curl H E 3 3

locally by solving elementwise problems. This entails penalizing the jumps of
the u-component with a weight that scales as the reciprocal of the local mesh-
size, while the jumps of the o-component are not penalized. The resulting dG
method is more cost-effective than that presented in the previous section (since
it only solves for the u-component), but the counterpart is that the approxima-
tion on the o-component is (slightly) less accurate. For the div-grad problem,
after elimination of the o-component, we recover the SIP method or some of its
variants discussed in Sect.4.4 in the context of mixed dG methods.

For the sake of simplicity, we focus on Dirichlet boundary conditions on the
u-component, and do not consider first-order terms in the PDEs. Robin/
Neumann boundary conditions and first-order terms can be incorporated into
the formalism as described in [143].

7.4.1 The Continuous Setting

It is convenient to define
L, = [L2(Q)]m" and L, := [LQ(Q)}’”“.

We assume that the fields A%, A', ..., A% admit the block-structure

,,,,,,,,,,,,,,,,,,,,,,,,,

(7.47)
where K77 is R™e ™7 _valued, %% is R™w™u_valued, and B is R™ ™« -valued.
We suppose that the fields B* are constant in Q for all k € {1,...,d}. The
assumptions (7.2a) and (7.2b) stated in Sect.7.1.1 hold true; indeed, (7.2a) is
trivial since X = 0,, , because the fields B* are constant, while (7.2b) holds
true by construction. Moreover, we assume (7.2¢), meaning that the fields K77
and C"" are uniformly positive definite in 2; a more general framework circum-
venting the need for full positivity is presented in Sect.7.4.3.

In terms of PDEs, the two-field Friedrichs’ system amounts to

K% 2% & Bat = f07
éZU 4 JCuu e — fu7
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with data f? € L, and f" € L,, and with the differential operators

d d
B=> B0, and B=) (B0,
k=1 =1

so that B is the opposite of the formal adjoint of B. For instance, for the div-
grad problem, B represents the gradient operator and B the divergence operator.
Eliminating z? using the first equation (this is possible since K77 is uniformly
positive definite) yields

2% = —(K°7)"Y(Bz" — f7), (7.48)

and substituting this expression into the second equation leads to a second-order
PDE for z*" in the form

fE(IC‘”)_le” QU e — fu o B(KJU)_lfU.

The boundary field D admits the block-structure

where

is R™o™e_valued and D%’ = (D°%)! is R™«"s_valued. We assume that D%
is injective, so that a Dirichlet boundary condition on z* can be enforced by
setting

Indeed, z € Ker(M — D) means that D7%z* = 0, and hence z* = 0 since D7 is
injective. Moreover, assumption (7.7) on M can also be verified.

7.4.2 Discretization

The two components of z can be approximated using polynomials of different
degree, say [ for the o-component and k for the u-component. Correspondingly,
we set

Sni= PYTI™,  Uno= PEE)™, Vo= Sa x Us.
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We assume that
le{k-1k}.

7.4.2.1 Design of the dG Bilinear Form

The dG bilinear form ay, is still such that aj, = aff—l—sh with a‘ff defined by (7.31),
but the stabilization bilinear form sj, is now taken in the form

u o, u b u ,u % u u
sn(2"0) = D (S ui)ner+ Y (Spl] kD e e
Ferh FeF}

where the fields S% and S% are now R™w™«-valued; in other words, the sta-
bilization only acts on the u-component (compare with (7.35)). In the present
setting, the design conditions (7.36)—(7.38) are modified as

For the exact solution z and for all F € F?, $%.2% =0, (7.49a)
5% and S% are symmetric and nonnegative, (7.49Db)
arhp (DEDE)* < Sb < agln,, (7.49¢)
ashp (DY DE)/? < St < auly,. (7.49d)
Here, a1,...,a4 are user-dependent positive parameters, and the inequalities

in (7.49¢) and (7.49d) are meant as usual on the associated quadratic forms. The
matrices D%’ and DE* are defined as D*? and D%, respectively, with n replaced
by ng. We observe that D" D" is by construction symmetric and nonnegative,
and it is actually positive definite since D?* is injective; hence, (D%"D%“)]/ 2 is
well-defined. Finally, as in Chap.4 (cf. Definition 4.5), in dimension d > 2, hp
denotes the diameter of the face F' (other local length scales can be chosen),
while in dimension 1, we set hp := min(hp,, hp,) if F € }","L with F = 0T, N1,
and hp := hy if F € FP with F = 0T N Q.

Ezample 7.21 (Choices for S% and S%.). For the div-grad problem, we can take
St = Si = nhy' (as in the SIP method presented in Sect.4.2), for the lin-
ear elasticity problem, we can take S% =S5t = nh}llld, and for the curl-curl
problem, we can take S% = Si = nh;lTF(TF)t. In all cases, n is a positive
user-dependent parameter.

7.4.2.2 The Discrete Problem

We consider the discrete problem:

Find zj, € Vi, s.t. an(zn,yn) = (f,yn)r for all yp, € V. (7.50)
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Accounting for the two-field structure yields the expression

ah(z7yh) = Z {(}CUJZU’yZ)LmT + (Kuuzu7yﬁ)Lu1T
TETh

(B2 g0 Ly + (B2 yi)r,r f = 3 (DF 9L,k

Fer}
- S {@F L 4 D + OF L) vt Do )
FeF}
+ 3 S nr+ Y SEl L DL (75D)
FeFp FeF}

Condition (7.49a) ensures that the discrete bilinear form ay, is consistent.
Condition (7.49b) combined with (7.33) (the seminorm |-|p; now vanishes since
M is skew-symmetric) yields

an(yn,yn) = a5 (ynsyn) = pollynlly-

Hence, owing to the Lax—Milgram Lemma, the discrete problem (7.50) is well-
posed.

7.4.2.3 Local Elimination of the oc-Component

As in the continuous setting, the o-component can be eliminated from the dis-
crete problem (7.50). Let | € {k — 1,k} be the polynomial degree used to
build the discrete space ¥j and let F € F;,. We define the lifting operator
rh  [L2(F)]™ — [P4(75,)]™ such that, for all ¢ € [L2(F)]™«,

% (0).an)r, = (@, D {an P, r  Van € [Po(To)]™ .

The support of 14, consists of the one or two mesh elements of which F is a face.
For all z;; € U, and for all ] € X, we obtain

S Rz v, r+ > O A e, r = > @R[z, v7)L.-

FeF} FeF} FeFy,

Assuming for simplicity f° = 0 in the discrete problem (7.50) and letting

Ry ([20]) = > rh([=4]),

FeFy
we deduce from (7.51) the reconstruction formula (compare with (7.48))
=, = —(K°7) " (Buziy — R ([=4])); (7.52)

where Bj, denotes the broken version of the differential operator B, that is,
for all T € Tp,, Brzjlr = B(z|r). The reconstruction formula (7.52) is an
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extension to the present setting of the discrete gradient introduced in Sect. 4.3.2
in the context of the Poisson problem. Owing to (7.52), the discrete bilinear
form (7.51) can be rewritten in the form

an(zn,yn) = (K77 (Brzj — Ry ([211)), Buyy — Ry (i), + (K2 yi) .,
+ > (Shatui) e+ Y (SelaT i e..r
Fer} FeF}

= ap (24 Yi)- (7.53)

Remark 7.22 (Stencil reduction). Similarly to the discussion in Sect.4.4.2 for
LDG methods, the stabilization bilinear form s; can be further modified so as
to reduce the stencil associated with the bilinear form a} defined by (7.53).
This entails here subtracting the term (K7 RY, ([24]), R} ([y])) L, and taking
the penalty parameters in S% and S% large enough to control this term.

7.4.2.4 Convergence Analysis

The convergence analysis of the discrete problem (7.50) can be performed by
considering the discrete bilinear form a} defined by (7.53) and proceeding as
in Sect.4.2 for the Poisson problem. In what follows, we consider instead the
mixed formulation based on the discrete bilinear form ay, defined by (7.51). We
keep the spaces V, and V,, defined in Assumption 7.15.

The design conditions (7.49¢) and (7.49d) are motivated by the following
discrete inf-sup stability result in terms of the norm defined on V, as

Iyll® = yllZ + lv“[3 + > IBy"IIZ, = (7.54)
TeTh

where |y*|% = sn(y*,y"). We observe that, for all y;, € Vj,

an(ynyn) > pollynlly, + lyil3- (7.55)

Lemma 7.23 (Discrete inf-sup stability). Let aj, be defined by (7.51). Then,
there holds, for all zp, € Vy,

bl S sup  lmn)
wevir(oy  unll

Proof. Let z;, € Vj, and set S = sup,, cv;\ (0} % Owing to (7.55),

lznllZ + 1215 < Shzall-

Moreover, the discrete function y, = (Bz},0) is in Vj, since { > k — 1, and

lynll® = lynlZ = w712, = Y I1B=RIZ, 2
TeT
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A direct calculation shows that

S BT, = anlznun) — > (K7725,47) = > (DFzh,yf )L, F

TeT, TeTh FE]—'Z’

- Z (D th]] {yh})LmF _sl +. +(I47
FeF}

and we bound the four terms on the right-hand side. It is clear that |T1] < Slys ||
and |Ta| < [lznllLllynllL- To bound 5 and T4, we observe that, for x € R™« and
y € R™o, the Cauchy-Schwarz inequality yields y*D7%z < || D7%z||rme ||y||Rmo
where ||-||gmo denotes the Euclidean norm in R™<. Moreover,

D7 2|[fm, = (D7) (D7 2) = 2" (D" D7")z < 2 (D*D7*) a.

Hence, using the lower bounds in (7.49¢) and (7.49d) together with the discrete
trace inequality (1.37), we infer

Tl + %l S lzilsllyr Iz, -
Collecting the above bounds and using Young’s inequality yields (7.55). O

Our goal is now to estimate using Theorem 1.35 the approximation error
(z — z) in the ||-|-norm defined by (7.54). Discrete stability and consistency
have already been proven; thus, it only remains to address the boundedness
of the bilinear form aj. It is convenient to integrate by parts the two terms
involving the differential operators B and B. This yields

ah(z7yh) = Z {(}CUO’ZO”yg)LmT + (Kuuzu7y;f)Lu1T

TeT,
- (ZuaéyZ)LayT - (ZU,Byﬁ)Lu’T} Z ( ;‘0207yh o F
FeF}
+ 3 {@F b D, + P L1 D r )
FeF}
+ > Sk yp) i, r+ Y (Sel"] WD) L. p- (7.56)
Fer} FeF}

We introduce the following norm on Vj,:

W2 =l + 3 {2l e + bt 19" o + bl 3, or )
TeT,

Lemma 7.24 (Boundedness). For all (w,yp) € Vip X Vi, there holds

an(w,yn) S lwll« llynll- (7.57)
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Proof. Let (w,yp) € Vip X Vi Let T1,...,%9 be the terms on the right-hand
side of (7.56). We observe that

Ta] + [Fa| + [Ta + [Ts] + [Tol S MlwlH lynll < llwlls lynll-

Using the inverse inequality (1.36), T3 is bounded as

1/2
REIIS (Z h?llﬂ)“llium) ynllz < flwll lynll-
TET,

Using the lower bound in (7.49¢c) and (7.49d) leads to

1/2
%5 +1%7] S (Z hT”wU%g,BT) wirls < llwll« lynll-
Te€Ty

Finally, using the discrete trace inequality (1.37) and the mesh regularity yields

/2
1Tl < (Z thw“%u,aT) lynllz < llwlls llynll-

TeTn
Collecting the above bounds, we infer (7.57). O

Theorem 7.25 (Error estimate and convergence rate for smooth solutions).
Let z solve (7.17) and assume that the Friedrichs’ system features the two-field
structure described in Sect.7.4.1. Let z, solve (7.50) with aj, defined by (7.51).
Then, there holds

— < inf |z — yall«
=5l S inf Iz =l
Moreover, if z € [H*(Q)]™e x [H*+1(Q)]™«, there holds
Iz = znll < C.A%, (7.58)
where C, = C(|[27|(gx )yme + 12" [ mx+1 ()pmu ) with C independent of h.

The error estimate (7.58) is optimal for the broken graph norm of the u-
component. It is also optimal for the L,-norm of the o-component if [ =
k — 1. Furthermore, the estimate is suboptimal by one order for the L,-norm.
A sharper estimate can be derived using a duality argument assuming elliptic
regularity. The duality argument presented for the Poisson problem in Sect. 4.2.4
can be extended to the setting of two-field Friedrichs’ systems [143].

7.4.3 Partial Coercivity

For the div-grad problem and the linear elasticity equations, a slightly more
general setting modifying assumption (7.2c) can be considered so as to avoid the



330 Chapter 7. Friedrichs’ Systems

need for a positive zero-order term in the u-component. Specifically, assump-
tion (7.2c) is now replaced by

Jpo >0, V(27,2%)eL, (A%,z2), > uon(’H%o a.e. in Q. (7.59)

In view of the block-decomposition (7.47), this means that the matrix K is
uniformly positive definite and that the matrix K" is only nonnegative. This
situation is encountered for instance when considering the mixed formulation of
the Poisson problem (7.9) leading to K** = 0 or when considering the linear
elasticity equations (7.11) with the coefficient « set to zero.

At the continuous level, the well-posedness of the Friedrichs’ system in its
weak formulation (7.16) can be established as in [144] provided the following
Poincaré-like inequality holds true:

Jag >0, YzeVUV*, a2l <alz,2)”+ | BzY|L,. (7.60)

For the Poisson problem with homogeneous Dirichlet boundary conditions, V =
V* = H}(Q) and Bz* = Vz%, so that (7.60) results from the usual Poincaré
inequality. Robin/Neumann boundary conditions can also be treated as detailed
in [144]. For the linear elasticity equations with homogeneous Dirichlet boundary
conditions, V = V* = [H}(Q)]¢ and Bz" = (V2" + (Vz*)!), so that (7.60)
results from Korn’s First Inequality (see, e.g., Ciarlet [92, p. 24]).

At the discrete level, the dG bilinear form a;, defined by (7.51) can be used,
provided the following discrete counterpart of (7.60) holds true:

Jar >0, Yz € Vi, aillzflln, < anlzn2n)” + | Bratl e, (7.61)

with @ independent of h. For the Poisson problem, (7.61) results from the
discrete coercivity (7.55) and the discrete Poincaré inequality (4.20) stating that,
for all z}! € Uy,

arllzi 1220y < 12415 + [ Va2i 72 e

since the penalty parameters in S% and S% scale as hj'. For the linear elasticity
equations, (7.61) results from a discrete Korn inequality; see Duarte, do Carmo,
and Rochinha [137] and Brenner [52]. It is worthwhile to notice that the result-
ing dG method is not robust with respect to the compressibility parameter A
in (7.11), leading to the so-called locking phenomenon. The origin of the prob-
lem stems from the elimination of the stress tensor since the matrix K77 is no
longer invertible if A = 0. A robust approximation in the incompressible limit
can be designed by working on the mixed formulation, as observed by Franca
and Stenberg [162] in the context of Galerkin/Least-Squares approximations and
by Brezzi and Fortin [57, Chap. VI] and by Schwab and Suri [276] in the context
of conforming mixed finite element methods. In the context of dG methods,
one possibility analyzed by Ern and Guermond [144] consists in penalizing the
boundary values and interface jumps of the trace of the stress tensor together
with those of the displacement vector. Alternatively, an additional scalar vari-
able (the pressure) can be introduced. Indeed, a direct calculation shows that
(compare with (7.12))

(A" 0 = W\tr(aﬂ2 + o — ﬁtr(o)ldﬁz,
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so that in the limit A\ — 0, only the control on tr(c¢) is lost. This second approach
leads to the dG methods analyzed in Sect.6.1.2 in the context of steady Stokes
flows.

7.5 The Unsteady Case

In this section, we consider unsteady Friedrichs’ systems. Space discretization is
achieved using the dG schemes analyzed in Sects. 7.3 and 7.4. Two approaches
are considered for time discretization. For general Friedrichs’ systems, we employ
explicit Runge—Kutta schemes and show how the ideas presented in Sect. 3.1 for
the unsteady advection-reaction problem (i.e., energy-based stability estimates)
extend in a straightforward manner to unsteady Friedrichs’ systems. Then,
focusing on linear wave propagation problems in mixed form, that is, on unsteady
Friedrichs’ systems with the two-field structure identified in Sect. 7.4, we study
explicit leap-frog schemes to march in time. The attractive property is that
the use of centered fluxes leads to a certain energy conservation under a CFL
condition. The approach can also accommodate local time stepping.

7.5.1 Explicit Runge-Kutta Schemes

In this section, following the ideas of Burman, Ern, and Fernandez [66],
we extend to Friedrichs’ systems the explicit RK2 and RK3 schemes (3.23)
and (3.27) analyzed in Chap. 3 in the context of the unsteady advection-reaction
equation.

7.5.1.1 The Continuous Setting

We are interested in the time evolution problem

Oz+Az=f inQx(0,tp), (7.62a)
(M—=D)z=0 on 90 x (0,tp), (7.62Db)
z(,t=0) =2 inQ, (7.62¢)

with operator A defined by (7.3) and (7.4), source term f, initial datum zq,
and finite time tp > 0. The field D is defined by (7.6) and the field M satis-
fies (7.7); cf. Sect.7.1.2 for examples in the steady case. We assume that the
fields A%, A',. .., A? defining the operator A are time-independent and that they
satisfy assumptions (7.2a) and (7.2b). However, letting X = EZ:I oAk, the
field

A= % (A% + (A" — %X € [L>=(Q)™™,

is no longer required to satisfy the positivity assumption (7.2¢c).

To fix the ideas, we assume that the model problem (7.62) has been normal-
ized so that all the components of z are nondimensional. Then, the components
of the fields A',..., A% (and also those of D and M) scale as velocities, while
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those of A%, X', and A scale as the reciprocal of a time. We consider the reference
velocity

Be = max(H_Al H[Loc(Q)]m,m7. cy HAdH[LOO(Q)]mvmv ||M|‘[L°°(Q)]m’m)'

We assume for simplicity that all the components of the fields A, ..., A% are
Lipschitz continuous, and we denote by L4 the maximum Lipschitz module for
all the components of all the fields. Then, similarly to the advection-reaction
problem, we define the reference time

Te 1= {max (|| A%||{p qymm, La)} "

We notice that it is possible that [|.A%[|{ze(q)mm = La = 0 (e.g., no zero-order
term and constant fields A',...,.A%), in which case 7. = oco. It is therefore
convenient to introduce an additional reference time

Te = min(tg, 7¢),

which is always finite.
Using the notation of Sect. 3.1.1 for space-time functional spaces, we assume
that f € CO(L). Moreover, we are interested in smooth solutions, specifically,

2 e CO(HM(Q)]™) N CY(L).

(At this stage, we can replace [H'(Q)]™ by the graph space V defined by (7.22).)
This implies that the initial datum z is in [H!(Q)]™ and that we can formulate
the time evolution problem (7.62) as

dez(t) + Az(t) = f(t) Yt e [0, tp). (7.63)

The following basic energy estimate is proven by proceeding as in the proof of
Lemma 3.2 for the unsteady advection-reaction equation.

Lemma 7.26 (Energy estimate). Let z € CO([H(2)]™) N CY(L) solve (7.63).
Then, introducing the time scale ¢ := (t5" + 2||Al|[po< (q)m.m )", there holds

lz@)IZ < e”*(lz0llZ +<tell flldoy) Yt € [0,tr].

7.5.1.2 Discretization

As in Sect. 7.3 for the steady case, the discrete space V}, is taken to be [P%(7},)]™
with polynomial degree k > 0 and 7}, belonging to an admissible mesh sequence.
We set Vi, = [H'(Q)]™ + V3. For simplicity, as for the unsteady advection-
reaction equation in Sect.3.1.2, we consider quasi-uniform mesh sequences,
meaning that the ratio of the largest to the smallest element diameter of a given
mesh is uniformly bounded.

We define the discrete operators A,le : Vin — Vi and Sy, @ Vi, — V, such
that, for all (y,wp) € Vip X Vp,

(Asty,wn) o= a5 (y,wp), (Shy,wn)r = sn(y, wn),
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with the centered flux dG bilinear form a$! defined by (7.31) and the stabilization
bilinear form sj, defined by (7.35). Letting as = a$' + sp, as in (7.34), we also
define the discrete operator Ay, : Vip — V}, such that

Ap = AS + ).

The discrete operator A; can be used to formulate the space semidiscrete prob-
lem (notice that the zero-order term is incorporated in the definition of Ap)

dezn(t) + Apzn(t) = fult) YVt €[0,tr],

with initial condition z,(0) = mrz9 and source term fr(t) = mnf(t) for all
t € [0,tp]. Here, m, denotes the L-orthogonal projection onto Vj,.

The R™™-valued fields S% and S% in the definition of s, are assumed to sat-
isfy the design conditions (7.36)—(7.38). Conditions (7.38) are slightly modified
to account for the scaling of S% and S% in terms of the reference velocity £,
yielding ‘

Sk < a1felm,  a2Dp| < Sp < azfelm,

and, for all y, z € [L?(F)|™,
(M = D)y, 2)r.p| < asBY*(Sh + M)y, y) 2]
(M + D)y, 2)1.r| < asB|lyl

L,F,

L (S + M)z, 2) %,

with user-dependent positive parameters aq, ..., as5. Owing to the adopted scal-
ings, these parameters are nondimensional.

Let 6t be the time step, taken to be constant for simplicity and such that
tp = N§t where N is an integer. For 0 < n < N, a superscript n indicates the
value of a function at the discrete time t" := ndt. We consider the explicit RK2
scheme

wy = zp — 0tApzy + 0tfy,
z;;"'l = 1(z)f + wi) — $6tAwp + %5tf,:”’1,
and the explicit RK3 scheme
wy = zp — 0tApzy + 0t f,
yp = 3(z)f + wp) — $6tA wp + L6t(fi + Std, fy),
2 = L+ wy + ) — S0tAnyy + Satfrt
both with the initial condition zg = mpzo. Variants in handling the source term
can be considered.

7.5.1.3 Convergence Results

We only quote the convergence results and refer the reader to [66] for the proofs.
We abbreviate as a < b the inequality a < Cb with positive C' independent of h,
6t, and the problem data (that is, f, A%, A',..., A% and M).
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Theorem 7.27 (Convergence for RK2). Assume z € C3(L) N C°([H*(Q)]™)
and f € C*(L).

(i) In the case k > 2, assume the strengthened 4/3-CFL condition 6t <
Q’T[l/g(h/ﬁc)‘l/:‘ for some positive real number ¢';

(ii) In the piecewise affine case (k = 1), assume the CFL condition 5t < of3;'h
with 0 < o®¥2 for a suitable threshold o"%? independent of the h, §t, and
the problem data.

Assume diz € C*([HFF1=5(Q)]™) for s € {0,1}. Then,

N-1 /2
=N =zl + (Z otf2™ — M) S x (02 4 B
m=0
where x depends on bounded norms of f and z. Here, for y € Vi,

1
lyliss = 5(/\4?/, Y)r,00 + su(y,y),

Theorem 7.28 (Convergence for RK3). Assume z € C*(L) N C°([H*(Q)]™)
and f € C3(L). Assume the CFL condition 6t < ofB-'h with o0 < o"%3 for
a suitable threshold o®¥3 independent of h, 5t, and the problem data. Assume
diz € C3([H*1=3(Q)|™) for s € {0,1,2}. Then,

N-1 /2
12N — 2| + (Z §t|2™ — Z;ﬁw) <X (&53 n hzc+1/2) 7

m=0

where x depends on bounded norms of f and z.

7.5.2 Explicit Leap-Frog Schemes for Two-Field Systems

In this section, we consider the unsteady version of the two-field Friedrichs’
systems examined in Sect.7.4. Specifically, we are interested in linear wave
propagation problems without zero-order terms (A = 0) in the autonomous
case (f = 0). Under suitable boundary conditions (the reflecting boundary
conditions of Definition 7.29 below), these problems conserve an energy. In
many applications, e.g., for resonance computations in cavities, it is important to
conserve this energy at the discrete level as much as possible. To avoid excessive
dissipation in space, the stabilization bilinear form sj is discarded, that is, the
fields S} and S% are set to zero. This amounts to the use of centered fluxes in the
dG scheme. We examine explicit leap-frog schemes to march in time combined
with centered dG fluxes. This approach ensures energy-stability under a CFL
condition and lends itself to the use of local time stepping.
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7.5.2.1 The Continuous Setting
The fields A', ..., A¢ have the block-structure identified by (7.47), namely

B
A = (B’“)t(D 7777777777 Vke{l,...,d},

and we suppose for simplicity that the R™<™u-valued fields B* are constant

in Q. As before, we consider the differential operators B = ZZ:I B*0;, and

B = Zzzl(lﬁk)t()k. The time evolution problem is (for simplicity, we write o
instead of 27 and w instead of z")

0o+ Bu=0 in Q x (0,tp), (7.64a)

du+Bo=0 in Q x (0,tg), (7.64b)

(M —D)(o,u)! =0 on 9Q x (0,tp), (7.64c)

(07 ’U,)(,t = 0) = (007 uO) in 97 (764d)

with initial data (og,uo) € L, X L,,. We observe that (7.64a) and (7.64b) imply
8ttu = BBU

We are interested in smooth solutions such that z = (o,u)! € CO([HY(Q)]™) N
CY(L). The boundary field D admits the block-structure

where D7* = EZ=1 Bkny, is R™e e _valued and DU = (D7%)! is R™u"™~_valued.
As in Sect. 7.4, we assume that D" is injective.

Definition 7.29 (Reflecting boundary condition). We say that the boundary
condition (7.64c) is reflecting (or non-dissipative) if the field M takes skew-
symmetric values.

The interest in reflecting boundary conditions is motivated by the following
energy conservation property.

Lemma 7.30 (Energy conservation). Assume reflecting boundary conditions.
Let z = (o,u)t € CO([H'(2)]™)NC(L) solve the time evolution problem (7.64).
Then, defining the energy as

E(t) = llollz, +llullz,  Vtelotr],

there holds
E(t) =£(0) vt € [0, tr].
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Proof. We multiply (7.64a) by o, (7.64b) by u, and integrate over € to infer
%dté’(t) + (0, Bu)r, + (u,Bo), = 0.
Moreover,
(0,Bu)r, + (u,Bo), = (o, D7 u)r,, 00 = %(Z,DZ)L7BQ = %(Z,MZ)L7BQ =0,
since the boundary condition is reflecting. Hence, d;£(t) = 0. O

Two examples of reflecting boundary conditions are obtained by taking

(D'ma,'ma i _,nyO'u
M= { ,,,,,,,,,,,,

with parameter v € {—1,1}. The choice v = 1 leads to D“%u = 0 and hence to
u = 0 since D7" is injective, i.e., a homogeneous Dirichlet boundary condition
is enforced. The choice v = —1 yields D“?¢ = 0, which can be interpreted as a
homogeneous Neumann boundary condition.

7.5.2.2 Examples

The two classical examples for (7.64a) and (7.64b) are the unsteady div-grad
problem associated with acoustic waves and the unsteady curl-curl problem asso-
ciated with electromagnetic waves.
For the unsteady div-grad problem, let ¢ be a reference velocity, and consider
the PDE system
g+ Vp =0,
¢y 20ip + V-q =0,
where p is the pressure and ¢ the momentum per unit volume. Setting u = ¢ Ly
and o = q yields (7.64a) and (7.64b) with the differential operators

B = ¢V, B=cyV-

Reflecting boundary conditions enforce p or the normal component of ¢ to be
zero on Of).
For the unsteady curl-curl problem, let u,e be positive constants and let
co = (1€)"/? be the reference velocity. Consider the PDE system
o H +VxE =0,
e@tE — VxH = O,

where H is the magnetic field and E is the electric field. Setting v = ¢"/>E and
o = p'?H yields (7.64a) and (7.64b) with the differential operators

BICQVX, EZ—COVX.

Reflecting boundary conditions enforce the tangential component of either H or
E to be zero on 0f2.
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7.5.2.3 Leap-Frog Scheme in Time and Centered Fluxes in Space

To discretize in space, we consider equal-order approximation for the two com-
ponents u and o, namely we set

Up = [PE(TW)]™,  Ta = [Pa(T)]™,

with polynomial degree k& > 0 (observe that k& = 0 is allowed here) and 7,
belonging to an admissible mesh sequence. We define the following bilinear form
on Eh x U, he

v+1

bn(Th,vn) = (Bon, )L, T — 5 > (D" vn, ™)L, F
TETh FeFp
= > (DF ol A YL, -

FeF}

The discrete bilinear form b, can be extended to larger functional spaces, but
this extension is not needed in what follows. To allow for a more compact
notation, we define the discrete differential operator By, : U, — Xj such that,
for all (7h,vp) € Xp x Up,

(Bhon, Th)L, = ba(Th, vn).

We also define the discrete differential operator Bh : 3, — Uy such that, for all
(Th,vn) € g X U,

(Bu7h,vn) 1, = —bn(Th,vn) = —(Bhon, Th)1, -

Integrating by parts on each mesh element yields

~ ~ v - 1
(Buth,vn), = (vn, Bri)p,.r + 5 > (DY, vn) L F
TET, FeF?

- Y @ Ind fvnPr..r.

FeF}

Remark 7.31 (Centered fluxes). The link between the discrete bilinear form by,
and the discrete bilinear form a;, defined by (7.51) and considered in Sect. 7.4.2

for homogeneous Dirichlet boundary conditions on w is that, for v = 1 and
K = 0, taking S% = 0 and S% = 0 yields

an((on,un), (Th,va)) = bn(Th, un) — bu(on,vn).
Hence, the discrete bilinear form by, is associated with the use of centered fluxes

for both components.

For future use, we state the following boundedness result, which is a con-
sequence of the definition of By, the inverse inequality (1.36), and the discrete
trace inequality (1.37).
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Lemma 7.32 (Bound on By). There is Cp, independent of h and the problem
data, such that, for all v, € Up,

| Browllr, < CrBeh™||onllL.,,

with the reference velocity . := maxyeqq,.. ay | B* ||gRmo -

We consider the following leap-frog scheme: Given u,jl/ ? and o9, compute,
for all n > 0,

uft T St By = 0, (7.65a)

ot — of 4+ 6tBuup T = 0. (7.65b)

This scheme is fully explicit.

Lemma 7.33 (Pseudo-energy conservation). The leap-frog scheme (7.65) con-
serves the discrete pseudo-energy defined, for alln € {0,...,N}, as

~ 1 —1
g = ||of2, + (gt )

that is, for allm > 0, 57} = c‘:',?

Proof. We multiply (7.65b) by 6Z+1/2 = L(of + op*') and integrate over  to
infer

lo 5. — okl +20¢(@; ", Bruy ™)z, = 0.
Furthermore, we form the average of (7.65a) at n and (n+1), multiply by uz"_l/z
and integrate over () to obtain

7

n+3/2  n4l/2
(™)

ul — (T ) 26t B ), = 0.

u u

Summing the two above equations yields

g;;+1 —&r 4 20t ((6Z+1/2,Bhu2+1/2)h + (uZJrl/z,Bh&ZJrl/z)Lu) =0,

and hence, é}?“ — g{; = 0 owing to the definitions of B, and By. O

The discrete pseudo-energy g}f is a quadratic form on the discrete unknowns
oy and uj, but is not positive definite. To remedy this, a CFL condition on the
time step can be invoked.

Theorem 7.34 (Energy estimate). Under the CFL condition

C

h
5t < Cpt—, (7.66)
B,
there holds, for alln € {1,...,N},

—1 fod
lop 12, + lup~72)13, < 25
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Proof. We observe that

& =llopl3, + (up ™ up =)L,
= lloRI2, + llup™ 13, + (g™ = g™ ),
= [lop I3, +llup =213, — dt(up~ "2, Buop)r,
= |lol2, + llup ™ |3, + 6t(Buuy ™" of)L,

—1 _ —1
> |lof 12, + llup™ 12, = (5tCBA Yy o lofz.

where we have used the Cauchy—Schwarz inequality together with Lemma 7.32.
Hence, using the CFL condition (7.66) and Young’s inequality yields

~ 1 1
&= 5 (Ilonld, + lup213,)
whence the assertion owing to Lemma 7.33. O

7.5.2.4 Verlet Schemes and Local Time Stepping

Owing to the CFL condition (7.66), the time step is restricted by the diameter
of the smallest mesh element. When modeling systems with small geometrical
details (e.g., devices in emerging technologies related to optical waveguides or
furtivity), this condition leads to very small time steps and, hence, to prohibitive
computational costs. A possible work-around is to use local time stepping, mean-
ing that mesh elements are advanced with different local time steps, and that
the size of the local time step is adapted locally to the meshsize. It turns out
that the particular context of linear wave propagation problems approximated
by centered dG schemes is one of the rare cases where local time stepping can be
proven rigorously to be stable, at least in the two-scale situation (corresponding
to the algorithm V?(6t) described below). For the sake of brevity, we only state
here the main ideas. We refer the reader to Piperno [259] for further insight and
to Hardy, Okunbor, and Skeel [186] for the theory of symplectic integrators for
dynamical Hamiltonian systems.

The elementary brick to formulate the time stepping scheme is based on the
Verlet method (equivalent to the leap-frog scheme), which can be written as

uZ+1/2 —up + %5153;102 =0, (7.67a)
ot — o 4 6tByur T = 0, (7.67b)
witt — L L5t By ettt = 0. (7.67c)

A recursive Verlet method can be used to derive a multiscale algorithm with
local time stepping. To this purpose, we assume that:

(a) The mesh elements have been partitioned into N classes (this partition is
performed once and for all before starting the simulation and is based for
instance on geometrical or physical criteria).
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(b) Algorithm V3(6t) with 21 substeps

Fig. 7.1: Algorithms V?2(6t) and V3(dt) (a) Algorithm V?2(dt) with 9 substeps
(b) Algorithm V3(6t) with 21 substeps

(b) The global time step for the algorithm is d¢.

(c) The mesh elements of class k € {1,...,N} are time-advanced using the
Verlet method (7.67) with local time step 2*~~§t. In particular, the larger
elements in the computational domain belong to class N and the smallest
to class 1.
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We denote by V¥ (6t) the algorithm for time-advancing N classes over the time
interval dt. This algorithm is defined recursively. The algorithm V1(§t) with
only one class is the Verlet method (7.67). For N > 1, VN*1(§t) is defined as
follows:

1. Advance all the elements with class k < N with the algorithm VN (34t).

2. Advance all the elements with class & = N + 1 with the Verlet method
V1(st).

3. Advance all the elements with class k < N with the algorithm V (%515).

Figure 7.1 illustrates algorithms V?(6t) and V3(8t). It is clear that these algo-
rithms are fully explicit. For all the substeps, updated values for unknowns in
neighboring elements are used whenever available.

The main stability result for algorithm V?2(§t) is the following; we refer the
reader to Piperno [259] for the proof.

Lemma 7.35 (Stability for V2(6t)). Algorithm V?(5t) preserves a quadratic
form of the unknowns. For 5t small enough, this quadratic form is positive

definite.

Determining an explicit bound on the time step that yields a sufficient con-
dition for stability is a difficult task. In actual computations when the time step
and the mesh size vary at the same time, it seems that the scheme becomes
unstable if the usual local CFL condition is considered. It is conjectured that
a sufficient stability condition involves an extended non-local CFL condition,
where the class and size of neighbors of an element is taken into account. In
general, the scheme behaves well if the user exerts some caution, i.e., if the local
time step is driven not only by the local size of the elements, but also by the
possible smaller time steps of the neighboring elements.
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In this appendix, we discuss two relevant issues in the implementation of dG
methods, namely matrix assembly and the selection of basis functions in broken
polynomial spaces. In particular, we emphasize that the choice of basis functions
can have a substantial impact on both computational accuracy and efficiency in
practical implementations of dG methods.

A.1 Matrix Assembly

Matrix assembly for dG methods differs from that for conforming FE meth-
ods because (1) the degrees of freedom associated with each mesh element are
decoupled from those associated with the remaining elements; (2) terms involv-
ing integrals on interfaces are generally present. To illustrate the first point,
we consider the mass matrix, which is particularly relevant in the context of
time-marching schemes. To illustrate the second point, we consider the stiffness
matrix resulting from the discrete bilinear form associated with a purely diffusive
model problem.

A.1.1 Basic Notation

At the discrete level, we consider an approximation space V},. A simple example
is the broken polynomial space P%(7},) defined by (1.15).

We exploit the fact that the restriction of a function vy, € V}, to a given mesh
element T' € 7, can be chosen independently of its restriction to other elements,
whereby we restrict the support of basis functions to a single mesh element. This
is generally a good idea, since it reduces communications between mesh elements
and, therefore, yields the minimal stencil (cf. Definition 2.26). In this situation,
it is natural to assume that the global enumeration of the degrees of freedom is
such that the local degrees of freedom are numbered contiguously for each mesh
element. This leads to a basis for V}, of the form

® := {{¢] }ieDr }1eT )
where the set Dy = {1,..., NX .} collects the local indices of the NT . degrees
of freedom for the mesh element 7" and where
supp(p!) =T, VT € Ty, Vi € Dr.
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The dimension of Vj, is therefore equal to Y ;.7 Niy. Several choices for the
local basis {¢] }icp, are discussed in Sect. A.2.

The number of degrees of freedom Ng:)f can vary from element to element.
In the simple case where Vj, = PX(7,), this number is constant and equal to

dim(Pk) = (kkT;)I (cf. (1.14)). An example where this number varies is a broken

polynomial space built on a mesh containing both triangles and quadrangles for
which a Lagrangian basis at element nodes has been selected.

A.1.2 Mass Matrix

The global mass matrix is associated with the bilinear form
m(vp, wp) = / VpWE, Yop, wy, € Vi,
Q

Exploiting the localization of basis functions to single mesh elements, the global
mass matriz can be block-partitioned in the form

Mo, 1, 0 0
M — 0 MT2T2

: . 0

0 . 0 Mrpyry

where N := card(7;,). The local mass matriz corresponding to a generic element
TeT,is

MTT = [m(¢;7¢?)] € RN£f7N£f>
and this matrix is obviously symmetric positive definite.

The matrix M is relatively easy to invert owing to its block diagonal struc-
ture. A typical situation where this inverse is needed is when computing the
L2-orthogonal projection v of a given function v € L2(£2) onto the approxi-
mation space V3 (cf. (1.29)). The discrete function mpv is decomposed in the
basis ® in such a way that, for all T € 7,

T, T
TRl = E Xj Pj
Jj€DT

leading to the following independent linear systems: For all T € 7,
M X' = V7T,

where X7 = [X7] € RVdot and VT = [[,, vpT] € RNdor,

A.1.3 Stiffness Matrix

Focusing on the purely diffusive model problem (4.14) with the discrete bilinear
form a}® defined by (4.12), the global stiffness matriz can be block-partitioned
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in the form

AT] T AT] Ty L. AT] Ty
AT2T1 AT2T2 A AT2TN

= . . . )
ATNT1 ATNT2 A ATNTN

where, for all Ty, T; € Ty,
. T T Ty Ty
ATle = [aisp((pjlv(pik)] € RMNacrNaor,

In view of the elementary stencil associated with the SIP bilinear form (cf.
Remark 4.10), the block Ay, 7, is nonzero only if Ty, = T; (diagonal block) or if
Ty and T; share a common interface.

We split the discrete bilinear form a}* into volume, interface, and boundary
face contributions as follows: For all vy, w, € Vj,

P (v, wp) = ay, (v, wr) + aif (vh, wr) + apf (va, wy),
where

ay,(vn, wn) = Y /Vvh'vwm
T

TeTn

) = X [ ({{vhvh}-nFuwhﬂ+uvhu{{vhwh}}-nF+%uvhﬂuwhn),

FeF}

bf n
ap (vn, wp) = E / <thh'nwh + v Vywpn + h_thh> .
rerp ' F F

Each summation yields a loop over the corresponding mesh entities to assemble
local contributions into the global stiffness matrix. The local stiffness matriz
stemming from the volume contribution of a generic mesh element T' € 7, is

AT = [y (o], oT)] € RV N,

)

and it contributes to the diagonal block A of the global stiffness matrix A.
An interface F' € F} contributes to four blocks of the global stiffness matrix A,
and the local stiffness matrix stemming from the interface contribution can be
block-partitioned in the form

AF - |:A£1Tl A§T2:| 9
ToTy AT2T2

where F' = 8T1 n aTQ,

T T
F _ | qif e T T Naot Naes
ATan - ah(@j 7901' )i| € R aot dof ) Vm,n € {172}7
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AF: Jocal stiffness matrix for interface F = 9Ty N BTQ‘

IA: elobal stiffness matrix

Fig. A.1: Assembly of interface contributions

and 1,2 € {1,...,N} are the indices of 77,75 in the global enumeration of
mesh elements. Finally, a boundary face F' € .7-',’; contributes through the local
stiffness matrix -
AF = [azf(@f7¢;)] c RNdoﬁNdof,

where F' = 0T N 9Q. The procedure for global matrix assembly is summarized
in Algorithm 1. The assembly of interface terms is depicted in Fig. A.1.

A common operation with the global stiffness matrix is to multiply it by a
given component vector U associated with a discrete function u, € Vj, in such
a way that, for all T' € 7p,,

T
up|r = Z Ul el Ur = [U]] € RNaer.
JjEDT

Concerning the volume contributions, we obtain, for all T € 7, and all i € D,

ay,(un, ] ) = AT (i,)Ur,
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Algorithm 1 Global matrix assembly

1: for T € 7}, do {Loop over elements}

2 Arr — Arr + AT

3: end for

4: for F € F} s.t. F = 9Ty N 91> do {Loop over interfaces}
5:. form=1to2do

6 for n=1to 2 do

7 Ar 1, —Ar 1, +AL

8 end for

9:  end for

10: end for

11: for F € F} s.t. F =0T NS do {Loop over boundary faces}
12: Arr — Arr + AT

13: end for

where AT (i,:) denotes the ith line of the local stiffness matrix AT. For the
interface contributions, we obtain, for all F = 9Ty N 0Ty € F}, all | € {1,2},
and all ¢ € Dr,,,

ailf(uhv (Pzrl/) = A£T1 (27 :)UTll + A%Tz (la :)UTz/ .

Finally, for the boundary face contributions, we obtain, for all F' = 0T N 902 and
all i € Drp,
ap! (un, i ) = A" (i,:)U".

A.2 Choice of Basis Functions

The choice of basis functions can have a substantial impact on the performance
(including accuracy) of a dG code. This is, in particular, the case when using
polynomials with high degree. In this section, we discuss some criteria to select
basis functions, and we present two main families of such functions, namely nodal
and modal basis functions. A brief section recalling some basic facts concerning
Legendre and Jacobi polynomials is also included for completeness.

A.2.1 Requirements

Various criteria can be adopted to select basis functions. Orthogonality and
hierarchism are often considered in the context of modal basis functions, while
ease of integral computation is often considered in the context of nodal basis
functions.

A.2.1.1 Orthogonality and Hierarchism

A first possible criterion to select a high-degree polynomial basis is that it be
orthogonal or nearly orthogonal with respect to an appropriate inner product.
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When the inner product corresponds to local matrices contributing to the global
system, this ensures that their condition number does not increase too much as
the polynomial degree k grows. In the case of unsteady problems discretized
with an explicit time integration method, an appropriate choice may be one
yielding a (quasi-)diagonal mass matrix (and, hence, a diagonal global system).
Using well-conditioned mass matrices also mitigates time step restrictions when
explicit schemes are applied to advective problems (see, e.g., Karniadakis and
Spencer [209, p. 187]).

Improving the condition number of local mass matrices is particularly rel-
evant for high-order approximations: for instance, when using Lagrange poly-
nomials of degree k associated with equispaced nodes in d space dimensions,
the condition number of elemental mass matrices is known to grow as 459 (see
Olsen and Douglas [252]). Also, the condition number of the global matrix has
an important role in determining the numerical error in the solution (see, e.g.,
Quarteroni, Sacco, and Saleri [264, Theorem 3.1]).

A second important criterion which is often associated with orthogonality is
that the basis be hierarchical, that is to say, the basis for a given polynomial
degree k includes the bases for polynomial degrees less than k. This point is par-
ticularly relevant when one wishes to locally adapt (in space and/or in time) the
polynomial degree according to some a posteriori regularity estimates, following
the paradigm that, when the exact solution is locally smooth enough, increasing
the polynomial degree generally pays off more in terms of error reduction than
reducing the meshsize.

A.2.1.2 Ease of Integral Computation

A different criterion for selecting basis functions is to make the computation
of volume and face integrals as efficient as possible. While for linear problems
with constant coefficients, exact volume and face integrations can be performed,
quadratures are required in general. The principle of a quadrature is to approxi-
mate the integral of a generic function f over a domain D by a linear combination
of the values of f at a set of nodes {{,, }o<n<n of D, i.e.,

/ F) =S waf(én).
D n=0

The points {&,}o<n<n are called the quadrature nodes, and the real num-
bers {wy}o<n<n the quadrature weights. Thus, another reasonable criterion
is to select basis functions whose values at a specific set of quadrature points
can be easily computed. A simple example (whenever possible) is that of
Lagrange polynomials associated with these quadrature nodes; cf. the discussion
in Sect. A.2.3.

It is also worthwhile to try to alleviate the computation of integrals over mesh
faces as much as possible. As an example, we consider the element 7' = (0,1) in
one space dimension along with the basis of P¥(T') given by {¢;(z) = 27 }o<j<k-
The trace at © = 0 of a function v € P¥(T) expressed in terms of the selected
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basis as i
v(z) = Za]-go]-(z)
3=0

can simply be evaluated as v|,—¢ = ag, so that it solely depends on one degree
of freedom. On the other hand, the trace v|,=1 = E?ZO a;j depends on all the
degrees of freedom and is thus more computationally expensive to evaluate.

On a d-simplex 7', while the dimension of PX(T) is

k. (E+ad)!
5=
the dimension of the space P%_ | (F)), spanned by the traces of functions in P¥(T)
over a face F' € Fr is
(k+d—1)
kl(d—1) "

Thus, the dimension of P% | (F) is smaller than that of P%(T) by a factor (k +
d)/d. This fact can be exploited by localizing the degrees of freedom with exactly
Sk, nonzero basis functions on each face F € Fr; cf. Sect. A.2.3 for further
discussion.

ko _
Sdfl -

Remark 7.36 (Applicability to general elements). When handling general ele-
ments, the localization of the degrees of freedom can become difficult since no
simple reference element is available. For the same reason, numerical integration
requires adapted techniques. In this situation, ease of integral computation is
often renounced in favour of orthogonality and hierarchism.

A.2.2 Jacobi and Legendre Polynomials

We briefly present here some basic facts concerning Jacobi and Legendre orthog-
onal polynomial families, which are used in the next sections to construct nodal
and modal bases on the reference element.

For real numbers @ > —1 and § > —1 and an integer k > 0, the Jacobi
polynomials JJ’:Y’ 5 are the solutions of the singular Sturm-Liouville problem

d?y(x)
dz2

(1= +0) L 15 -a— @+ p+2)0 B~ _ny(a)

with A\ = k(k+ a+ 8+ 1). For any k > 0, the Jacobi polynomial JJ’:Y’B on the
reference interval [—1,1] is of degree k and can be computed by the following
recursive relation (see Abramowitz and Stegun [2, Table 22.7]):

1
J! =_

apdyls (@) = (af + ajx)I¢, 5(2) — apde 5 (2),

[ =B+ (a+ B +2)7],
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with
aj =2k +1)(k+a+p+1)(2k +a+ ),

aj = 2k +a+5+1)(a® - 5%,
ap =2k +a+B8+2)2k+a+B8+1)(2k+ a+ ),
ap =2(k+a)(k+ B)(2k + o+ B+2).
The Jacobi polynomials satisfy the orthogonality property
1
/ (1 — t)a(l + t)BJ](li”@(t)JJgﬂ(t) dt = Ck,aﬁélk,
-1
with constant
2040+ DPhk+a+ )I(k+B+1)

kel T ok tatfrl MI(ktatftl)

where the so-called T function is such that, for any positive integer k, I'(k) :=
(k — 1)!. More details on Jacobi polynomials can be found in the books by
Abramowitz and Stegun [2, Chap.22] or by Karniadakis and Spencer [209, p.
350]. Jacobi polynomials with & = § = 0 are also termed Legendre polynomials.
For convenience, we define the Legendre polynomials over the reference interval
[0,1] by setting

LE(t) = J§ (2t —1)  Vte[0,1]. (A1)

The Legendre polynomial L* is of degree k. The orthogonality relation for the
Legendre polynomials simplifies to

! 1
/O LE@)Ll(t) dt = malk. (A.2)

The first four Legendre polynomials are represented in the left panel of Fig. A.2.

A.2.3 Nodal Basis Functions

In this section, we discuss the use of Lagrange polynomials in the context of
nodal basis functions.

A.2.3.1 Lagrange Polynomials

Lagrange polynomials are the interpolating polynomials for a given set of distinct
data points {z;}o<i<k. In one space dimension, the Lagrange polynomial equal
to 1 at ; and to 0 at x;, j # 4, can be expressed as

(x — ;) ,
. . 7 J
J€{0,....k}\{i}

The set {I¥}o<;<i forms a basis of the polynomial space P¥. When d > 1, in
order for the set of Lagrange polynomials to form a basis for the polynomial
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0.5

Fig. A.2: Left: Legendre polynomials of degree <3; Right: Lagrange polynomials
of degree <3 associated with Gauf-Lobatto nodes

space [Pf}, a set containing SfiC unisolvent points must be provided. Examples on
simplices can be found in Ern and Guermond [141, p. 23|, Braess [49, p. 60|, and

Brenner and Scott [54, p. 69].

A.2.3.2 Simplicial Meshes

A basis of P’;(T) on a simplex T in R? meeting the localization requirement
can be easily built using Lagrange polynomials. Indeed, it suffices to choose
(k 4+ d)!/(k!d!) nodes inside the simplex, with exactly (k + d — 1)!/(k!(d — 1)!)
nodes on each face of the simplex. The basis is then obtained building the
Lagrange polynomials corresponding to the selected set of points. The nodes
can be chosen to optimize the condition number of the local mass matrix.
When working on a simplex T in R? and the polynomial space [P’U“l with &
large, it is possible to define sets of quadrature points with nearly optimal inter-
polation properties: the so-called Fekete points; see, e.g., Chen and Babuska [87]
and Taylor, Wingate, and Vincent [290]. When using Lagrange interpolation
polynomials associated with these points as local basis functions, the condition
number of the mass matrix is also nearly optimal. Fekete points in one space
dimension coincide with the so-called Gauf-Lobatto quadrature nodes. For an
integer k > 2, the Gaufi-Lobatto quadrature nodes are defined as the endpoints
of the interval [0, 1] together with the (k— 1) roots of the polynomial (L*)’, where
L* denotes the Legendre polynomial of degree k defined by (A.1). The resulting
quadrature is exact for polynomials up to degree (2k —1). Lagrange polynomials
associated with the Gauft-Lobatto quadrature nodes for k = 3 are plotted in the
right panel of Fig. A.2. The Fekete points on edges turn out to be Gauf-Lobatto
points on each edge of the triangle. In three space dimensions, the theory is
less complete. One possibility is to use Lagrange interpolation nodes such that,
on each face of the tetrahedron, the nodes on that face are the two-dimensional

Fekete points.
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A.2.4 Modal Basis Functions

In this section, we discuss modal basis functions, first on simplicial meshes and
then on general meshes.

A.2.4.1 Simplicial Meshes

Instead of taking Lagrange polynomials as local basis functions, it can be more
convenient to consider non-nodal polynomials for which the mass matrix is nearly
diagonal, diagonal, or simply equal to the identity matrix. In one space dimen-
sion, this can be achieved by taking the basis functions on the reference ele-
ment [0,1] to be the Legendre polynomials defined by (A.1). Owing to (A.2),
the elemental mass matrix is diagonal, and its condition number grows moder-
ately as (2k 4+ 1). Extensions of such polynomials to two or three space dimen-
sions are possible using nonlinear transformations that map the simplex into the
d-cube where tensor-products of one-dimensional modal basis functions can be
used; see Dubiner [138]. For example, in three space dimensions, the following
polynomials ., € P’Cj are L2-orthogonal on a tetrahedron:

1—s 1—1t

l I+m
) JJgf+1,0(25_1) (T) JJgf+2m+2,0(2t—1)7

wlrnn = Clmn \J]éx(] (270_1) (

with integer parameters [, m, n > 0 such that [ +m +n = k and

_)\2*)\1 _)\3*)\2*)\1

IR ST B B 2 VR P P
Xo + M\ Xz 4+ Mo+ A oA

the family {\;}1<i<a denoting the barycentric coordinates in the tetrahedron;
cf. Definition 5.23. Although the functions ¢;,,, lead to diagonal mass matrices,
using them requires accurate pre-computation and storage of other matrices (for
instance, if derivatives are needed) and pointwise values if quadratures are used.
We refer to Hesthaven and Warburton [191,192] for further insight. Finally, one
nice feature of the above bases is that they are hierarchical.

A.2.4.2 General Meshes

The above approach mapping tetrahedra onto d-cubes can be extended to ele-
ments with some other shapes (e.g., prisms, pyramids). However, when elements
featuring more general shapes are used, other ideas must be devised. Follow-
ing Bassi, Botti, Colombo, Di Pietro, and Tesini [31], a hierarchical orthogonal
basis can be constructed on the physical elements. Since the notion of reference
element may fail to exist, the procedure needs to be repeated for each mesh ele-
ment. Let T denote a general polyhedral mesh element of R%. Since quadratures
are usually not available on general elements, numerical integration on 7' has
to be performed by decomposing T into simpler elements (e.g., simplices) for
which quadratures are available. Let ® := {@; }je{L...,s{;} denote a starting set

of linearly independent basis functions for P’;(T). We apply the Gram—Schmidt
orthonormalization procedure,
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1: 1 «— @1/”@1 ||L2(T) {Initialize}
2: fori:2toSéc do
3 P B
4 for j=1toi—1do
5 @i — @i — (Pi,05)12(1)p; {Remove the projection of @; onto ¢;}
6: end for
7 Qi — &z/”@lHLZ(T) {Normalize}
8: end for
By construction, the basis ® := {¢p; }je{l,...,Sij} obtained via the above Gram—
Schmidt procedure is orthonormal. Moreover, its elements satisfy

i—1
0i =au@i— > aijo;  Vie{l,...,S§}, (A.3)
=1
with
i-1 /2
1 N N .
—= 1Bill 22y — Z(%‘,%‘)%Z(T) Vie{l,..., S5},
17 ]:1
Q;q ~ . .
a_”:(SOZa‘PJ)LZ(T) VJ€{1,7Z—1}
17

It is clear from the above result that adding basis functions to increase the
polynomial degree leaves unaltered the equations of the form (A.3) corresponding
to lower degrees. In practice, it may be desirable to repeat the orthogonalization
process more than once as the results can be affected by round-off errors. Giraud,
Langou, and Rozloznik [169] suggest that performing orthonormalization twice
yields in most cases a set of basis functions orthogonal up to machine precision.

It only remains to select an appropriate initial basis ®. This choice is relevant
since working in finite precision can affect the quality of the final orthonormal
basis ®. Following again [31], one possibility is to introduce the frame £ centered
at the barycenter of T' whose axes are aligned with the principal axes of inertia
of T'. Then, if we define the set of monomials {MG},c 4x with A¥ given by (1.8)

(recall that S% = card(A%)) such that, for all o € A%,

d
Mg €)= []&, £=(&,.... L) eRY,
=1

a numerically satisfactory choice for the initial basis is to set

® = {M15/IIM5 | 2(7) e s -

Some comments are in order. The procedure outlined in this section does
not require the identification of the degrees of freedom on a reference element
to construct the basis. Furthermore, while this technique allows for elements
of general shape, its major drawback is the computational cost, since a basis
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has to be computed for each element in the discretization. Nevertheless, tessel-
lations using general polyhedral elements usually contain fewer elements than
the corresponding tetrahedral meshes, and this fact can partially compensate for
the additional cost. Numerical integration can be expensive as well, especially
if a decomposition into simpler subelements is required to perform quadratures
in each mesh element. Possible strategies to reduce the cost of integration are
presented in [31, Sect.3.3]. Finally, we observe that the technique presented in
this section is particularly appropriate in the case of agglomeration h-multigrid
methods, where the additional cost to obtain the basis is balanced by the fact
that the agglomerate mesh contains significantly fewer elements than the fine
mesh.
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